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Abstract  
In this paper, optimal integral sliding mode controller with fractional derivative for ¼ active suspension vehicle in order to 
achievement of safe control and passenger comfort in presence of uncertainty has been designed. Since, hydraulic actuator has 
nonlinear behavior, controller should be designed robustly. Therefore, sliding mode control as a robust controller is used. In the 
proposed method, sliding mode controller with fractional integral sliding surface is defined. In order to optimal design, fractional 
integral sliding surface parameters using particle swarm optimization (PSO) is optimized. Finally accuracy and performance of 
proposed method is validated by using active and passive method. Simulation results are shown performance of the proposed method 
in presence of road uncertainty. 
Keywords: Sliding mode control, Robust control, fractional integral, chattering, suspension system, Particle Swarm Optimization. 
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 0� �� ��9�  �P	Q� >y2;  �B������L 	_�� �Gy2 z�	u= 
 ���������L��- 0��	C>�6 	u�z � R��� 
+��0�
� �5  ����Q�

 �P	Q� 
�	2(.'  � ����D ���- E	C 
J	.(.+  e	F E	C 
J	.


.� �7�� 	- ��3J .- �H-���7 �y-�C�� ����p  	�6	C ��0� 6 ��-�	 

V.�� )7�� 
.�- ( :���  

)7(  = = >	? '6@1A B2' − CDEF '6G23H 
 ��>	  ���?`� z�	u?  �8	
�� 	�6 =��/� '6 �C �-�C�� ����p 

	�6 @I�� 4��
 �
�-  �A �� ��������L 8��. ���5F  �H-�� .�6�-

) <��X �- ��������L P	Q� �HD	�O ��
 � ��������8�� ( :�6�-  

)8(  /�. = −�564
(.' − (.+� − ;23 , I56JB2' − CDEFK'6G23H 
:0� �� ��  

� = LMNO     , ; = �>�$    , I = �>	? '6J�P 

  �>�$  .
.� R� 
+� z�	u 
-�_ P	Q� 7
 	1 	\� �� �-

�� �>
��. B� 0���J �- ��������L  �� >
��. =���� 0���Q   �

 �� 0� �C�	D/�   .
 	1 	\� ��)�� 8�GJ� ]�	-  E4s ^�	
�� ]�L

 ��	`
.� 0� 	- >��2 R���� x-�� �� � >
��. 
��2 ]�K  8�� 
.�

.��6 ^� �l��� >
��. 
��2 ]�K  8�� �y��� �� ��6 �C�� .��6  ��

>
��. ^C�	D ����D ���- Z�
6 � ]�L	�;
� z��	� 7�� �- .
.�

<��X �- 
��2 V-��� )9) �� (14�� ( :�6�-  

)9(   � = (' − (+ 

)10(   4 = (.' 
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)11(   R = (+ − (1 

)12(   L = (.+ 

)13(   S = 23  = 2� − 24 = 0TUV 

)14(   W =  '6 

 
��2 <s��@� �,�  V-��� �- �C�� �-) <��X �-15) �� (20�� ( :�6�-  

)15(   �. = (4 − (L 

)16(   4. = − *C%C  � − -C%C  4 , -C%C  L , ��%C  S 

)17(   R. = KL − (.L 

)18(   L. = *C%Q  � , -C%Q  4 − *�%Q  R − -C%Q  L , 5%Q  S − /0 

)19(   S. = −; S − �56
 L −  4� , I WX2' − 23CDE
 W� S 

)20(   W. = 1� 
Q −  W� 
)21(  Y = 56 S 

  

