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Abstract We develop a class of new methods based on modification of polynomial spline
function for the numerical solution of singularly perturbed boundary-value prob-
lems. The modified spline contains the exponential terms and named by tension
spline, which is infinity smooth. Tension spline contain parameter, by choosing
arbitrary values of such parameters the various classes of spline can be obtained.
The proposed methods are accurate for solution of linear and non-linear singularly
perturbed boundary-value problems. Boundary formulas are developed to associate
with spline methods. These methods are converging. The analysis of convergence is
shown to yield up to O(h®) approximation to the solution of singularly perturbed
boundary-value problems. Comparison are carried out, numerical examples are given
to showing the efficiency of our methods.
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1. INTRODUCTION

Consider the following second-order singularly perturbed boundary value problem:

—eu”(ac):f(amu)7 a<z<b, abzreRr (1.1)

with the following boundary conditions

u(a) = A1, u(d) = Ao (1.2)

whereA;, Ay are finite real constants and u(z) and f(x,u) are continuous functions
defined in the interval [a,b] and € is a parameter such that 0 < e < 1. Singularly
perturbed problems occurs naturally in various fields of science and engineering, for
example, combustion, nuclear engineering, control theory, elasticity, fluid mechanics,
fluid dynamics, quantum mechanics, optimal control, chemical reactor theory, hy-
drodynamics, convection-diffusion process, geophysics, etc. Secondly, the occurrence
of sharp boundary-layers as €, the coefficient of highest derivative, approaches zero
creates difficulty for most standard numerical schemes. Many researcher try to over
come such difficulty, recently.

A collocation method with tension splines, sextic spline, cubic spline, quintic spline,
spline approximation method, trigonometric quintic B-splines, Asymptotic initial-
value method and a three-point difference scheme, in solving singularly perturbed
boundary-value problems has been of considerable concern and is well covered in
papers see [1, 2, 6, 8, 9, 10, 11, 16, 17, 18, 19, 25, 27]. Mohanty et al. [12] in-
troduced convergent spline in tension methods for singularly perturbed two-point
singular boundary value problems. Mohanty et al. [13]- [15] used spline in compres-
sion method, a class of variable mesh spline in compression methods and a family
of non-uniform mesh tension spline methods for the solution of singularly perturbed
two point singular boundary value problems. EL-Danaf et al. [3]- [5] applied finite
difference method, cubic B-spline and Non-polynomial spaline for solving the GRLW
equation. B-spline method for the solution of KDV equation has been developed by
Raslan et al. [20]- [22]. Sine-cosine functions method for the solution of CGRLW
equation has been developed by Raslan et al. [23]. Also Raslan et al. [24] used modi-
fied extended tanh method for the solving the space-time fractional RLW and MRLW
equations.

The paper is organized in four sections. We use the consistency relation of tension
spline for approximate the solution of singularly perturbed boundary-value problems.
Section 2 is devoted to the description of the method and development of bound-
ary conditions and also we obtain the method of order 16th. The new approach for
convergence analysis is discussed in section 3. Finally, in section 4, numerical evi-
dences are included to show the practical applicability of our method. The obtained
computation results are compared with the other existing methods.

2. FORMULATION OF SPLINE AND NUMERICAL METHODS

To develop the tension spline approximation for the singularly perturbed boundary-
value problem Egs. (1.1) and (1.2), First of all the interval [a, b] is divided into n equal
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Table 1: Maximum absolute errors of example 1 (n=16)

€ Our method method in [19] method in [17] method in [16]
1x10~4 0 1.776x1071° 6.5x107° 2.6x1072
1x107° 0 1.776x107 1% 3.6x107° 2.4x1072
1x10~°¢ 0 1.776x107 18 3.3x107° 1.7%x1072
1x10~7 0 1.776x1071° 2.6x107° 6.9x1073
1x1078 0 1.776x107 1% 2.0x107° 2.3x1073
1x107° 0 1.776x107 1 2.0x107° 7.6x1074
1x10~10 0 3.552x 10710 1.1x107° 2.4x107%

Table 2: Maximum absolute errors of example 1 (n=32)

€ Our method method in [19] method in [17] method in [16]
1x10~4 0 1.776x107%° 5.9x107° 6.5x1073
1x107° 0 1.776x107 15 2.1x107° 6.4x1073
1x10~° 0 1.776x107 1 3.5x107° 5.6x1072
1x1077 0 1.776x107%° 3.9x107° 3.1x1073
1x1078 0 1.776x107 15 2.1x107° 1.2x1073
1x107° 0 1.776x107 15 2.1x107° 3.8x107%
1x10710 0 3.552x1071° 1.4x107° 1.3x1074

subintervals using the grid:

b—a
o =a, x; =a-+1ih, h= , +=0,1,...n, =z, =5
n

We define the following tension spline S; on each subinterval [z;,2;41],% = 0,1,...,n—
1

)

7
SZ(JZ) — Zaij(x _ .Ti)j + bl(ek(ac—m,) + e—k(m—mi)) + ci(ek(z—mi) _ e—k(z—m))y
§=0
(2.1)

where k is arbitrary parameter, a;;(j =0, 1,..,6,7),b; and ¢; are real finite coefficients
which have to be determine so that, the spline is defined in terms of its 1t", 2th, 3tk
and 8" derivatives and we denote these values at knots as:

