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Abstract In this paper, we find an integral representation for the fundamental solution of

the fractional Ostrovsky equation in terms of the Airy and Bessel-Wright functions.
The equation is studied in the sense of the Weyl fractional derivative and the solu-

tion is presented as the Airy transforms of Wright functions. Using the asymptotic

expansion of Wright function the asymptotic behavior of solution is also discussed.
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1. Introduction

The Ostrovsky equation as the generalization of Korteweg-de Vries equation (KdV)
governs the propagation of weakly nonlinear long surface and internal waves of small
amplitude in a incompressible and inviscid rotational fluid. This equation which is
nonintegrable by the inverse scattering transform can be presented by the following
PDE [14]

(
ut − βuxxx + (u2)x

)
x

= γu, γ > 0, x ∈ R, t > 0,

where parameter β shows the type of dispersion. In the case β = −1 (negative
dispersion), the Ostrovsky equation can be considered for the surface and internal
waves in the ocean and surface waves in a shallow channel with an uneven bottom.
For β = 1 (positive dispersion), the Ostrovsky equation can be considered for the
capillary waves on the surface of liquid or for the oblique magneto-acoustic waves in
plasma. The parameter γ > 0 is also considered as the effect of rotation or Coriolis
effect. For more details see [3, 4, 6, 7, 9].

Valramov in the year 2005, found the fundamental solution of Ostrovsky equation
in terms of the Airy and Bessel functions and use this solution for his next works on
the Riesz fractional derivatives of Airy functions and the conservation laws for KdV
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equations [16, 17, 18, 19, 20, 21]. In this paper, we study a fractionalization of the
Ostrovsky equation as

Wα
+

[
ut − βuxxx + (u2)x

]
= γu, γ > 0, 0 < α ≤ 1, (1.1)

where Wα
+ is the Weyl fractional derivative of order α. We intend to find the fun-

damental solution of fractional Ostrovsky equation (1.1) in terms of the Airy and
Bessel-Wright functions and study the asymptotic behavior of solution. First, we
rewrite the relation (1.1) as

ut − βuxxx + (u2)x = γWα
−u, 0 < α ≤ 1, (1.2)

where Wα
− is the Weyl fractional integral of order α.

2. Preliminaries

2.1. The Weyl fractional derivative. In this section, we recall some preliminaries
about the Weyl fractional integrals and derivatives and then the Wright functions.

Definition 2.1. For n − 1 < <(α) ≤ n, n ∈ N, the Weyl fractional integral and
derivative of order α are defined as [5, 3]

W−α+ f(x) :=
d−α

dx−α
f(x) =

1

Γ(α)

∫ x

−∞
(x− ξ)α−1f(ξ)dξ,

Wα
+f(x) :=

dα

dxα
f(x) =

(−1)n

Γ(n− α)

dn

dxn

∫ x

−∞
(x− ξ)n−α−1f(ξ)dξ.

Lemma 2.2. In view of the Fourier transform of the function f(x)

F (ξ) = F{f(x); ξ} =

∫ ∞
−∞

e−iξxf(x)dx,

and its inversion formula

f(x) = F−1{F (ξ);x} =
1

2π

∫ ∞
−∞

eiξxF (ξ)dξ,

the Fourier transform of the Weyl fractional integral is given by [5]

F{W−α+ f(x); ξ} =
e−

iπα
2

ξα
F{f(x); ξ}. (2.1)

2.2. The Wright function. The Wright function was introduced by the British
mathematician Edward Maitland Wright in 1930’s and was developed by himself
[22, 23, 24, 25, 26, 27]. This function is considered as a contour integral representation
on the Hankel path in complex plane with a cut along the negative real semi-axis
arg τ = π

W (c, d; z) =
1

2πi

∫
Ha

τ−deτ+zτ
−c
dτ, c > −1, d ∈ C, z ∈ C. (2.2)
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This function can be also presented by the following series using the integral repre-
sentation of reciprocal gamma function [15]

W (c, d; z) =

∞∑
n=0

zn

n!Γ(cn+ d)
, c > −1, d ∈ C, z ∈ C. (2.3)

