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The effect of composite patch on stress intensity factor of semi-elliptical crack in a 

spherical pressure vessel 
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Abstract 
The purpose of this article is to investigate the effect of composite patch on stress intensity factor (SIF) for internal and external 
semi-elliptical crack located in spherical pressure vessel. The composite patch is wrapped only around the crack. The three 
dimensional analysis is done by Finite Element Method (FEM). ANSYS Parametric Design Language (APDL) codes are developed 
to facilitate modeling of semi-elliptical crack in spherical pressure vessel. By using these codes the effect of some parameters such as 
crack geometry (crack depth/thickness of vessel and crack depth/ half-length of crack), the ratio of composite thickness to metal 
thickness, the ratio of composite patch width to half-length of crack and composite material on stress intensity factor values are 
investigated and discussed in detail.  The results show that composite patch has significant reduction in stress intensity factor at 
crack tip. Also it can be concluded that composite patch is more effective for deeper and slender crack. In addition composite patch 
is more effective to decrease stress intensity factor of external crack in comparison to internal crack. 
Keywords: stress intensity factor, spherical pressure vessel, semi-elliptical crack, composite patch, Finite element method. 
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 �D	� W�N �, D	� [R\� /�  	,�	, �33/0� 66/0  �1  �
 	X 	U� ��

��3.2�  +IJ� ��J> �, �7�?��� ��J> ������ ��⁄  7�  

��� 6��MR9 � `� �� 	-/  D	� W�N �, �7�?��� @��V��� �� ⁄   

 7�25/1  ��3 �� 	��|�.���  

 

2 -1- -%��� *��J) .:�CJ��   

�., �2 ���K� +�R�� '��@ S	� 7� ���-
2� �, ��I � ANSYS 16  

]22 [��3 S�P�� 2� .+�,7 �T�	N 	
�����@ ANSYS )APDL( 

W�� W�N �� @7�2 �., �2@ V�� ��U�� �,�Q W�� �� @7�2  ���-
2�

��3 2� .]� 7� QT Qr��� �, �, 2� +���� ��+�I �P,�F��  ��

�V�F 8�	N� @ �	> �D	��= �� A�35 ��� 7� ���-
2� �,�` 

0
��R9� �P,�F�� )DCT��3 ��2�K� ( 2� .@�	, 5� @��,  D��

+�R�� D	� @�9 singular solid 186  �	, �@ 5� @��, �;/� @ 

7�?����
� +�R�� @�9 k�� @�  solid 186 ��3 ��	, ��� �, 2� .7� 

���P�� 7�?��� y��4 ��� �9  Y;
J� A�VF ���+��� ����  ��

W�� 7�2@ �;/� @ 7�?����
�	.� ��Y ��Z
J� ��0
2��  +�R�� 	9

�,��� R9� Ir�T� � �� .2��6 �� �, ��w���Q ��K��@  S�\ � ��F��

0�9�R9� 2�h
� ��Z
J�� +�R�� ��9 ��7� h9 � +���4	o �, - VF

�R9 +�	�  2�V�� .�� Q�32 �2h
� ��Z
J��  �., � Q�H �9 +�R��

�3 ���� +�1� +���4	o 7�� 2�.  

  
 U�2- ���% .�$ *��J) 5�V9,� ��X9�- .'�R >�� �/�� .

 �I� % U1A 
97:/;��<4O'D :) 

  

 ��F� Q��� �,��w�� �� +��:�+�R�� ���.� 7� ���-
2� @�	, � @�9

W�� �� +IJ� �2��9 S��Vo `� 2� � ���	
R� Q�3 .h��� @7�23 

5� 7� �., +IJ� �2��9�� +�1� �� @��, Q:
�� �2�	, @�	, .�9�

+�R�� ���.� 7� _��
� +��,��3 S�P�� ���	0R9 +��7� ��9 2� �F�� �, ��

 �,+� ���.� 7� 35410  QT @�	, +�R���	� ���-
2� ��w����h�  Q�3)

4 .(  

  

  
 U�3- *+,� .��� 4� 
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 U�4- 
7)'X�$ */�:Z  

