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Abstract In this paper, we find an integral representation for the fundamental solution of
the fractional Ostrovsky equation in terms of the Airy and Bessel-Wright functions.
The equation is studied in the sense of the Weyl fractional derivative and the solu-
tion is presented as the Airy transforms of Wright functions. Using the asymptotic
expansion of Wright function the asymptotic behavior of solution is also discussed.
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1. INTRODUCTION

The Ostrovsky equation as the generalization of Korteweg-de Vries equation (KdV)
governs the propagation of weakly nonlinear long surface and internal waves of small
amplitude in a incompressible and inviscid rotational fluid. This equation which is
nonintegrable by the inverse scattering transform can be presented by the following
PDE [14]

(ut - ﬁumxa: + (U2)x)x =yu, vy> 0, S R, t>0,

where parameter 8 shows the type of dispersion. In the case § = —1 (negative
dispersion), the Ostrovsky equation can be considered for the surface and internal
waves in the ocean and surface waves in a shallow channel with an uneven bottom.
For § = 1 (positive dispersion), the Ostrovsky equation can be considered for the
capillary waves on the surface of liquid or for the oblique magneto-acoustic waves in
plasma. The parameter v > 0 is also considered as the effect of rotation or Coriolis
effect. For more details see [3, 4, 6, 7, 9].

Valramov in the year 2005, found the fundamental solution of Ostrovsky equation
in terms of the Airy and Bessel functions and use this solution for his next works on
the Riesz fractional derivatives of Airy functions and the conservation laws for KdV
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equations [16, 17, 18, 19, 20, 21]. In this paper, we study a fractionalization of the
Ostrovsky equation as

wi [ut — BUpps + (uQ)I] =u, >0, 0<a<l, (1.1)

where W is the Weyl fractional derivative of order . We intend to find the fun-
damental solution of fractional Ostrovsky equation (1.1) in terms of the Airy and
Bessel-Wright functions and study the asymptotic behavior of solution. First, we
rewrite the relation (1.1) as

Up — Bugzr + (U2 =YW, 0<a <1, (1.2)

where W€ is the Weyl fractional integral of order «.

2. PRELIMINARIES

2.1. The Weyl fractional derivative. In this section, we recall some preliminaries
about the Weyl fractional integrals and derivatives and then the Wright functions.

Definition 2.1. For n — 1 < R(a) < n,n € N, the Weyl fractional integral and

derivative of order « are defined as [5, 3]

Wi (@)= g S0 = e [ (0= 0 A€

WEFe) 1= g f(o) = gt [ -0 e

Lemma 2.2. In view of the Fourier transform of the function f(x)

F©) = Flfaie) = [ e s,
and its inversion formula
fo) = F  F(@iah = o [ @R,
the Fourier transform of the Weyl fractional integral is given by [5]
FWE*(@):6) = S FUS@):6) (2.1)

2.2. The Wright function. The Wright function was introduced by the British
mathematician Edward Maitland Wright in 1930’s and was developed by himself
[22, 23, 24, 25, 26, 27]. This function is considered as a contour integral representation
on the Hankel path in complex plane with a cut along the negative real semi-axis
argT =T

1 —c
W{(e,d;z) = —/ 774%™ dr, e¢>—-1,deC, zeC. (2.2)
Ha

211
[c[v]
(0] ¢
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This function can be also presented by the following series using the integral repre-
sentation of reciprocal gamma function [15]

o0 Zn
Wi(e,d;z) = _ >-1,deC, zeC. 2.3
(c,d;2) ;} nT(en+d)’ ¢ : (23)
The Wright function has a important role in the theory and applications of fractional
calculus particularly in the initial and boundary value problems for the fractional
diffusion-wave equations [1, 8, 12]. For simplicity of the relation (2.2) and its asymp-
totic behaviors in the various values of parameters ¢ and d, see [11]. As a special case
of the Wright function (2.3), we consider the Bessel-Wright function J#(z) [10]
c- (=2)"
Hlz)=W 1;,—2) = _
The Airy function of first kind Ai(z) can be also derived from the Wright function
[2, 13]

p>—1. (2.4)

W(=1/3,2/3;—2) = 35Ai(3732),

where

1 [~ t3
Ai(z) = 7/0 cos(zt + g)dt,

™

Moreover, for z — +oo the asymptotic behavior of the Wright function is given by

P 1
W (e, d; —z)wzp(%_d)e"z cos(P™) o (7rp(§ —d)+ o2 sin(pw)) {e1 + O(z7P)},

(2.5)
where p = l%rc and o = (1 + c)c_ﬁ7 and c; can be evaluated exactly. We consider
following asymptotic formula that we needs in the next sections