Si(wr) = up, S (w0) = mu, §; (1) = v, S5 (1) = 2, S (w) = py
for

i=0,1,2,on— 1,0 =d,i+1. (2.2)
Assuming u(z) to be the function which has be interpolated by S;(z), and u; be
an approximation to u(z;), using the continuity conditions of fourth, fifth, sixth and
seventh (Sl(f)l (z;) = s (x;) where = 4,5,6 and 7), and also by eliminating of m;, z;

K3
and p;, we obtain the consistency relation for second derivative of tension spline(2.1):

Q1Vi—q4 + Q2V;—3 + Q3V;—2 + Q41 + Q50; + V41 + A3V 12+
2Vi43 + a1Vipa = T3 (Brui—a + Powi—z + Baui—g + Baui—1 + Bsui+  (2.3)
Bativ1 + B3tivo + Pottiys + Prutiya), i =4,5,...,n—4,
[c[v]
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Table 3: Maximum absolute errors of example 2 (Our sixteen-order method)

h_ e=d =g c=d  c=ux _ c=d =3
16 1.72x10~ " 1.47x107'"  1.03x107'°  1.21x107®  7.40x1077  2.37x107°
32 1.52x10717  2.20x10717  2.14x107'%  4.90x107!% 8.38x107!t  9.55x107°
64  2.66x10722  3.15x1072%2  2.14x1072° 7.24x107'® 2.10x107'® 4.89x107 %3
128 1.28x10727  1.56x10727 1.33x1072° 5.52x1072% 2.12x1072° 7.24x107'8
256 5.21x1073%  6.54x107%%  6.52x1073%  2.99x1072®  1.32x1072% 5.52x10723
512 2.02x1073%  2.58x1073%  2.81x1073% 1.35x107%%  6.47x1073! 2.98x1072®
1024  7.78x10”*  1.00x10*  1.14x107*' 5.66x1073° 2.79x107%¢ 1.35x107%3
Table 4: Maximum absolute errors of example 2 (Our twelve-order method)
n_ e=k =3 c=d  c=ds <= c=sb
16 1.72x107**  8.36x107*  1.04x1071%  1.21x107%  7.43x1077  2.38x107°
32 9.89x10717  5.75x10717  2.23x107'%  4.95x107!%  8.43x107t  9.59x107Y
64  2.39%x1072°  1.39x1072° 1.63x107'° 1.11x107'7 2.19x107'® 4.95x107 %3
128 5.77x1072%  3.36x1072%  4.24x1072%  2.54x1072!  1.58x107'° 1.11x107'7
256  1.40x10727  8.19x1072% 1.06x10726 6.53x1072° 4.09x1072% 2.54x1072!
512  3.42x1073Y  1.99x1073'  2.62x107%°  1.62x107%% 1.03x1072% 6.53x1072°
1024 8.36x1073%  4.87x107%% 6.42x1073%  3.97x10732 2.53x1073° 1.62x1072®
Table 5: Maximum absolute errors of example 2 (Our eighth-order method)
n €= 15 €= €= €= 1% €= 55 €= 513
16 2.62x107"°  1.50x107'% 2.48x107'°  6.00x107°  6.81x1077  2.39x107°
32 8.85x107'%  4.86x107'% 1.62x107'%2 2.16x107'' 2.46x107'°  4.89x107°
64  3.24x107'%  1.75x107'%  835x107'°  1.13x107'?  1.54x107'%  2.14x107'!
128 1.24x107'7  6.67x107'®  3.61x107'7 5.26x1071¢ 7.84x107'° 1.12x107%3
256  4.83x1072°  2.58x10720  1.45x107%°  2.17x107'®  3.39x107'7  5.24x10716
512 1.88x10722 1.00x10722 5.73x10722 8.62x1072' 1.36x107'% 2.16x107 18
1024 7.36x1072°  3.94x1072° 2.24x1072% 3.38x107% 5.38x10722  8.59x1072!
Table 6: Maximum absolute errors of example 2 (Our fourth-order method)
n €= €= 35 e= €= 1ig €= o €= 513
16 1.28x107%  6.99x107°  2.13x107°  5.08x107°  8.53x107°  1.88x107*
32 7.35x107%  3.74x107%  4.79x107®  1.33x107°  3.14x107°  5.76x107°
64 4.32x1077  2.14x1077  4.72x1077  1.49x10"%  4.65x107° 1.29%x10°
128 2.65x107%  1.30x10”%  3.39x107%  1.16x1077  4.18x1077  1.44x107°
256 1.64x107° 8.08x107!° 220x107% 7.81x107° 2.97x107%  1.13x10°"
512 1.02x1071% 5.04x107!t  1.39x107%° 4.98x107°  1.93x107°  7.59x107°
1024  6.43x107'%2  3.15x107'2  8.74x107'2  3.13x107*  1.21x1071% 4.84x1071°
Table 7: Maximum absolute errors of example 2 (Eighth-order method in [18])
n_c=d  c=d =& =tk c=as _ c=db
16 6.91x1072  8.48x107Y 5.86x107%  8.35x1077  2.49x107°  1.84x10~*
32 2.04x1071  1.57x1071%  1.36x107%  2.84x107°  6.24x1077  4.61x10°°
64  6.86x107'*  3.71x107'*  1.92x107%%  4.97x1072 3.90x107Y  2.88x107%
128 2.51x107%°  1.44x107'° 3.44x107'° 1.36x107'* 9.76x10”'' 7.21x1071°
256  3.07x10716  3.08x1071% 1.27x107'% 1.06x107'* 2.48x107!2 1.80x107 !
Table 8: Maximum absolute errors of example 2 (Fourth-order method in [2])
n =4 ‘=% c= & <=1
16 1.57x107° 8.27x107° 1.84x107° 1.03x1074
32 8.79%10~ " 4.41x10°7 8.67x10~" 2.61x107°
64 5.32x1078 2.62x10~8 6.65x10~8 2.23%x10~7
128 3.30x107° 1.62x107° 4.39%x107° 1.54x1078
256 2.05x107 10 1.00x1071° 2.74%x10~ 10 9.44%107 10
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Table 9: Maximum absolute errors of example 2 (Fourth-order method in [19] )