The Wright function has a important role in the theory and applications of fractional
calculus particularly in the initial and boundary value problems for the fractional
diffusion-wave equations [1, 8, 12]. For simplicity of the relation (2.2) and its asymp-
totic behaviors in the various values of parameters c and d, see [11]. As a special case
of the Wright function (2.3), we consider the Bessel-Wright function J µν (z) [10]

J µν (z) = W (µ, ν + 1;−z) =

∞∑
n=0

(−z)n

n!Γ(µn+ ν + 1)
, µ > −1. (2.4)

The Airy function of first kind Ai(z) can be also derived from the Wright function
[2, 13]

W (−1/3, 2/3;−z) = 3
2
3 Ai(3−

1
3 z),

where

Ai(z) =
1

π

∫ ∞
0

cos(zt+
t3

3
)dt,

Moreover, for z → +∞ the asymptotic behavior of the Wright function is given by

W (c, d;−z)∼zp( 1
2−d)eσz

p cos(pπ) cos
(
πp(

1

2
− d) + σzp sin(pπ)

)
{c1 +O(z−p)},

(2.5)

where p = 1
1+c and σ = (1 + c)c−

c
1+c , and c1 can be evaluated exactly. We consider

following asymptotic formula that we needs in the next sections

Ai(−z)∼ 1
√
πz

1
4

[
cos(

2

3
z

3
2 − π

4
) +O(

1

z
3
2

)
]
, (2.6)

∫ z

0

Ai(−ς)dς∼2

3
− 1
√
πz

3
4

cos(
2

3
z

3
2 +

π

4
) +O(

1

z
9
4

), (2.7)

∫ z

0

Ai(ς)dς∼1

3
− 1

2
√
πz

3
4

exp(−2

3
z

3
2 ). (2.8)

3. Main Theorem

In this section, we consider the linear form of equation (1.2) and study the funda-
mental solution of the Cauchy problem

ut − βuxxx − γWα
−u = 0, 0 < α ≤ 1, γ > 0, u(x, 0) = δ(x). (3.1)
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We first apply the Fourier transform on the equation (3.1) and use the relation (2.1)
to get an integral representation for the fundamental solution of the Cauchy problem
as follows

E(α)(x, t) =
1

2π

∫ ∞
−∞

exp
(
iξx− iβξ3t+

γte−
iπα
2

ξα

)
dξ.

In order to obtain a different form for the above solution we state the following lemma

for the inverse Fourier transform of the function exp
(
γte−

iπα
2

ξα

)
.

Lemma 3.1. For α = 2m−1
2n−1 ,m < n, m, n ∈ N, the inverse Fourier transform of

exp
(
γte−

iπα
2

ξα

)
is given by

F−1{exp
(γte− iπα2

ξα
)
;x} = −α|x|α−1γtW

(
α, α+ 1;−|x|αγt

)
H(−x) + δ(x).

where H is the Heaviside unite step function.

Proof. First, we intend to find the inverse Fourier transform of 1
ξ exp

(
γte−

iπα
2

ξα

)
. We

consider the following integral

Λ(α)(x, t) =
1

2π

∫ ∞
−∞

1

ξ
exp

(
iξx+

γte−
iπα
2

ξα

)
dξ.

and apply the change of variables iξ = τ to get

Λ(α)(x, t) =
1

2π

∫ i∞

−i∞

1

τ
exp

(
τx+

γt

τα

)
dτ.

The above integral is a particular case of the integral (2.2) on the Hankel path and is
written in terms of the Wright function for x < 0 as [11, Theorem 2.1]

Λ(α)(x, t) = −iW (α, 1;−|x|αγt)H(−x),

or equivalently

Λ(α)(x, t) = −iJ α0 (|x|αγt)H(−x).

At this point, using the fact that

d

dξ
W (c, d; ξ) = W

(
c, c+ d; ξ

)
,

for f(x) ∈ C1(R) we have

F−1{exp
(γte− iπα2

ξα
)
;x} =

1

2π

∫ ∞
−∞

exp
(
iξx+

γte−
iπα
2

ξα

)
dξ =

1

i

∂

∂x
Λ(α)(x, t)

= − ∂

∂x

[
W (α, 1;−|x|αγt)H(−x)

]
= −α|x|α−1γtW (α, α+ 1;−|x|αγt)H(−x) + δ(x),
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where we used the following formula of differentiation(
f(x)H(x)

)′
= f ′(x)H(x) + δ(x)f(0).