1 2
Ai(=2)~—— [cos(2H = D)+ 0()], (2.6)
mTZ4 3 4 z2
g 2 1
/ Ai(—¢)ds~= — 3 cos(Z27 + %) +O0(—%), (2.7)
0 TZ 4 z1
8 1 1 2 s
Ai(¢)ds~= — exp(—z-z22 2.8
|| A5~ s en5e) (28)

3. MAIN THEOREM

In this section, we consider the linear form of equation (1.2) and study the funda-
mental solution of the Cauchy problem
Up — PUgge —YWEu =0, 0<a<l y>0, u(z,0)=7d(z). (3.1)

(&)
EE
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We first apply the Fourier transform on the equation (3.1) and use the relation (2.1)
to get an integral representation for the fundamental solution of the Cauchy problem
as follows

5 )ae

B = 5 [ ow (e gt Mo

In order to obtain a different form for the above solution we state the following lemma

for the inverse Fourier transform of the function exp (%)

2m—1
2n—17

Lemma 3.1. For a = m < n, m,n € N, the inverse Fourier transform of

exp (’Yteé?) 1s given by
t iTo
(%);x} = —a\wla‘lth(a, a+1; —leavt)H(—:c) +d(z).

where H is the Heaviside unite step function.

F~Hexp

Proof. First, we intend to find the inverse Fourier transform of %exp (ﬁe&%) We
consider the following integral

imta

A(O‘)(x,t) i /(: %exp (zfx + wef%)df.

and apply the change of variables i§ = 7 to get
L[> t
A () = o /_‘OO — exp (T.’E + %)dr

The above integral is a particular case of the integral (2.2) on the Hankel path and is
written in terms of the Wright function for x < 0 as [11, Theorem 2.1]

A (z,t) = =iW (o, 1; —|z|*yt) H(~x),
or equivalently

A (z,t) = i & (||t H (—z).
At this point, using the fact that

d
W (e d: & =T e+ d:).
for f(z) € CY(R) we have
7'7;(1 8
FHexp (%);x} = —/ exp zf:c—i— 5 )dg_ %8 A@ (z,4)

_ _%[W(a,l, 2] *9) H (~2)]

= —alz|* "W (a,a + 1; —|z|*vt)H(—z) + 6(x),
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where we used the following formula of differentiation
I
(f@H@)) = @) H(E) + () £(0),
This completes the proof. O

Theorem 3.2. The fundamental solutions of positive and negative dispersions for
the Cauchy problem (3.1) are given by

(a) I Y W
B = (- 7m) - v
o Uy @
/0 Al(— m)u Wi, a + 1; —u®yt)du, (3.2)
B = A ) - ot
w0 = () - v
> S Ttu a—1 .,
/0 A1<m>u W(a, o+ 1; —u®yt)du, (3.3)

where the superindex + corresponds to the positive dispersion case and the superindex
— is used for negative dispersion.

Proof. We first consider Lemma 3.1 and the following integral with respect to the
Airy function

% /_Z exp <i§x - iﬁf?’t)df =
L5 cos (6x — BE%)dé = =i - 525), B>0,
L[5 cos (& -+ 1Bl€% ) de = mm(ﬁ), 8 <0,

and then we apply the convolution theorem for the Fourier transform to rewrite the
solution (3.4) as

(3.4)

1 . T avyt
E(a) ,t — 7A ( —_ 7) _
(@) S35t N\ B T 36
0
: a—1
| i = )l W e+ L—lyl )y
We change the variable of integration y = —u and get the result for two cases of
parameter 8 (the positive dispersion and the negative diSpersion). O

We know that the functions Ai(— ) are fundamental solutions

m) and Ai(—— W

of following KdV equation for § > 0 and 5 < 0 respectively

Ut — PUzze =0, zER, t >0,
(x,0) = &(x).

For this reason, we consider the following representation

GO

EE
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TE@ (2,t) = Ef (x,t) + T ES (2, 1),
~E@)(2,t) = Ey (x,t) + B\ (2, 1),

where

. 1 T
Ej(z,t) = 7\3/%A1( m), (3.5)
JrE,(Ya)(a:,t) =— \;;Tét ; ( — %)u‘“lﬂ/(a, a+ 1, —u®yt)du (3.6)
and
1

_Efya)(x, t)=—

ayt > i( r+u
V3181t Jo V318t

It is important to mention that the integral of TE(®) converges conditionally and the
integral of ~E(® is absolutely convergent because of the exponential decay of the
Airy function for the positive argument.