" =% = <= <=1k
16 4.07x107° 2.00x107° 5.45x107° 1.83x1074
32 2.53x107° 1.24x1076 3.42x107° 1.22x107°
64 1.58x1077 7.74%x1078 2.14%x10°" 7.68x1077
128 9.87x107° 4.83%x107° 1.34%x1078 4.81x1078
256 6.17x107 10 3.02x10710 8.39x 10710 3.01x107°
Table 10: Maximum absolute errors of example 2 (method in [25])
n =% ‘=% =& =
16 8.06x1073 7.11x1073 6.58x1073 6.36x1073
32 2.02x1073 1.79x1073 1.66x1073 1.61x1073
64 5.08x1074 4.48x1074 4.15x107% 4.03x1073
128 1.27x1074 1.12x1074 1.04x107% 1.01x107%
256 3.17x107° 2.80x107° 2.60x107° 2.52x107°

where

) = > (=T +0(T + 84002 + 426" + 65)csch(9)),

o 75( (7! + 84002 + 420* + 05)cosh(6) — 12(—12600 + 426° + 507 + 1680Sinh(0))),
ag = Z2(846(—120+106—0*)—149607+66(—1260+420"+-50%)cosh(0)+17640sinh(6)),
as = Z2(y7 cosh(f) — 4(—163800 + 16806 — 2946° + 31707 + 35280sinh(6))),

as = 22 (=77 + 160(—6300 + 8406% — 2100* + 1516°)cosh(6) + 176400sinh(9)),

B = Z1(56%csch(0)(1200 + 200° + 6 — 120sinh(6))),

B2 = 2=(56%(0(120 + 200 + 6*)cosh(8) — 12(—306 + 6° + 40Sinh(6)))),

B3 = -(106%(—6(120 — 106% + 6*) + 30(—30 + 6*)cosh(6) + 210sinh(0))),

Ba = 5-(56%(150(120 — 126° + 6*)cosh(8) + 4(3900 — 406° + 76° — 840sinh(6)))),

B = ==(250%(3600 — 360° + 36° + 160(30 — 46° + 0*)cosh(9) — 840sinh(0))),
71 = 1008(60(—42 + 6?) + 6(2520 + 36062 4 116*)csch(9)),

Y2 = 504(0(2520 + 36062 + 110%) 4 60(—42 + 6%)sinh(0)),

3 = 126(6(2520 + 36002 + 110%) + 60(—42 + 62)sinh(0)),

4 = 24(60(—42 + 02) + 6(2520 + 36062 + 116%)csch(0)),

75 = 12(6(2520 + 36062 + 116*) + 60(—42 + 62)sinh(0)),

76 = 3(0(2520 + 36002 + 110%) + 60(—42 + 02)sinh(0)),

7 = 36(210(120 — 1262 + 6*) + 39769),

and 0 = kh.

The above relation is useful to solve singularly perturbed boundary-value problems
(1.1)-(1.2), but if £ — 0, (6 = kh)d — 0

then

(06170[2,043’0447015) - 7(7172 E M 4416177 7830695) a’nd

(B, B, Bs, Ba, =) — (1,118,952, 154, ~2450),
and the relations defined by (2.3) reduce into nonic degree spline function which

is special case of exponential spline. We assume that

fz = f(l'“ (xl))v (24>
a0
BE

1"
—eu; = f(z;,u;) =
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Table 11: Maximum absolute errors of example 3 (Our sixteen-order method)