This completes the proof. �

Theorem 3.2. The fundamental solutions of positive and negative dispersions for
the Cauchy problem (3.1) are given by

+E(α)(x, t) =
1

3
√

3βt
Ai
(
− x

3
√

3βt

)
− αγt

3
√

3βt∫ ∞
0

Ai
(
− x+ u

3
√

3βt

)
uα−1W (α, α+ 1;−uαγt)du, (3.2)

−E(α)(x, t) =
1

3
√

3|β|t
Ai
( x

3
√

3|β|t

)
− αγt

3
√

3|β|t∫ ∞
0

Ai
( x+ u

3
√

3|β|t

)
uα−1W (α, α+ 1;−uαγt)du, (3.3)

where the superindex + corresponds to the positive dispersion case and the superindex
− is used for negative dispersion.

Proof. We first consider Lemma 3.1 and the following integral with respect to the
Airy function

1

2π

∫ ∞
−∞

exp
(
iξx− iβξ3t

)
dξ =

1
π

∫∞
0

cos
(
ξx− βξ3t

)
dξ = 1

3
√
3βt

Ai
(
− x

3
√
3βt

)
, β > 0,

1
π

∫∞
0

cos
(
ξx+ |β|ξ3t

)
dξ = 1

3
√

3|β|t
Ai
(

x
3
√

3|β|t

)
, β < 0,

(3.4)

and then we apply the convolution theorem for the Fourier transform to rewrite the
solution (3.4) as

E(α)(x, t) =
1

3
√

3βt
Ai
(
− x

3
√

3βt

)
− αγt

3
√

3βt∫ 0

−∞
Ai
(
− x− y

3
√

3βt

)
|y|α−1W (α, α+ 1;−|y|αγt)dy.

We change the variable of integration y = −u and get the result for two cases of
parameter β (the positive dispersion and the negative dispersion). �

We know that the functions Ai(− x
3
√

3βt
) and Ai(

x
3
√

3βt
) are fundamental solutions

of following KdV equation for β > 0 and β < 0 respectively{
ut − βuxxx = 0, x ∈ R, t > 0,
u(x, 0) = δ(x).

For this reason, we consider the following representation
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{
+E(α)(x, t) = E+

0 (x, t) + +E
(α)
γ (x, t),

−E(α)(x, t) = E−0 (x, t) + −E
(α)
γ (x, t),

where

E+
0 (x, t) =

1
3
√

3βt
Ai(− x

3
√

3βt
), (3.5)

+E(α)
γ (x, t) = − αγt

3
√

3βt

∫ ∞
0

Ai
(
− x+ u

3
√

3βt

)
uα−1W (α, α+ 1,−uαγt)du (3.6)

and

E−0 (x, t) =
1

3
√

3βt
Ai(

x
3
√

3βt
), (3.7)

−E(α)
γ (x, t) = − αγt

3
√

3|β|t

∫ ∞
0

Ai
( x+ u

3
√

3|β|t

)
uα−1W (α, α+ 1,−uαγt)du. (3.8)

It is important to mention that the integral of +E(α) converges conditionally and the
integral of −E(α) is absolutely convergent because of the exponential decay of the
Airy function for the positive argument.

Corollary 3.3. In special case α = 1, the relations (3.2) and (3.3) are reduces to the
following representations which confirms the results of paper [21]

E+(x, t) =
1

3
√

3βt
Ai
(
− x

3
√

3βt

)
−
√
γt

3
√

3βt

∫ ∞
0

Ai
(
− x+ u

3
√

3βt

)J1(2
√
γtu)√
u

du,

E−(x, t) =
1

3
√

3|β|t
Ai
( x

3
√

3|β|t

)
−
√
γt

3
√

3|β|t

∫ ∞
0

Ai
( x+ u

3
√

3|β|t

)J1(2
√
γtu)√
u

du,

where J1 is the Bessel function of order one.