)ua_lW(a, a+ 1, —uyt)du. (3.8)

Corollary 3.3. In special case a = 1, the relations (3.2) and (3.3) are reduces to the
following representations which confirms the results of paper [21]

1 .. x V o x + u\ J1(2v/tu)
B o) = 5emAi( - ) - ¢%/0 Ai( - ﬁ%) : \/aw du,
_ 1 . x NG s rtu J1(24/tu)
@t =~ 3|B|tA1< : 3|5|t) T 375|t/0 Al( : 3|B|t> \/;7 d,

where Jy is the Bessel function of order one.

Corollary 3.4. Using the integrating by parts and applying the asymptotic expansion
(2.5) for the Wright function, we get other integral representations for the solutions

+E§a)(x,t) and ’Ega)(x,t) in terms of the Wright functions as follows

TE@ (4 ) = _ N a.1: —u® w

(z,t) 3502 /0 i ( 3*3&)[&( , 1 ~t)du, (3.9)
— (a) 1 oo xtu 4

E'Y(x,t) = 77(3| |t)§ /0 Ai ( el |t> W (a, 1; —u®yt)du. (3.10)

Also, from the above relations we can deduce that

/ FE@ (2, t)dz = 0.

—0o0
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4. SOME PROPERTIES OF THE FUNDAMENTAL SOLUTION
In this section, we intend to obtain other integral representations for iEA(YO‘)(;v,t)

)
that are useful to get the associated asymptotic expansions

4.1. Some Integral Representations. We consider the change of variables
a, (1) = 2V71(3|8]1) %,

(A
= T = 7t = T
T A T

and use the definition (2.4) for the Bessel-Wright function J}#(z) to rewrite the rela-

tions (3.5)- (3.8), respectively, in the following forms

Ai(—x),

Ef(2,1) = ﬁl’fﬂt

—(x+v)y* 173(%3/‘1)@,

"B ) = ~ o /
(4.3)

! Ai(x),

Ey (z,t) = R

X+y a— 1ja(

o y*)dy. (4.4)

B = 4¢3|7/

Using the relations (3.9) and (3.10), we also get the following relations in terms of
the Bessel-Wright functions

GIER p— /OOAi/(* (x+y))Jo°‘(a*2

(3pt)s Jo 4

I a

) Al (= +9) 75" (

0 =
the asymptotic expansion of +E( )(:17 t) is given by

y“)dy,

2
y“)dy.

ﬁ;
aP1=20)+2 cos (mp(3 — a))

2p(172a)+1\/77-\3/376t
/ (%X?E) [Si(av)(ag) - SJr(avXa ):| d(,

Lemma 4.1. Forp=

TE™ (2,t) ~

2,
o (HF2 PP X cos(mp)
)

where
2a+p—2ap—1., a+E* —pa
1S p)
U(a'a X §) = X 1
(1+¢?)7

2D



CMDE Vol. 8, No. 4, 2020, pp. 648-660 655

and
2
S™(a,x,s) = sin (wp(i — a)) sin (J(Z§2axo‘)p sin (pw))
2 3 0w
i1+ Hz 4+ 2
cos(gx( +¢%) +4),
+ 1 a2 20, @ :
S*(a,x,s) = cos (7rp(§ — «)) cos (O’(Z§ X)P sin (pw))
2 3 3 T
ZyvE(14+3)E -
cos (3)( (14+¢%) 4)
Proof. We employ the relation (4.2) and apply the change of variables £ = x +y and
¢ = ’E_TX to obtain
+E(a)(l‘ t) o _OlaQXOL o8] Al( _ (1 + 2)) 2a71ja(a’72 «a 2a)d
We now use the relations (2.5) and (2.6) for the asymptotic expansions of the Wright
and Airy functions (as x — 0o ) to get the result. O

Lemma 4.2. There exists C € R such that

2 N W2 avp o 1
j;(%ya) < Cyp(f_OCQ)eO'(Ty ) cos(pﬂ)’ y>0, p= T (4_5)
Also
a? 1
jf(Zya)Nm, y—0, (4.6)

Proof. Applying the asymptotic expansion (2.5), we can find C' € R to establish the
relation (4.5). We also use the series representation (2.3) for the Wright function and

obtain the approximation (4.6).
O

4.2. The Airy Transforms. In view of the relations (4.1)-(4.4), we define the Airy
transform as

o0

(Aip)(z) = / Ai(z + v)(y)dy, (4.7)

— 00

where 9 (y) is given by

gyo—lgo(alye) y >0,
0, y < 0.

Y(y) = {

It is clear that by putting ¥ (y) = ¥(—y), we can derive an
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| A= ey = [ AiG + a6,

where
- 0, y >0,
w y = { a o— « a2 «
) 2y TN (™), y<0.