h =t =%  c=d =i =z =3
16 2.11x1071%  4.89x107'¢  8.38x107'  9.55x107%  6.40x107  2.21x107°
32 2.12x1072°  7.24x107!®  2.10x107'® 4.89x107 8.38x107'! 9.55x107°
64 1.32x1072°%  5.52x1072%  2.12x1072°  7.24x107'® 2.10x107'° 4.89x107 %3
128  6.47x10731  2.98x1072%  1.32x107%° 552x1072% 2.12x1072° 7.24x1071®
256 2.79x10736  1.35x10733  6.47x10731  2.98x1072% 1.32x1072° 5.52x107 22
512 1.13x107*'  5.66x107%%  2.79%x107%%  1.35x1073%  6.47x1073!  2.98x10728
1024 4.46x10~%7  2.25x107*  1.13x107%'  5.66x107%° 2.79x107%¢ 1.35x107%3
Table 12: Maximum absolute errors of example 3 (Our twelve-order method)
n_ =tk =g c=d =i =z =+
16 2.20x1071%  4.95x1071%  8.43x107!'t 9.59x107°  6.42x1077  2.21x107°
32 1.56x107%  1.11x107'7  2.19x1071%  4.95x107'®  8.43x107!!  9.59x107°
64 4.05x1072%  254x107%  1.58x107'%  1.11x107'7  2.19x107'° 4.95x10713
128 1.02x1072%  6.52x1072°  4.09x1072% 2.54x1072?' 1.58x107 ' 1.11x10"'7
256 2.51x10739  1.61x1072%  1.03x1072%  6.53x1072° 4.09x1072% 2.54x1072!
512 6.16x107%%  3.97x107%% 2.553%x107%°  1.62x1072% 1.03x1072%¢ 6.53x1072°
1024  1.50x10737  9.70x1073¢  6.21x1073%  3.97x10732 2.53x1073° 1.62x10728
Table 13: Maximum absolute errors of example 3 (Our eighth-order method)
n =k c=d = =ik =gk =+
16 1.50x1072  2.15x1071  2.46%x1071% 4.89x107°  5.95%x1077  2.23x107°
32 7.75%1071%  1.12x1071% 1.54x107%2 2.14x107M 2.46x10710  4.89x107°
64 3.36x10717  5.23x107'¢  7.84x1071'% 1.12x107' 1.54x107'2 2.14x107'!
128 1.35x107'% 2.16x107'® 3.39x107'7 5.24x1076 7.84x1071% 1.12x10713
256  5.34x10722  8.59x10721  1.36x107'° 2.16x107'® 3.39x107'7 5.24x107'6
512 2.09x1072%  3.37x1073% 5.38x10722 8.59x1072! 1.36x107'° 2.16x107!8
1024 8.17x10727  1.31x1072° 2.10x1072* 3.37x107%  5.38x10722 8.59x1072!
Table 14: Maximum absolute errors of example 3 (Our fourth-order method)
n c=d = <= c=dy <=z <=
16 4.44x107%  1.28x107°  3.11x107°  5.74x107°  8.78x107°  1.79x10”*
32 4.11x1077  1.44x10°%  4.62x107° 1.29x107°  3.11x107°  5.74x107°
64 2.93x1078 1.12x1077  4.16x1077  1.44x107%  4.62x107%  1.29x107°
128 1.90x107°%  7.58x107°  2.95x107%  1.13x1077  4.16x1077  1.44x107°
256 1.20x1071  4.83x10719 1.92x107°%  7.58x107Y  2.96x107% 1.13x10°7
512 7.54x10712  3.03x107'!  1.21x1071% 4.83x107!° 1.92x107°  7.58x107°
1024  4.71x107'%  1.90x107'2  7.60x107'2 3.03x107* 1.21x1071% 4.83x1071°
Table 15: Maximum absolute errors of example 3 (Eighth-order method in [18])
— — 1 — — — —
n o e=rq5 €=3; €= €= 13 €= 355 €= 513
16 1.27x107'0  284x107%  5.39x107%  8.31x1077  9.83x10”%  8.43x10°°
32 1.47x1071%  4.96x10712  1.26x1071° 2.84x107° 5.39x107%  8.31x1077
64  8.32x1071%  7.27x107'%  1.60x107%%  4.96x1072  1.26x107° 2.84x107°
128 2.12x107%°  5.99x107*°  1.38x107'* 8.60x107'° 1.61x107'% 4.96x10”12

Table 16: Maximum absolute errors of example 3 (Fourth-order method in [18])

n =i c=%  c=d& =t =z c=sh
16 3.95x107° 7.01x107% 1.19x1072 1.94x1072 2.93x1072 4.27x1072
32 1.13x107%  2.12x107%  3.92x107% 7.02x107% 1.20x1072 1.96x1072
64  3.04x107% 5.84x107% 1.12x107° 2.12x107° 3.93x10”% 7.05x1073
128 7.88x107° 1.53x10"* 3.00x10”% 5.35x107* 1.12x107° 2.13x1073
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Table 17: Maximum absolute errors of example 4 (Our sixteen-order method)