 
  ���:�� �⁄ 2 �: � ��K�����3 �., �, �
�R������7 �� 2� �V�F @

�� +�1� �� D	� @�9�. 	�|
� � Q�3 ��5 ��3 ���� +�1� .2�

@�9	�|
� 6��MR9 ��  ��� ��  �l,�� �� �����1  �2 ��3 Y�	.� .���  

  

 

2 -2 - [7�9� �� 
#,� ��19\)  

 6�� 7� Q/�T _��
� �, +��1J, ���
\� VF��w�� +IJ� `� �

����
2��;/� �, �� D	� @��T @� ��3 ���M�� +� 8�	N� �
�7�?��� @

 Q�3 )2�6W�� �( _��
� �, � @7�2Chen ]21[ ��3 ����:� .2�

 Q�3 �� �� ��l��R97 �� ��9�1� W�� �, �,�4 ����JR9 _��
� ���3

Chen  ]21[ .�����   

  

  

U�7- ��� L��'� '7-�G� �- -/�/� L�� �� 4�3 5�� 67)'8 .

 �J�G�Chen ]21[  

  

3 -   [7�9� 

3 -1-  ]%� �� 4�3 5�� 67'8 �1����DCT  

 �0
��R9 `���� '�� 7� ���-
2� �, ����� �� 5�� A�3 =�	>

)���P,�FDCT1'�� .��3 ��2�K� (��2�K� @�9@  5�� A�3

	3 �� ���7��� k�R.� ���P,�F ��2�	,n  :��
�9 	�71 W�� ��k �� (

 @�V��R�� 7� ���, D	� D�� �� ��F�� @�9 +�R��Quarter-point  

 � ���3 ���-
2�25� ( @�K� �, ���, D	� D�� `��I� ��T�� �� @��,

W�� S�0�9 �� ��3 S�P�� 2�, ����H Q,�H _��
� �;}�� QT � @7�2

��� . 

��2�K� W���@ 	�2�� O2�� 	�7]24 [  +�I�� ��2�K� ��U�� �,

 '�� 7� ���-
2� �, 5�� A�3 =�	>DCT ��3 S�P�� ���P,�F .2�

_��  �	X��3 ���-
2� A��2�K� 6�� �� 6���� 2� �	X�l:�� @� 2

��� .���� ��	H D	� D�� �� �� S�2 � S�� @�9�	X  ���9�� ��
�9 

 7� ]��	X  �� W�� � ����� ��	H D	� ��k�, ml2�	X ���9  � S��Vo

 hP���	X  ���9 Q�3 �� �� ��l��R9 �� ��
�98 �� ��9�1� �� ��3

.����� ��	H D	� ������ ml2   

U�8- .'�R�)'A �/�� �'R 2'3 2/� �- �$]24[ 

  

                                                             
١ Displacement Correlation Technique 

 U�5- '�_9� H7'I32'3 .�$ 

 U�6- ��)/9�) *+,� ./0�� �1� 2'3 .%�a .)
�%�-  ��

 *Z b)'@) �- ��� ���c�� >7:/;��<]21[ 
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 ml2 �, @7��� � ��R\ �� �;K� A�Z
J� @�9 h
��2 Y�	.� �,

 ���P,�F +�I�� +��� �� ��
�9 D	� �V�F 7� �l:� 	9 �� D	�

�	X  �V�F �� �l:� �� 5�� A�3 +�I�� ��2�K� VF 	U� ���� @�9

 	���:� .���� 2�, �� D	��� �� W�� ��� @�	, 5�� A�3 =�	> +���

 �l,�� [�N)1( ��� _�� ���P,�F +�I�� 7� +� �� ����3 ���� +�1�  ��

 Q�38� ���� 2�,]24[:  

  �l,�� 6�� �� ��u +�1��� �9 ��� ���P,�F ���9� .�3�, ��U�� �,

	
����� 	<� �2�	, �;RF 7� �-;
J� @�9�2��9	� @ � ��J> �D

�;/� ]�F � D	� @��V���3 �2�	, @��.
� Q���� �
�7�?��� @-

 .2� ���:� �, 5�� A�3 =��	>�� �l,�� 7� �� @)2( �� 2�, ����

��3 W��	�:2� 

)2(  �� = �  !�� "⁄  

 �l,�� 6�� �� �� �   K� +IJ� ��J> W�N �� 5�� 6�0����

�� @�	� ��1 �l,�� 7� �� �3�, @)3( �� ��2�K�:��3   

)3(  �  = #��$��$ % ��$
 

 
 �"  �, n�,	��l,�� [�N �� 2� D	� Q�3 ��
��  @)4  �5( 

�� 2�,���]25[ :  