Corollary 3.4. Using the integrating by parts and applying the asymptotic expansion
(2.5) for the Wright function, we get other integral representations for the solutions
+E

(α)
γ (x, t) and −E

(α)
γ (x, t) in terms of the Wright functions as follows

+E(α)(x, t) =
1

(3βt)
2
3

∫ ∞
0

Ai
′
(
− x+ u

3
√

3βt

)
W (α, 1;−uαγt)du, (3.9)

−E(α)(x, t) = − 1

(3|β|t) 2
3

∫ ∞
0

Ai
′
( x+ u

3
√

3|β|t

)
W (α, 1;−uαγt)du. (3.10)

Also, from the above relations we can deduce that∫ ∞
−∞

±E(α)(x, t)dx = 0.
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4. Some Properties of The Fundamental Solution

In this section, we intend to obtain other integral representations for ±E
(α)
γ (x, t)

that are useful to get the associated asymptotic expansions.

4.1. Some Integral Representations. We consider the change of variables

y =
u

3
√

3|β|t
, χ = χ(x, t) =

x
3
√

3|β|t
, a = aγ(t) = 2

√
γt(3|β|t)α6 ,

and use the definition (2.4) for the Bessel-Wright function J µν (z) to rewrite the rela-
tions (3.5)- (3.8), respectively, in the following forms

E+
0 (x, t) =

1
3
√

3βt
Ai(−χ), (4.1)

+E(α)
γ (x, t) = − αa2

4 3
√

3βt

∫ ∞
0

Ai
(
− (χ+ y)

)
yα−1J αα (

a2

4
yα)dy, (4.2)

E−0 (x, t) =
1

3
√

3|β|t
Ai(χ), (4.3)

−E(α)
γ (x, t) = − αa2

4 3
√

3|β|t

∫ ∞
0

Ai(χ+ y)yα−1J αα (
a2

4
yα)dy. (4.4)

Using the relations (3.9) and (3.10), we also get the following relations in terms of
the Bessel-Wright functions

+E(α)(x, t) =
1

(3βt)
1
3

∫ ∞
0

Ai
′(
− (χ+ y)

)
J α0 (

a2

4
yα)dy,

−E(α)(x, t) = − 1

(3|β|t) 1
3

∫ ∞
0

Ai
′(
− (χ+ y)

)
J α0 (

a2

4
yα)dy.

Lemma 4.1. For p = 1
1+α , the asymptotic expansion of +E

(α)
γ (x, t) is given by

+E(α)
γ (x, t) ∼

αap(1−2α)+2 cos
(
πp( 1

2 − α)
)

2p(1−2α)+1
√
π 3
√

3βt∫ ∞
0

U(a, χ, ξ)
[
S−(a, χ, ς)− S+(a, χ, ς)

]
dς,

where

U(a, χ, ς) =
ς2α+p−2αp−1χα+

pα
2 −pα

2− 1
4 eσ(

a2p
4 ς2αp)χαp cos(πp)

(1 + ς2)
1
4

,
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and

S−(a, χ, ς) = sin
(
πp(

1

2
− α)

)
sin
(
σ(
a2

4
ς2αχα)p sin (pπ)

)
cos
(2

3
χ

3
2 (1 + ς2)

3
2 +

π

4

)
,

S+(a, χ, ς) = cos
(
πp(

1

2
− α)

)
cos
(
σ(
a2

4
ς2αχα)p sin (pπ)

)
cos
(2

3
χ

3
2 (1 + ς2)

3
2 − π

4

)
.

Proof. We employ the relation (4.2) and apply the change of variables ξ = χ+ y and

ς =
√

ξ−χ
χ to obtain

+E(α)
γ (x, t) = −αa

2χα

2 3
√

3βt

∫ ∞
0

Ai
(
− χ(1 + ς2)

)
ς2α−1J αα (

a2

4
χας2α)dς.