4 - <(;* �=9(� 
�234�� ����* '()�* 
+,(-  

@HI E�J�
 8�� �� =4�. �� Z�?H��� <�	_� ����� =���4 ��= 

.�>
� �L= O 8	
���HD	� .�6�- �
6�� 7��  
�@HI E�J� ���  0���

b�� �� �- �9��> �	� .@HI E�J�
 ��
D�.�- = ��7 �@��  ��

�L	
�����= .�>
� �.��6�� �4���� � 1�	= 
.� ��+� � @HI E�J�
 

O�	��
D�.= )�� ��+� 8�� B������ ( R��6 �� E�J 	LA��H� -�7 

. � 8���>
� @I���  �� ��6 ]22[� .B �	- )��=  R�+� R2 E�J


�@HI )�� �
.� �6:;��� 8	
��. 	
G/��7 ��/S��  8	
�� �� ��

6:;���� 
.� �	H��  ):;� TH.
.� �� 7
 	1 ��	I �- ��=  �0�

�HD= ���-��  	SX 
G. �-�	5GL  �L��D�6 . 0���I �2�	M =�	-

�� ��6:;��� 8	
��  � A
+� 4� ���S
.� =�C �- �):;� TH. �� 0���

 ��	� ���S
.� =	�� ���	� 8�	5
�� � A
+� 4� �T�QX ���	� 8�	5
��

 �- 
��� =	
+�- =��4� �C�� =	�� ���	� <s��@� ����� 7Gu

8	
�� �- ����9� �� 	�� 7�GL �� ����� T�QX ���	� <s��@� ����� 

�� 8	
�� >
��. �	�?GJ ���/- fJ�- �T�QX ���	�  �?� ��M �- .��6

 >��9� o`- �� �- =	�� ���	� �6:;��� 8	
�� �2�	M ����	 

�� �� 	SX �HD ��� 7�GK� �� ):;� TH. 0���� 
.�- :��6  ��6

 ):;� TH. �� �� >
��. =������ �� z.��� 8	
�� 0���I ��/�+�� �

.��� 7�GK� 

�� �2�	M =�	-) <��X �- �HD	�O >
��. B� ��6:;��� 8	
22 (

�� �
 	1 	\� ��  ��6]23[:  

)22(   
!� = �F 
��G , Q
�� 
 0� �� �� 
�� ∈ �  �
��2 ���	-Q
�� ∈ �  ��	
�� =����
.� .

) �H-�� ��22 �HD	�O x-�� �(�
 � �G� E�?@� �A�I� ��M �-  ��� �6�-

�� ���Q� �E�?@� �
.��� x-�� B� �- 0� 
�@HI E�J  �- �� �6�-

) <��X23�� 0��- ( :��6  

)23(   
!� = �Z
 � , ∆� 

 0� �� ���Z   � >
��. 
�@HI∆�  �� �� 
.� >
��. 
�@HI E�J

 }	6∥ ∆� ∥≤ /  �� 
.� 7�� 8	
�� ����� a�L .��� �� ,�X

 
��2   �t`+� 0��4 �- 
��2 	�;
� B� �� ��6 
 �� 0��F 	 = B 	.  	^. … .  	
!���H`
  �� �HD ��C� �- ���
 �  8����

 <��X �- ����� 
��2 .��� 	
0� =  
0� �� �
 	1 	\� ��  ��6

 ����Q� �8	
�� 8����. B� 4� ���S
.� �- ��Q -�I �� �6�- �-��
.� R Q  8	
�� xI�� �� ���`��
.� 	�;
� �� �-���� =�HD .   <��X �-  a =  −  	  <��X �- �-���� =�HD ���	- � a =  −  	 = B a	.  a	^. … .  a	
!���H`
 .
.�  

 0��4 �- 	�;
� TH. B� 8�2b
��  ���	� �-E  
��2 =�K  ���! 

) <��X �- =�@-24�� U�	@� ( ��	1]11[:  

)24(  b
�� = 8 ��� , c<!��
 

 0� �� ��c  >
��. ����� =�	- .
.� 
�~� ������ 
-�_ B� 	
��  ��

 ):;� TH. B� ���- ��� 8����b = 0 ) A-�H�25:�	� U�	@� (  

)25(  b
�� = 8 ��� , c<!��  a =  a. , c a 

 0� �� ��n=2  Z�`
�� �- 4��� =������ �.�	- =�	- .
.� ��6 �	 

�� z.��� a������� x-�� ) <��X �- a������� x-�� .�6�-26 U�	@� (

�� ��6]22[:  