h =t =%  c=d =i =z =3
16 1.71x107 %  2.73x107*?  3.23x107'° 2.58x10"%  1.25x10°¢  3.31x10°°
32 1.22x1071%  2.96x10717  6.40x107'%  1.15x107'2 1.59x107!° 1.51x1078
64 7.40x1072%  2.26x10722  6.64x1072% 1.79x1077  4.23x1071% 8.23x10713
128 3.60x1073°  1.23x10727 4.22x107%° 1.39x107%? 4.38x1072° 1.25x107'7
256 1.55x1073°  5.66x10733  2.08x1073% 7.65x1072% 2.77x1072%° 9.75x107 23
512 6.33x107%t  2.36x107%%  9.05%x107%%  3.50x107%% 1.36x1073° 5.32x10728
1024 2.49%x107%°  9.45x10™*  3.68x107%'  1.46x1073% 5.92x107%¢ 2.43x107%3
Table 18: Maximum absolute errors of example 4 (Our twelve-order method)
n €=15 =35 €= €= 1% €= 555 €= 513
16 1.76x107 M 2.75x10712  3.24x1071% 2.59%x107%  1.25x107¢  3.32x10°°
32 8.45x1071%  3.86x10717 6.63x107°  1.16x107*? 1.60x107% 1.51x107%
64 2.12x1072%2  8.38x1072Y 3.94x107'Y 2.37x1077  4.39x107'% 8.32x10713
128  5.29x1072%  2.14x1072% 1.01x107%2 5.18x1072' 2.76x107'° 1.74x10"'7
256 1.30x1072% 5.33x1072%  2.57x1072% 1.33x1072% 7.15x1072% 3.88x1072!
512 3.17x107%%  1.30x107%'  6.34x1073° 3.32x1072%® 1.80x1072% 1.00x10"%*
1024  7.76x10737  3.19x107%%  1.55x10733% 8.16x1073% 4.44x1073° 2.48x107 %8
Table 19: Maximum absolute errors of example 4 (Our eighth-order method)
n =k c=d =& =ik =z <=+
16 6.81x10712  586x107  4.77x107° 1.45x107%  1.16x107%  3.36x107°
32 3.18x107 1%  2.90x107'%  3.04x107'2 3.55x107*'  3.45%x1071% 8.43x107°
64 1.33x10716  1.34x1071%  1.56x107'*  1.90x107'% 2.27x107'2 2.85x107 !
128 5.33x107'% 558x107!%  6.83x10717  8.91x107% 1.17x107'* 1.51x10713
256  2.09%x1072'  2.21x1072° 2.76x107'° 3.70x107'® 5.11x107'7  7.10x107 '
512 8.19x1072%  8.70x1072% 1.08x1072! 1.47x1072° 2.06x107'° 2.94x107!8
1024 3.20x1072%  3.40x1073° 4.26x1072*  5.78x1072% 8.13x10722 1.17x1072°
Table 20: Maximum absolute errors of example 4 (Our fourth-order method)
n c=d = =g c=dy <=z <=
16 1.44x107°  2.72x107°  4.48x107°  6.54x107°  9.10x107°  2.18x10™*
32 1.17x107%  2.70x107%  6.71x107%  1.62x107°  3.49x107°  5.99x10°°
64 7.97x107% 2101077  6.29x1077  1.92x107%  5.58x107%  1.45x107°
128 5.12x107°%  1.41x107%  4.54x107%  1.54x1077  5.20x1077  1.68x107°
256 3.22x107!°%  9.04x1071° 2.96x107°  1.04x107%  3.73x107%  1.33x10°7
512 2.02x1071  5.68x107'Y  1.87x1071% 6.66x10710 243x107°  9.01x107°
1024 1.26x107'%2  355%x107'2  1.17x107t  4.19x107*  1.53x1071°%  5.75x1071°
Table 21: Maximum absolute errors of example 4 (Eighth-order method in [18])
— — 1 — — — —
n o e=rq5 €=3; €= €= 13 €= 355 €= 513
16 4.40x107'°  7.39x107°  1.10x1077  1.39x107%  3.51x107°  1.71x107°
32 6.00x1071  1.33x10711  2.74x1071° 5.08x107° 2.20x107¢  1.08x107°
64  4.77x1071%  2.62x1071*  3.97x107%%  9.18x107!2  1.38x107Y  6.76x107%
128 1.22x107%¢  204x107'®  9.10x107*° 1.35x107'* 8.64x10”'' 4.23x1071°

Table 22: Maximum absolute errors of example 4 (Fourth-order method in [18])

noe=4 €= 35 €= gq €= 133 €= 55 €= 513

16 5.25x107% 1.20x107% 2.62x107° 5.37x107% 4.14x107° 6.36x1073
32 7.79%x107°  1.91x107% 4.64x10”% 1.08x10”% 1.02x107% 1.61x10"*
64 1.05x107°  2.70x107° 6.91x107° 1.74x10™% 2.54x10™% 4.03x107%
128  1.37x1077 3.59x10°% 9.45x107¢ 248x107° 6.35x107° 9.01x1072
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Table 23: Maximum absolute errors of example 5
n 20 80 320 1280

E, 234x107%7 4.47x107%% 6.87x107% 1.01x107°%°

where f is nonlinear with respect to u and u; is the approximation of the exact value
u(z;) and S;(x) is non-polynomial spline function. Now by substituting (2.4) in the
spline relation (2.3), we obtain the nonlinear system of equations in the following form

1(wima + wiva) + arh2(f (Ti—a, wica) + f(Tiga, ipa))+

52(%‘73 + uiy3) + ash?(f(zi—s, ui—3) + f(@its, uits))+
Ba(wi—z + tiy2) + azh®(f(vi—2,ui—2) + f(Tita, Uiy2))+ (2.5)

Ba(wi—1 + wiy1) + aah®(f(zim1,uim1) + f(@ig1, uig1))+

Bsu; + ash?(f(zi,u;)) =0, i=4,..,(n—4).

By expanding (2.3) in Taylor series about x;, we obtain the following local trun-
cation error:

ti = (2(B1 + B2+ B3 + Ba) + Bs)ui + (2(c1 + a2 + g + ) + a5 + 1661 + 962 +
485 + 54)h2 @) 4 (1601 + 9az + dag + as + 81 + 26y + 485 + 11254)h4 @)
(64a1+ Too+ 303+ 500+ 2P+ §582 + 1503 + 555 80)hCu <6>+(512 + 8, 4

Eai% + 360a4 + 130125?61 + 2722490/82 + 31553 + 2016064)h8 o (103214;1 + 7222943)2 + % +
50160 T 8113127%1 + 23358 + 14'?35 + 1814400)h10 40+ (8114?12%1 + 23?133 + 4(?70775 + 814106 T
3426776787[351 + 3;52238 + 9:5%300 + 2:’,956040800)}112 (12) + (3426776787031 + 29%5%38 + 9885%‘00 + 39500800 T
igﬁé‘%‘;g;, + 1;325733[2380 + 42ég7325 + 43589145600 )ht e ( igéé%gé + 11732%3(2)0 + 42%2?325 +