We now use the relations (2.5) and (2.6) for the asymptotic expansions of the Wright
and Airy functions (as χ→∞ ) to get the result. �

Lemma 4.2. There exists C ∈ R such that

J αα (
a2

4
yα) ≤ Cyp(α2−α

2)eσ(
a2

4 y
α)p cos(pπ), y > 0, p =

1

1 + α
. (4.5)

Also

J αα (
a2

4
yα)∼ 1

Γ(α+ 1)
, y → 0, (4.6)

Proof. Applying the asymptotic expansion (2.5), we can find C ∈ R to establish the
relation (4.5). We also use the series representation (2.3) for the Wright function and
obtain the approximation (4.6).

�

4.2. The Airy Transforms. In view of the relations (4.1)-(4.4), we define the Airy
transform as

(Aiψ)(x) =

∫ ∞
−∞

Ai(x+ y)ψ(y)dy, (4.7)

where ψ(y) is given by

ψ(y) =

{
a
2y

α−1J αα (a
2

4 y
α), y ≥ 0,

0, y < 0.

It is clear that by putting ψ̄(y) = ψ(−y), we can derive an
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∫ ∞
−∞

Ai
(
− (x+ y)

)
ψ(y)dy =

∫ ∞
−∞

Ai(x̄+ y)ψ̄(y)dy,

where

ψ̄(y) =

{
0, y > 0,
a
2y

α−1J αα (a
2

4 y
α), y ≤ 0.

Now, we state the following theorem for the norms of fundamental solutions and the
Airy transforms of Bessel-Wright functions.

Theorem 4.3. The L2-norms of −E
(α)
γ (x, t) and +E

(α)
γ (x, t) are given by

|−E(α)
γ (χ, t)|22 =

α2a2

4(3|β|t) 1
3

|ψ|22,

and

|+E(α)
γ (χ, t)|22 =

α2a2

4(3βt)
1
3

|ψ̄|22,

where

|ψ|22 =
a2

4

∫ ∞
0

y2α−2
(
J αα (

a2

4
yα)

)2

dy,

|ψ̄|22 =
a2

4

∫ 0

−∞
y2α−2

(
J αα (

a2

4
yα)

)2

dy.

Proof. Using the definition of Airy transform (4.7) and applying the relation (4.4) we
have

−E(α)
γ (x, t) = − αa

2 3
√

3βt
(Aiψ)(x),

and

+E(α)
γ (x, t) = − αa

2 3
√

3βt
(Aiψ̄)(x̄).

We now consider the L2-norm of −E
(α)
γ (χ, t)

|−E(α)
γ (χ, t)|22 =

α2a2

4(3βt)
1
3

∫ ∞
−∞
|(Aiψ)(χ)|2dχ,

and use the Parseval theorem for Airy transform

|Aiψ|2 = |ψ|2,

to get
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|−E(α)
γ (χ, t)|22 =

α2a2

4(3βt)
1
3

|ψ|22,

where

|ψ|22 =
a2

4

∫ ∞
0

y2α−2
(
J αα (

a2

4
yα)

)2

dy.

Analogous result holds for +E
(α)
γ (x, t).

�

Theorem 4.4. The following asymptotic expansions hold for +E
(α)
γ (x, t) and +E

(α)
γ (x, t)

as χ→∞

+E(α)
γ (x, t)∼ αa2

3
√

3βt

∫ ∞
0

F (z)

{
cos( 2

3χ
3
2 + π

4 )

χ
3
4

−
cos
(
( 2
3 (χ+ z2

a2 )
3
2 + π

4

)
χ

3
4

}
dz,

(4.8)

and

−E(α)
γ (x, t)∼ αa2

3
√

3|β|t

∫ ∞
0

F (z)

{
exp(− 2

3χ
3
2 )

χ
3
4

−
exp

(
(− 2

3 (χ+ z2

a2 )
3
2

)
χ

3
4

}
dz,

(4.9)

where z = a
√
y and

F (z) =
a2

2z

d

dz

[
(
z

a
)2α−2J αα

(a2
4

(
z

a
)2α
)]
.

Proof. First for α ∈ [0, 1], we use the relation (4.5) and we deduce that

lim
y→∞

yα−1J αα (
a2

4
yα) = 0.