)4(  " = 1 & 1.464�� ��⁄ ).*+ ;            � � - 1⁄  

  

)5(  " = 1 & 1.464�� ��⁄ ).*+  ;           � � . 1⁄  

 @�9����R� ����� ���� ��⁄  =�T 	,2 0 �⁄   � �;4�� D	� @�	,

��3 h2� �F��4 �V�� 7� _��
� �2�	, @�	, �� ����� ���-
2�.h���  

  

3 -2- ����$ '�(K3 2'3 .  

�2��9 	<� �2�	, @�	, 	
����� �� D	� @ �/
   ��/�    	U� ��

��3 �
 	X ��� ��
,� �� .2��/�   �, 	,�	,٣٣/٠ ��/
   �, 	,�	,

 	���:�٧۵/٠ ،۵ /٢ �٠۵/٠ ��3 ���� ��	H ��� 6��MR9 .2�

�� �⁄    �� 
� �/;�� �F[  ٢و  ٠/٢۵,� �	��=  ⁄��7�?��� @

 � �	X – ��3 �
 	X 	U� �� ������2�. 

 Q�3�� �� ��l��R99 ��3 ���� +�1� ,�< ���:� @�	, 2�

�/� = 0.33  )+IJ� ��J> �, [R\ ��� 5��I � �, �/
  	���:� (

�� 5��I � 5�� A�3 =�	>D	� �����\ �, .��,�� 	
1�, [R\ �, ���9

D��	l4�� g��K� 	��� ��9�1� ����R� �, �F�� �, .���3 ��3 ��

[�R\ �� 5�� A�3 =�	> 6�	
1�,�V�F �� �l:� 6�	� ~� D	� @

����[�R\ ��.� 2�� D�� �� �l:� 6�	� �3� n�:� 	��2 7� 	���7 D	

�9��4+�R9 .�	� �� �� ���X Q�39  �2� vJ1��;/� �
�7�?��� @

2��3 5�� A�3 =�	> 	���:� 59�� =�2� Q�3 �� .10  �/��

�[�R\ �� 5�� A�3 =�	> 	���:� 59��l:� 6�	� ��2� 	, D	� @

�/
  ��3 h2�D	� @�	, �� 2� ��9�1� Q,�H .����, ���9 �/
  	
X�I,

��3 	
1�, �59�� �/�� �����\ �, 2��;/� �
�7�?��� @ @�	,

D	�  �, ���9�/
 	<�� 	
X�I,��3 GH�� 	�RV� 5:� � ����  59�� ��

�
3�� 5�� A�3 =��	>.���  

  

(HJ)) 

  
(f)  

U�9- ��1� �- 4�3 5�� 67'8 '7-�G� g7:/3 .)'� 2'3 .

3/4 = 5. ��  %3/6   2'3 :HJ)� H�9,� .�$
�%�- 2'3 :f �
�%'�� 

 
  

  
 (HJ)) 

 
(f)  

 U�10 -  S7'3 h��\ �- 4�3 5�� 67'8 '7-�G� 4$�< ���-

�iG� .)'� 2'3 .3/6  2'3 :HJ) �H�9,� .�$
�%�- 2'3 :f �
�%'��

                                                                                            

)1(  �� = √2 �
8�1 % 9$� :�;; $⁄ �<=$> % <=$?� % �$; $⁄ �<=;> % <=;?�

!�$!�;��; % �$� @ 
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) D	� W�N YZ� �, D	� [R\ ��� 	<� �2�	, @�	,� �⁄ 6�� (