26214431 + 5904932 + 4/33 L16 (16) + ( 26214401 +

ey Ba
435§8igSGOO + 638512875 14350336000 638512875 + 10461394944000) 638512875
5 a2 2

as Qg 3
14350336000 + 638512875 + 10461394944000 + 97692469875 + 487911424000 + 97692469875 +

__ Ba \p18
T301T86859867000 ) Ui T oo

i=4,5,...,n—4. (2.6)
Remarks:
(I) By choosing a; = ap = a3 = ay = 0,05 = —1,81 = B2 = B3 = 0,84 = 3, and
Bs = —1 we obtain the second-order method with truncation error:

1
ti = ﬂhmg@ +O(h5).

(IT) By ChOOSng o =ay =03 =as=0,05 =3, =P =0,035 = 55,0 = 5,
and S5 = 16 we obtain the fourth-order method with truncation error:

t= —1a® 1+ o
240 + 0.
(III) By choosing vm=ar=a3=ay4=0,a5=-1,0=0,0= 55,83 = —o, B4 =
,and 85 = —32 we obtain the sixth-order method with truncation error:
t; = 7h8 (8) O(B1O
560 +O(RT)-

(&)
EE
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(IV) By choosing oy = 1—54,512 = @,OL:} = %,(u = 1235&’&5 = 437332,
By = _105087 , = _1185944763 _ _9595616’64 _ _1555232’ and Bs = 493920 we obtain
the eighth-order method with truncation error:

21
t = 7%h1°u§1°) +O(h'?).

(V) By choosing a = as = 0,03 = 9,cy = —34308 5 = 129978 3, — 1 B, =
1223, = 2249393,6 = M and 5 = % we obtain the tenth-order method

with truncation error:

14837 2 12 14
ti= Coeah! u'? O
VI) By choosing oy = 0, a0 = 5089 g = —224 oy = — 32073 — 725308
263655 3255 3255 263655
B1=0,08y = 1129957ﬂ3 = %,54 =1, and B5 = fggggg we obtain the twelve-order
method with truncation error:
—137 14)
= iy + O(h'9).
' 378378000 ¢ (R)
(VII) By choosing a; = 137, = — 131295118119270[3 _ _5442;608 oy = 372129872’
o5 = _592128511319870751 — 4247, = 737%32)512”83 _ 28753118196’ — 5231408, and
5 = — 233364802510 w6 ohtain the fourteen-order method with truncation error:
7533
250150819

;= p16,,(16) R18Y.
Toosa04a00 T OT)

(VIII) By choosing a; = 330907, as = 32535424, a3 = 543878896, vy = 2750389888, cvy =

4824096670, f; = — 127055415 5, — _ 1050620440 3, —

_ 5809420960 g _ 1152538240 and 5 — 32213407975 o ohtain the sixteen-order
3 ) 3 ) 6
method with truncation error:
5016301 18)
= Y+ O(h?).
‘1701700 i +OMhT)

To obtain unique solution for the nonlinear system (2.3) we need six more equations.
we define the following identities:

(i) S0 0nu —h230 oM, aul® — p18u M =,
i) Z?ZO 82 4u; — h? ZZ Onz,lum — toh18y, (18) =0,
i) Zf o O3t — h2 S0 s — t h18 (18) o,

(

( 2.7)
(iv) Zz 0 03,iUn— i — h? Zio ng,iusl2zl hls v = =0,

(v) S5 daitin—i — h2 X1y mull) — hlS 0y _ =0,

(’U’L) Z?:O 5171‘11,"_1‘ — h2 21150 771 i 22 i t _ hlg (18) = 0

using Taylor’s expansion we can obtain the unknown coefficients in (2.7) by the fol-
lowing algorithm in mathematica:

Z‘Z:O 5k,i =0,
14(0k,i) =0,
x ZZ 11 *(0k,i) = le 0 i
i (k) = & El 11" (M), for r=1,2,...,15, and | = r + 2.
[c ][]
BE
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(2.8)

(I) If me choose j =5,k =1 and 619 = 36,61 3 = 951,61 4 = 118,61 5 = 1 for system
(2.8) we obtain the unknown coefficients equations (7), (vi) in (2.7).

(ITI) If me choose j = 6,k = 2 and 022 = —2451,d23 = 154,024 = 952,055 =
118,626 = 1 for system (2.8) we obtain the unknown coeflicients equations (i7), (v) in
(2.7).

(III) If me ChOOSQj = 7,]{,‘ = 3 and (5372 = 154,5373 = —2450,6374 = 154, 5375 =
952,93 6 = 118,d3 7 = 1 for system (2.8) we obtain the unknown coefficients equations
(i), (iv) in (2.7).