)26(  9 = 12 C4.       9
0� = 0.        b ≠ 0 

):;� TH. .
.� 7�@� 
�~� x-�� 7��  ����4 	SX 
G. �-

�� �	5GL �� �a������� x-�� A
+� �� ��6 ��@� 7��- �6�- 7�@� �S

 �H-�� ��)27:��6 ��	I	- (  

)27(  9. = 12 ��� C4 ≤ −f|C|             . f > 0 f �� 
�~� � 8	
�� 	
����� ) �H-�� .�6�-27�� �� (  <��X �- 0���

)28:�	� �����4�- (  

)28(  CDE
C�C. ≤ −f             . CDE
C� = C|C| 
:��  

CDE
C� = h 1              b > 0QE�i�jEi�      b = 0−1             b < 0 

) V-��� �- �C�� �-27) � (28) �H-�� A
+� 0��� �� (25 <��X �- �� (

)29:�	� 0��- (  

)29(  C.
�� =  ) −  )	 , c a.  
) �H-�� =��*5��C �-22) �� (29�H-�� ( )30�� �� ( :�	� �����4�- 0���  

)30(  C.
�� = � , Q −  )	 , c a. ≤ −f 

) �H-�� �- �C�� �-23) �H-�� (30�� �� ( ) <��X �- 0���31 �����4�- (

:�	�  

)31(  C.
�� = 
F�Z , ∆�G , Q− )	 , c a.� ≤ −f 

8	
�� �2�	M �a�L  �����Q  ��
�- �9?2 >
��. �� =��M �- 
.�

) ):;� }	628 ��	
�� 8��5�. .��� 7���� �� (Q ) <��X �-32 (

�� 0��- .��	1  
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)32(  Q = fCDE
C� , F )	 − �Z − c a. G 

) �H-�� ��33 (��  0���Qk �� �
S1 8��@� 8	
�� 0� �- ��  �� ��6- �

�@� 0���J�	= 	
�� 0���I 4�8 ���
.� �� 
 	1 	\� �� C. = 0  �� ��

B������ �� ����X  ��6�- E�?@� �L� �S2� ��� .  

)33(  Q = Qk − *CDE
C� 

 �H-�� 7�� ��CDE  Z�`
�� �- .
.� 
�3J x-��* = *F .  . . … .  
!���G ) �H-�� ��33 �� =��M �- ( �� �4���� �-� 

� ��6�- ��:-� GK� 0����7 �) �� �	27:
.� ��	I	- (  

)34(  

12 ��� C4 = CC.               = B� − �Z − *CDE
C�HC                = F� − �ZGC − *|C| 
 �	  �-* = / , f :
6�� >�L��D  12 ��� C4 ≤ −f|C| 

�� �����D A�?@� >
��. ������� <s��@� �- �C�� �-  =�HD 0���

) >
��. A-�H�- a3
D��7 �-�C �C�� . �� ����D ���-�>
� 

O�	HD� xC	� 8�� � A-�H� �� () �-35:
6�� (  

�� � ) <��X �- �� ):;� TH. 0���36:�	� U�	@� (  

1 A
+� �-�	= �H-�� 4�  =)36 4� ���S
.� �- � (�H-�� = )35 ( �H-��

)37 
.�- ( �� ���:  

8	
�� a�L �y�
� �� �.	- 	SX �- ):;� TH. �
I��  ���� 
.�-

) �H-�� �-�+� .
.�33:>���� (  

7�G`� �- 8	
�� 8��5�. 7��	-��- b. = 0  .
.� 	�4 �H-�� <��X �-  

) A-�H� A�?@� >
��. =�	- ):;� }	6 
��/� ��40�� ��	I	- ( :��6  

  

 <��X �- Z�`
�� B� 0� �� ��* = / , %'f .
.�  

  

5 - M,�T C�+5O, :)I�6>4, O, �5��)�, �� <O�� �����  

 � 8	
�� >
��. ��4� =�L	
�����	���9� ���/- Z�`
�� =�	-c�. c4. cR  ��) �H-��38���/- >
���5�� 4� (  <��W E�2�4� =4�.