  ��,� 
 = 0.5⁄  �� �⁄ = 0.33� 0.66 �1 	X 	U� ����3 �
  Q�3 .2�

11  ,�< ���:� @�	, D	� D�� �� 5�� A�3 =��	> G�7��� 
⁄  �

 Y;
J� 	���:�� �⁄   �� +�1� ���� ��9�1� �� ��l��R9 .�9� �, ��3

 5��I �� �⁄ �
 �� 5��I � I�� 5�� A�3 =�	> 	���:� 6��MR9 � ���

�;/� ���� 	9 ���	> 	���:� 59�� =�2 �
�7�?��� @��3 5�� = 

 �� �� ���0��R9 .2� Q�311 �� ��9�1� ��T @�	, ���3� �⁄ - 1  

���1�, [�R\ �� 5�� A�3 =�	>�l:� 6�	� ���� ��	H D	� D�� @

 ��T @�	, ���� �⁄ = 1 ���1�, �3�X �, 5�� A�3 =�	> D	� @�9

�� �F �,�F ��T �� �� 2� ��.� 6��, 6�� . ��3� �⁄ = 1  �3�

�X n�:� 7� D	� D	� �� �� 2� 	�t +���3 .�3 �9��4 f�	3 �3

���	�,  ��T ��� �⁄ = 1 �;/� W�R\� �,�l:� �
�7�?��� @ @���1�, 

 �l:� �,���R� �� Q���� � ��3���1�,  �, 5�� A�3 =�	>

[�R\ �� �F �,�F �l:� 6�	� Q�3 .��312  A�3 =�	> 59�� �/��

[�R\ �� 5�� Y;
J� 	���:� @�	, �� D	� @�F 6�	�� �⁄  +�1�

�� �� .�9�`���, @�9 D	� @�	, �� �	� ��9�1� +���) 	�� �⁄  (	
R�

�;/� W�R\� �, 5�� A�3 =�	> 59�� �/�� 	
1�,  �
�7�?��� @

���;/� �����\ �, �� ��3D	� @�	, �
�7�?��� @`���, @�9	<�� 	� 	�

��3 GH��.2�  

 

  
(HJ))  

 
(f) 

 U�11- ��1� �- 4�3 5�� 67'8 '7-�G� g7:/3 2'3 .

.)'� 3/6 = 5. B  %3/4   2'3 :HJ) �H�9,� .�$
�%�- 2'3 :f �


�%'�� 
 

 
Y��  

  
g  

 U�12- ���- 4$�< 67'8 5�� 4�3 .)'� '7-�G� H�9,� a/c �   

HJ) :2'3 
�%�- f :2'3 
�%'��                      

                                                                                                                 

3 -3- ���% Q�� '�(K3
97:/;��< .  

 Q�3 �, �F�� �,13 ���� ��Vo +��� 7� ��
�7�?��� Y;
J� @

�� 5�� A�3 =�	> 59�� �� ���� 6�	�	<�� ������ � �	X .�3�,

�,�� 6��	,����� ��  	X �P�
� +��� 	
X�I, ���:� �, ���C)  Q,�:� �� �

�� +�1� @	
1�, ���:� ��3.�9� �� 2� 	�t Q,�H  ��k VF

���X �, �
�7�?��� @�9�
 	X ��	H @� �� 2�C)  	, ��R\ VF ��

5�� A�3 =�	> 59�� 	����T �� �3�, D	� @ �V�F ��  �
3��

.�3�,  

  

  
(HJ))  
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(f)  

U�13- �-�� Q�� '() 2'3 :HJ) �4�3 5�� 67)'8 '� 
97:/;��< .


�%�- 2'3 :f �
�%'��  

  

3 -4 - ���% >��,8 '�(K3
97:/;��< .  

�;/� ��J> ��� 	<�) +IJ� ��J> �, �
�7�?��� @�� �⁄  (

 D	� ���� �� 	9 @�	,�����  ����	�, Q�3 �� �14  ��	H �2�	, ����

�
 	X�� ��9�1� .2���� 5��I � �, �� ��3  ��J>�;/� @

) +IJ� ��J> �, �
�7�?����� �⁄  5�� A�3 =�	> 	���:� (

�� 59��[�R\ �� 5�� A�3 =�	> 59�� �/�� ����:� �, .��,�� -

 Y;
J� 	���:� @�	, D	� @�F 6�	��� �⁄ �� � �� �	� ��9�1� +���

	> 	���:� �� @	
1�, 59�� �7�?��� ��J> 5��I � �, A�3 =�

�� ~� 5��. ��� �l4 ���� 6�� ��� �9�  

  