For sake of briefness we not rewrite the coefficients here.

and
(t =t _ 1738869905586403 4 _ 4 _ _ 11882318830801 4 _ 4 _ 7103014110604593)
1= "n=1 = T711374856192000° “2 — "n—2 — 7 10778406912000° "3 — “n—3 — 2134124568576000

3. CONVERGENCE ANALYSIS

In this section, we investigate the convergence analysis of the eighth-order method
and also in the same way we can prove the convergence analysis for any of the other
methods. The equations (2.3) along with boundary condition (2.7) yields nonlinear
system of equations, and may be written in a matrix form as

eAgU + h*Bf(U) = R, (3.1)
where

f(U) = (f1, -, foo1)b

the matrices Ay is diagonally dominant and B are an (n — 1) x (n — 1)-dimensional
which have the following forms:

(Pp_1(1,2,1))* = 41(P,,_1(1,2,1))3 4+ 400( P, —1(—1,4, —1))?
+3723P,-1(1,2,1) — 144041, 1 < Ao < (P—1(1,2,1))* — 42(P,,1(1,2,1))?
+407(P,—1(—1,4,-1))? + 3733P,_1(1,2,1) — 145291,,_;.

It is easy to see that Ay is diagonally dominant and symmetric. The matrix I,,_1 is
identity matrix and P,,_1(z, z,y) has the following form:

2D
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M, M2 11,3 m,15
72,1 72,2 72,3 712,15
3,1 MN32 733 13,15
—Q —Q3 —04 —Qj —Qy —Q3 — Q9 — Q]
-1 —Qy —Q3 —Qyg —Q5 —O04 —Q3 —Q2 —O
(3.3)
—Qp —Qp —a3 —Qg —Q5 —Qq4 —Q3 —Q2 —Q1
-1 —Qp —OQ3 —Qy —Q5 —Qyg —Q3 —Q2
M3,15 - 73,3 132 731
M2,15 72,3 122 721
Mas - m,3 MNi,2 M1

and f(U) = diag(f(x;,w;)), (i = 1,2,...,n — 1), is a diagonal matrix of order n — 1.

—€dy,0up + €h2771,ou(()2),

—6(52’0’LLO + eh2772,0u82),

0

0
—eByuy, — eh?aqul?,
—€03 oUp + 6h2773,0’u£?),
—€02,0Up + eh277270u£12),

—€81 un + ey oul?,

We assume that
eAoU + h*Bf(U) = R + t, (3.5)

where the vector U = u(z;),(i = 1,2,...,n — 1), is the exact solution and t =
[t1,t2, ..., tn_1]T, is the vector of local truncation error.
By using (3.1) and (3.5) we get

AE = [eAg + h?BF,(U)|E = t, (3.6)
where

E=U-U £(U) — f(U) = Fr(U)E, (3.7)

and F(U) = diag{gif (i =1,2,..,n—1), is a diagonal matrix of order n — 1. To
prove the existence of A™!, since A = eAg + h?BF}(U), where Ay is diagonally dom-
inant and symmetric then Ag is nonsingular.

(e
BE
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Following Henrici [7] we have

b—a)?
1 g iy .
1(Pr-1(1,2, 1)) < g (3.8)
and also by using Usmani and Warsi [26] we get
_ 1
(P (=1,4,=1) 7 < 5. (3.9)

It is clear that the matrix Ay is nonsingular and also ||Ay"'|| < w where w is a
positive number (]|.]| is the Lo, norm).

Lemma 4.1 If M is a square matrix of order N and ||M|| < 1, then (I + M)~!
exist and ||(I + M)~ <

(1- HMH)

Lemma 4.2 The matrix [eAO + h?BF,(U)] in (3.6) is nonsingular, provided ¥ <
587631?33(%52)3;46%%7 where Y = max| afl [,i =1,2,...,n — 1. (The norm referred to is
the L norm).

Proof:

We know that [eAg + h2BF(U)] = eAo[l + %zAalBFk(U)], we need to show that
inverse of [I 4+ hTzAalBFk(U)] exist. By using lemma 4.1, we have

h? . h?

— 14" BEU)I < — 4 MBI F: ()] < 1, (3.10)
by using (3.3) we obtain ||B| < W = w,(say) and also we have
|Fe(D)]| <Y = max|afl l,i=1,2,...,n — 1, and then by using (3.10) we obtain

€
Y < ——.
< o

As a consequence of Lemmas 4.2 and 4.1 the nonlinear system (3.1) has a unique
solution if Y <

wwhz

Theorem Let u(x) be the exact solution of the boundary value problem (1.1)-(1.2)
and assume u;, i = 1,2,...,n — 1, be the numerical solution obtained by solving the
system (2.3), and (2.7). Then we have

1E]| = O(r®),
provided Y < wth, where
1 251 1826 44117 78095
MT 7™ T 36 ™ T Tg M T 36 M T T3 0

By =—1,Bs = —118, B3 = —952, B4 = —154, B5 = 2450.

proof: We can write the error equation (3.6) in the following form
2 -1 1 h? —14-1
E = (eAy+ h*BF,(U))" 't = E(I—i— ?Ao BF,(U)) Ay 't
[c[v]
EE
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h? IR
||E||<*||(I+ — Ay " BEU)) M 1Ag N1l

it follows that

1A e
IE| < 5 A,f : (3.11)
— 12| Ag (1Bl Fx (U]
provided that h2|| Ay ||| B||||Fx(U)|| < 1. We have
1738869905586403h10 M1
2l < , : (3.12)
2(17)
where My = max|u19(€)|,a < € <
From inequalities (3.11), (3.1 ) 1Ay || <w, [|[Fx(U)]| £Y and ||B|| < w, we obtain
1738869905586403wh !9 My,
E|| < =0(h® 3.13
121 < 2(17) (e — h?wwY’) (R7), ( )
provided that
€
Y 3.14
< Bow (3:.14)

Corollary
In the same manner we can prove the convergence analysis of the other methods and
it follows |E| — 0 as h — 0.