)PSO( �� ���S
.� ��6  =�	- a�L x-�� ����/- =4�.  8�	5
�� b�� 4�

) �HD x-	�ISE(١ �� �
 	1 	\� ��  <��W E�2�4� >
���5�� )�� .��6

�� 
.� ��6 �
 	1 E�/�� 0��L�� � 0�1��	� �J�G
C� �1��4 4� � �-��y� 

�B @GC�
  ��g� �� b�	6�  ��6� 0���J �- �B �W 4� ��	1 <�

� �����D� ���6 .� ���7 )��  ��W 	L�B �H9� �K  4�= !.��  0�+� ��

�� �L�  ����� =�	- ���/- Z��C �!.�� 7�� 
�	2 � ����
� ��	�� �- ��

�� �y
�C  � ���. E�/S� �- 0��� �� )�� 7�� =���:� 4� .��6

�	� ���6� 0� x�	. ���	5GL ]24[���/- >
���5�� . =4�.  E�2�4� <��W

 R�6 ��3  <��X �-�G� ���� .
.� ��6 ���� 0�+� 

  

  
 Q
�3- �6>4,I:) ����� O��< M,�T C�+5O,  

  

) :)I�6>4, ��* V%�PSO:J�, K(� HI�� (  

 C�X1 :@���7  ��g�� RQ�  �
J	. ����� 4�� �- <��W�x �
D����  ��

.�y
�C =�K   

 C�X2 :4���-�� <��W a�L x-��  

C�X3 : 	L =�	- 
�@I�� 7�	
/- 
�_) ��W2l .mn'� 
�@I�� 7�	
/- �  (

��W R� 7�- �� ) �L2o .mn'�( ) V-��� �- �C�� �-41) � (42:(  

  

  

                                                             
1
  Integral Square of Error 

)35(  i = (' − ('1  

)36(   b = c�i. , c4i , cRp"i 

)37(  

b. = c�i) , c4i. , cR���"i     = c�
()' , ()'1� , c4
(.' − (.'1�, cR���"i     = c� 1%' 
� , Q� − ()'1 , c4
(.' − (.'1� , cR���"i 

)38(   Qk1 = $qrs 
()'1 − c4
()' − ()'1� − cR���"i� − �Z 

)39(  Q = Qk1 − *CDE
C� 

)40(  

12 ��� C4 = CC. 
              = 1%' B� − �Z − *CDE
C�HC  
              = 1%' F� − �ZGC − *%' |C| ≤ −f|C| 

b�	6 

 <��W ����� 
�@GC � ��g� ����� 

a�L x-�� �-��4�� 

 ��W 	L =�	- 
�@I�� 7�	
/- 
�_

)2l .mn'� 7�- �� 
�@I�� 7�	
/- �  (

��W R�) �L2o .mn'�( 

<��W E�G� 
J	. ���	- ���.�4�	- 
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���L RQ� �- <��W= �C�� 
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)41(  
  9ltu� = v ∗ 9lt , x� ∗ y�E�� ∗ 
2lziC� − Kl�, x4 ∗ y�E�4 ∗ F2oziC� − KlG 

)42(  Kltu� = Klt , 9ltu� 

 ����  ���  7�- � ��g� ��J B�0  �1 �� .�6�- v  ��4� z�	u

 ���	- 	�_�� 0�:�� ���L� 0�+� �� (=��D 	��� �� 
�	2) �.	���

R�I ��	�� 
J	. 9l
�� �?@  ��	�� �� 
J	. ���	- =�� 	- 9l
� , 1� �
. .x�  7�	
/- 	��� �� 
�	2) )4��� 
-�_ z�	u

(�.�	- ���� ��W ���9� x4  	��� �� 
�	2) )4��� 
-�_ z�	u

(
�@GC R� 7�- �� ��6 
 �� ��W 7�	
/- rand1   � rand2��  ��J

 �4�- �� 
D����� x�4�� �- � ��g�0  ��1 .�6�- �� 

C�X4 :.<��W E�G� 
J	. ���	- ���.�4�	-  

C�X5 :RQ� �- <��W 8�9
�� �L= �C��.  