  
(HJ))  

  
(HJ))  

 U�14 - >1C� .)'� 4�3 5�� 67)'8 g7:/3 >��,8 H�9,� .�$

� *+,� >��,8 �� ���%�/3�)  2'3 :HJ)
�%�- 2'3 :f �
�%'��  

3 -5- 
97:/;��< . ���% .���� '�(K3  

�;/� @��V� 	<� 6
 �� ��U�� �, 	���:� � �
�7�?��� @ 7� �-;
J�

) D	� W�N YZ� �, �7�?��� @��V� ��� � �⁄��3 �
 	X	U� �� (-

 Q�3 .2�15 �V�F �� 5�� A�3 =��	> G�7�� @�	, �� D	� @

 Y;
J� 	���:�� �⁄ �� +�1�+�R9 .�9� Q�3 �� �� ��N15  +�1�

��3 ���� 	���:� 5��I � �2�� �⁄ 5�� A�3 =��	> 59�� =�2

�� ���� 6�� ��� ��3.��� �l4  

  
 (HJ))  

  

  
(f)  

 U�15- >1C� .)'� 4�3 5�� 67)'8 g7:/3 .���� H�9,� .�$

���% 2'3 L/@ HV� �� 
97:/;��< .D 4⁄ 2'3 :HJ) �
�%�- 2'3 :f �


�%'�� 
  

 ����:� �, �;� ��T�����1�,  5�� A�3 =�	> 59�� �/��

 7� ������ 	���:� @�	, �;4�� � �F��4 D	� @�	,�/�  ��/
  [,�l� �

 Q�3 �,16 ���;/� W�R\� ��  	X �P�
� +��� @�	, �
�7�?��� @

D	� <w� 5�� A�3 =�	> 59�� �� ��F��4.���� @	
1�, 	�  
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 U�16 - ���#��  2'3 .)'� 4�3 5�� 67'8 4$�< ���-
�%�-  %


�%'�� 

 

4 - .'�R �	�9� 
�;/� 	<� ����K� +�R�� '�� 7� ���-
2� �, ���:� 6�� �� @

 +IJ� �� �;4�� @�E�, ��3 D	� 5�� A�3 =�	> 	, �
�7�?���

:��� 2�, 	�7 _��
� �  	X ��	H �2�	, ���� @�	� 

1 -  	���:� �� �VF�� Q,�H 59�� �, 	P�� `�������� ��kSIF  ��

�� D	� D�� .��3  

2 -  ���:� 5��I � �,a/c  	<� �� 5�� A�3 =�	> 59�� �/��

 W�R\��;/� �
�7�?��� @�� 	
R� �����\ �, ���3�;/� �
�7�?��� @

D	� @�	,�� GH�� 	�	<�� `���, @�9.���3  

3 -   ���:� 5��I � �,a/t  	<� �� 5�� A�3 =�	> 59�� �/��

�;/� W�R\��� 5��I � �
�7�?��� @�;/� �����\ �, ��,�� �
�7�?��� @

D	� @�	,�� GH�� 	�	<�� [�R\ @�9.���3  

4 - � ��Vo +��� 7���� ������ � �	X ��
�7�?��� Y;
J� @

�� 5�� A�3 =�	> 59�� �� ���� 6�	�	<���� 6��	,��, .�3�, +���

 	
X�I, ���:� �, �7�?��� ��  	X �P�
�C)  ��3 Q,�:� �� �

�� +�1� @	
1�, ���:�.�9�  

5 -  ��J> 5��I � �,�7�?���  =�	> 	���:� �� @	
1�, 59��

�� ~� 5�� A�3�9� .��� �l4 ���� 6�� ���  

6 -   @��V� 5��I � �,�7�?���  =�	> 	���:� �� @	
1�, 59��

�� ~� 5�� A�3�� � ��� �l4 ���� 6�� ��� �9� ���:� +���

���V,�;/� @��V� @�	, @� @�7�?��� .�	, ��� �,  

  

5 - �$-���  
�        D	� [R\  
C       D	� W�N YZ�  
E             �
���
2k� W���  

�G W�� ��T 5�� A�3 =�	>  
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