Second-order method

If we choose a; = a3 = a3 = a4 = 0,5 = f%,ﬂl =Py =03 =0,64 = %, and
Bs = —1 we get |E|| = O(h?).

Fourth-order method

If we choose a1 = ag = ag = a4 = 0,a5 = %,51 =0 =0,08 = %,54 = %7 and
Bs = 1o then we get |E| = O(h*).

Sixth-order method

For a; = as = a3 = a4 = 07015 = 717ﬂ1 = 0’52 = %753 = 7%7ﬂ4 = %a and
Bs = —22 we have ||E|| = O(h®).

Eighth-order method

For o = 15470[2 _ 7052870[3 _ 2045512’(14 — 1285276 . _ 437339 () — _%
Bo = — 8L gy — 909010 3, — 155232 and B = 493920 we have ||E|| = O(h®).
Tenth-order method

34308 129978 1263
FOI“O(1:O52—004329044:—743,045— ,ﬁ_l,ﬁgz— ﬁgz
22993 _ 116527 276600 — 10

51 P1 = , and f5 = === we get [|[E[| = O(h )-
Twelve-order method
_ _ 619 _ 454 4073 725308 _ _
By choose iy = 0,02 = 553655, 8 = — 3555, 4 = —3555, X5 = — 53555, 01 = 0,02 =
7069 _ 154 _ _ 92932 _ 12
m,ﬂg = ﬁ’/84 = 1, and /85 = T 53599 we haVe ||E|| = O(h )
Fourteen-order method
If we choose a; = 137,00 = _13129511811927a3 _ _544216087064 _ _372132198727(15 _

(e
BE
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_O2SLITO g _ 4947 3, — TISASI2 g _ IS8 5 _ 5931408, and f5 =
— 233361802510 then we can obtain [|E| = O(h'*).

Sixteen-order method

If we choose a; = 330907, ap = 32535424, aiz = 543878896, vy = 2750389888,
a5 = 4824096670, 8, = 127053415,ﬂ _ 10596329440,53 _ 758094320960’54 _ 115253382407

and f5 = 22213301975 we obtain the sixteen-order method [|E| = O(h').

Therefore the convergence of the methods have been established.

4. NUMERICAL ILLUSTRATIONS

In this section the presented methods of orders 4th, 8th, 12th and 16th have been
applied to the following test problems. Examples 1-5 have been solved using our
methods and also max error in the compared solutions are obtained. The maximum
absolute errors in solutions of singularly perturbed boundary-value problems are tab-
ulated in tables 1-23. The maximum absolute errors in solutions of example 1-5 is
compared with method in [2, 16, 17, 18, 19, 25].

Example 1. Consider the following singularly perturbed boundary value problem
—ev” (2) + (1 + 2)u(x) = —40(z(z> = 1) — 2¢), 0<z <1

with boundary conditions
u(0) =0, u(l)=1.
The exact solution for this problem is u(z) = 40z(1 — x). The observed maximum

absolute errors for different values of € and n are tabulated in Tables 1-2 and compared
with the methods in [16, 17, 19].

Example 2. Consider the following singularly perturbed boundary value problem
—eu” (z) + u(w) = —cos?(mx) — 2emcos(2rz), 0 <z <1

with boundary conditions

The exact solution for this problem is u(z) = — cos?(mz). The observed

maximum absolute errors for different values of € and n are tabulated in Tables 3-10
and compared with the methods in [2, 18, 19, 25].

Example 3. Consider the following singularly perturbed boundary value problem
—ed (@) +u(z) =z, 0<z<1
with boundary conditions
w(0) =1, u(l)=1+ev.

The exact solution for this problem is u(z) = x + eve. The observed maximum
absolute errors for different values of € and n are tabulated in Tables 11-16 and
compared with the method in [18].

[c[v]
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Example 4. Consider the following singularly perturbed boundary value problem
—ed () + (L2l — 2)ule) =1+ (1 —2) + (2ve — 22(1 — a))e v
+@Ve—a(l—2)%)e ¥, 0<z<l

with boundary conditions
u(0) =0, u(l)=0

z—1)

—x (
The exact solution for this problem is u(x) = 14 (x — 1)e Ve —xe v< . The observed
maximum absolute errors for different values of € and n are tabulated in Tables 17-22
and compared with the method in [18].

Example 5. Consider the following boundary value problem
u' (z) + 3u(z) — 2u°(z) = cos(x)sin(2z), 0 <z <1
with boundary conditions
u(0) =0, u(l) = sin(1)

The exact solution for this problem is u(z) = sin(z), [28]

This example is regular type of B.V.P, we solve this type to show the ability of our
method. The observed maximum absolute errors for different values of n are tabulated
in Table 23.

CONCLUSION

We approximate solution of singularly perturbed boundary-value problems by using
tension spline. We developed various classes of 2th, 4th, 6th, 8th, 10th, 12th, 14th
and 16th orders of methods. The new methods enable us to approximate the solution
at every point of the range of integration. Tables 1-23 illustrated that our methods
produced accurate results. The maximum absolute errors max | e; | in the computed
solutions are compared with the methods developed in [2, 16, 17, 18, 19, 25].
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