Hence, by integration by parts we can write

+E(α)
γ (x, t) =

= − αa2

4 3
√

3βt

∫ ∞
0

([
yα−1J αα (

a2

4
yα)
] d
dy

[ ∫ y

0

Ai
(
− (χ+ η)

)
dη
])
dy,

= − αa2

4 3
√

3βt

∫ ∞
0

(
d

dy

[
yα−1J αα (

a2

4
yα)
][ ∫ y

0

Ai
(
− (χ+ η)

)
dη
])
dy.

(4.10)

Here, we apply the relation J αα (a
2

4 y
α) = W (α, α+ 1;−(3βt)

α
3 yαγt) to get
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d

dy

[
yα−1J αα (

a2

4
yα)
]

= (α− 1)yα−2J αα (
a2

4
yα)− a2

4
y2α−2J α2α−1(

a2

4
yα)

+
a2

4
αy2α−2J α2α(

a2

4
yα), (4.11)

and rewrite the relation (4.10) as

+E(α)
γ (x, t) =

α(α− 1)a2

4 3
√

3βt

∫ ∞
0

yα−2J αα (
a2

4
yα)

∫ y

0

Ai
(
− (χ+ η)

)
dηdy,

− αa4

16 3
√

3βt

∫ ∞
0

y2α−2J α2α−1(
a2

4
yα)

∫ y

0

Ai
(
− (χ+ η)

)
dηdy,

+
α2a4

16 3
√

3βt

∫ ∞
0

y2α−2J α2α(
a2

4
yα)

∫ y

0

Ai
(
− (χ+ η)

)
dηdy.

We make the change of variables z = a
√
y and χ+ η = ξ and obtain

+E(α)
γ (x, t) =

α(α− 1)a4−2α

2 3
√

3βt

∫ ∞
0

z2α−3J αα
(a2

4
(
z

a
)2α
)∫ χ+ z2

a2

χ

Ai(−ξ)dξdz,

− αa6−4α

8 3
√

3βt

∫ ∞
0

z4α−3J α2α−1
(a2

4
(
z

a
)2α
)∫ χ+ z2

a2

χ

Ai(−ξ)dξdz,

+
α2a6−4α

8 3
√

3βt

∫ ∞
0

z4α−3J α2α
(a2

4
(
z

a
)2α
)∫ χ+ z2

a2

χ

Ai(−ξ)dξdz.

Using the relation (4.11), we set the function F (z) in the following form

F (z) =
a2

2z

d

dz

[
(
z

a
)2α−2J αα

(a2
4

(
z

a
)2α
)]

=
(α− 1)a2−2α

2
z2α−3J αα

(a2
4

(
z

a
)2α
)

− a4−4α

8
z4α−3

[
J α2α−1

(a2
4

(
z

a
)2α
)

+ J α2α
(a2

4
(
z

a
)2α
)]
,

and reconstruct +E
(α)
γ (x, t) as

+E(α)
γ (x, t) =

αa2

3
√

3βt

∫ ∞
0

F (z)

∫ χ+ z2

a2

χ

Ai(−ξ)dξ.

Finally, using the asymptotic expansion (2.7) for χ → ∞, we obtain (4.8). For
−E

(α)
γ (x, t) we similarly get

−E(α)
γ (x, t) =

αa2

3
√

3|β|t

∫ ∞
0

F (z)

∫ χ+ z2

a2

χ

Ai(ξ)dξ,
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and apply the asymptotic expansion (2.8) for deriving the relation (4.9). �

5. Conclusion

This paper provided a study on the Ostrovsky equation in the fractional derivative
case for the space variable. This fractionalization was shown in sense of the Weyl
fractional derivative for the integral term of the equation. We saw that how the
fundamental solution of the fractional Ostrovsky equation could be changed from
the Bessel function to Bessel-Wright function and also the associated asymptotic
analysis. The role of Airy function as the Green’s function of the KdV equation is
still determinative for the introduced fractional Ostrovsky equation. As a future work,
we can develop our results for a new fractionalization of the term uxxx and extend
the associated fundamental solution.
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