C�X6: UI�
� UI�� ���@� B� �- 	1� >
���5�� 0�	� 3~� 100  ��	�� ��-

 �?2	� �- 7
 � <��g��� 	�O �� �.	-2 ]25[  
  

6 - <O�� ��=�  

) =��/�+�� ����� 8	
�� ��K2 �� A�?@� >
��.39�� (  
��2 �.

���	� ���6 8�@ 	�O � T�QX ���	� �=	�� �� =4�.  	���9� .��6

�D A�?@� >
��. =�L	
����� �- }�-	� 8��C <��X �- ���1  �

 =�L	
�����PSO  :��8��C <��X �- 2 �� U�	@� ��	1.  8	
��

�� <��X ���C <���.�� �- �C�� �- >
��. �	�1 ���6 �� ��  =4�.

E�y��  R�6 <��X �- <���.�� 7�� ��64 �� 0��4 4� �@-�� ��  ��6�-

�� �
 	1 	\� �� .��6  >
���5�� =�	C� �-PSO 	���9� c� = 7.29  � c4 = 4.45 ، cR = ��.  q=0.46و  8.59� �� 
.�-�
��Y 

�9� 4� RX�2��� ��0�: �C �-�C�� ����- �-�C e	F =��GJ ���C �

�y-�C��  e	F �- 
��� ���- ��R�6 �L =5 �� 7 .
.� ����  

  

 '%��1- %�567 8��09 :);�� M�Z[#� ]26[ 

�Z[#� %�567 8��09 :);�� <�$  56 = 3.3 7 10�L %' = 290*D 2' = 103425002� %+ = 59*D � = 30 -' = 370�/
%� � = 4.515 7 10�R -� = 414�/
%� ; = 1 *' = 14671�/
%� I = 1.549 7 10� *� = 124660�/
%� 

  

'%��2-  <�$()�,���PSO  

  
 Q
�4- <�,6�$�� �5�� <�$  

  

 R�6 ��5 �y-�C��  A�?@� =�K )Zs-Zu ( �- ���D	- ��

���GL��= ���C =�L QX ���	� 
��2 �. ���T	�� ���	� �=  �

O�8�@ 	 �� ��L�+� �� ��H��GL .
.� ��6 ���� 0�+�  ���6����� 

 �� ����D ���- ���y-�C E�G�=���GL��  	
G� =	�� ���	� 
��2 �� ��L

 8�@ 	�O � T�QX ���	� 4�
.�  ����  
 	1 �y�
� 0��� 4� ���S
.� �-

	5�	
��  =��/�+�� .
.� ��6 RX�2 ����D ���- ���y-�C �� =���/-

�	5GL 0��4 7��pGL 
��2 4� =	�� ���	� �� ��1���� 
��2 �- ��

�� 	
G� :�� 8�@ 	�O � T�QX ���	�  ���L� 0�+� 	�� 7�� �� �6�-

>
��. ������� 8	
��  x � �� =��/�+�� A�?@����GL��=  ���C =�L

 .
.�  

  

  
 Q
�5- 
I�	��� <56�\ 8��09 <�]1  �<(;* �=9(� J4�+ �� �5

'�01(�^ % .��� �=9(�  

  

R�6  =�L6  �7  ���y-�C z��	� �- =��GJ E	C���-  ���y-�C �

e	F =��GJ �+� ���� 0  R�6 �� �� ��M 0�GL .�L�5  ��L�+�

��  4� ����D ���J 4� v� �=	�� ���	� 8�@  A�?@� >
��. �� ���6

=���GL��  A�?@� =�K  ���y��C ����C =�L)Zs-Zu(  	SX �2 ��

�� oL��  ���	� 8�@  A�?@� >
��. �� 
.� ���2 �� 7�� � �-��

=���GL�� �- ���D	- �� 8�@ 	�O � T�QX  ��D 4� =	����4 <���.�� ��L

�� 0�+� �L��� ��L�+� 7��pGL .  
��2 �- 0��.� 0��4 �� ��6

 �4����
�@GC  30  

��	�� ���@�  100  
Wmax 0.5  
Wmin  0.9  

C2   و C1  2 
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