Now, we state the following theorem for the norms of fundamental solutions and the
Airy transforms of Bessel-Wright functions.

Theorem 4.3. The Lo-norms of 7E§O‘) (z,t) and +E'S)‘)(x,t) are given by

2 2
"B (x, 02 = ——— |3,
| v SN 4(3\ﬂ|t)§‘w‘2
and
2 2
FE@ (v )2 = a~a 712
| ¥ (X7 )|2 4(36t)%|¢|27
where

2 a2 * 20—2 (e (12 fel ?

4 0
&2 0 200—2 (e a2 feY ?
Z/_my (Ja(4y )) dy.

Proof. Using the definition of Airy transform (4.7) and applying the relation (4.4) we
have

913

N . aa .
and

n B aa S

Ega) (z,t) = —W(Aw)(w).
We now counsider the Lo-norm of _EA(,Q) (x, 1)
2 2 )

~ B (y ¢ 2:&/ Ai)(x) [2dx,

FER 0 = 1oy [ ImePa
and use the Parseval theorem for Airy transform

|A1’l/}‘2 = |¢|27

to get

(&)
EE
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2

(a)
Bl = o vl

2 oo a? 2
o= [ () an

Analogous result holds for +E{* (z, ¢).

where

O

Theorem 4.4. The following asymptotic expansions hold for +E§O‘) (z,t) and +E$a)(:1c, t)
as x — 0o

oo (2.3 s 2 223 -
+ 5O (1, 1) aa? / F() cos(ng +5)  cos((5(x +3p)2 +7) i,
Y \3/36t 0 XZ XZ
(4.8)
and
2 2,2 _2 Y
“E) (2, t)~ - /°° F(z){exp( 33X2) _ e 3(§+ ) }dz7
V3181t Jo X4 X1
(4.9)
where z = a./y and
Py = (g (2 y)
2z dz 4 a '
Proof. First for a € [0,1], we use the relation (4.5) and we deduce that
a2
a—1 7« ay\
J I ) = 0
Hence, by integration by parts we can write
TE (2,t) =
aa?® ° 1 d Y
= T —y) | — Ai( dn| )dy,
i, (bt s o] Ja
y
- _ a—1 a A + d )d .
s, (gl a8 oorman] Ja
(4.10)

Here, we apply the relation .,70‘(“7 @) = W(a,a+ 1; —(36t) 5y*vt) to get

(e
BE
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d 2 2 2 2

?y[ya—lj;(%ya)] = (0= Dy TSy = v T (7Y
) (4.11)
and rewrite the relation (4.10) as
TEO (2,t) = W OOO yaQJS(fya)/Oy Ai = (x +n))dndy,
s [ o) [ A= )
+ 1?\;% OmyQQ‘Qjﬁ(nya)/oyAi(—(X+77>)d’7dy-

We make the change of variables z = a,/y and x + 7 = £ and obtain

ala —1)at=2« [

23/35t 0

6—4a 00 2 x+;%
- Aosgn (TEM) [ Ai-gaaz,
X

(o) | " e
X

TE@ (2,t) =
¥ (1) .

835t /o 4 a

a2a6—4a e <] 4 3 (12 2 5 X-‘rf;

e a=3 go (2 (Z)2a Ai(—€)dedz.
TR b T ACHE) )/X i(=¢)dedz

Using the relation (4.11), we set the function F'(z) in the following form

_ 0,2 d Z\2a—2 Fa 0'2 Z\2a
P = g |G ()]
_ 2—2« 2
_ (Oé 12)a ZQa—SjO? (%(2)2(1)
4—4a 2

- e g (TO) Ji’&(cf@m)}’

and reconstruct ‘*E»(f“)(:lc7 t) as

TE (2,t) =

aa? [ X+
Ai(—€)de.
o= e /X i(—€)de

Finally, using the asymptotic expansion (2.7) for x — oo, we obtain (4.8). For
*Ega)(ac, t) we similarly get
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and apply the asymptotic expansion (2.8) for deriving the relation (4.9). O

5. CONCLUSION

This paper provided a study on the Ostrovsky equation in the fractional derivative
case for the space variable. This fractionalization was shown in sense of the Weyl
fractional derivative for the integral term of the equation. We saw that how the
fundamental solution of the fractional Ostrovsky equation could be changed from
the Bessel function to Bessel-Wright function and also the associated asymptotic
analysis. The role of Airy function as the Green’s function of the KdV equation is
still determinative for the introduced fractional Ostrovsky equation. As a future work,
we can develop our results for a new fractionalization of the term wu,,, and extend
the associated fundamental solution.
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