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1. INTRODUCTION

The fractional partial differential equations (FPDESs) are used in numerous prob-
lems of physics, engineering, chemistry, mathematics, biology, and viscoelasticity [1,
15, 19, 22]. Most fractional differential equations suffer from lacking of exact ana-
lytical solutions. So many authors are seeking ways to numerically solve these prob-
lems [4, 25].

Recently, some different methods for solving fractional differential equations have been
given such as variational iteration method [7], homotopy perturbation method [23],
adomian decomposition method [8], homotopy analysis method [6], and collocation
method [21]. A least square finite element solution of a fractional-order two-point
boundary value problems, has been studied in [5]. Sumudu transform method for
solving fractional differential equations and fractional diffusion-wave equation as well
proposed in [3]. Wavelet operational method for solving fractional partial differential
equations used in [18]. Method of lines to transform the space fractional Fokker-
Planck equation into a system of ordinary differential equations studied in [13, 14].
The space fractional diffusion equations are solved numerically. Khader used Legendre
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collocation method to discretize space fractional diffusion equations to obtain a linear
system of ordinary differential equations and he solved the resulting system by finite
difference method [10]. Dehghan and et al. [24] proposed Tau approach to solve space
fractional diffusion equations.

2. PRELIMINARY IDEAS AND DEFINITIONS

Definition 2.1. The Caputo fractional derivative operator § D¢ of order « is de-
fined in the following form [22]:

T (m)
OCDgf(x) = F(Tnlfoz) fO (mft)“£12+1 dtv a>0,
where m—1<a<m, meN, z>0.

Caputo fractional derivative operator is a linear operation and for the Caputo
derivative we have [11]:

§D% =0, (2.1)

§Dox™ = (2.2)

0, n€ Ny and n < [a],
I'(n+1) LEn_a, n e N() and n > |—Oé-|,

T'(n+l—a)
where ¢ is a constant and [«] denotes the smallest integer greater than or equal to
a and Ny = {0,1,2,...}. For @ € Ny, the Caputo differential operator coincides with
the classic differential of integer order ( [9, 11, 20]).

Definition 2.2. The weighted — L¥norm is defined in the following form [2]:

1
Jullcarn = ([ fule)Puta)dn'? for 1<p<oc, (2.3)
-1
where we also have
||UHL$U°(71,1) = _1Silp<1 lu(x)| = Hu”Lf’o(fl,l)- (2.4)

The space of functions for which a particular norm is finite, forms a Banach space
indicated by LP (—1,1).

w
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Definition 2.3. We define natural Sobolev norms as follows [2]:

Il (-1,0) = leu('“)llm S (2.5)

The Hilbert space associated with this norm is denoted by H'(—1,1). We also define
the seminorms

m

[l gy = D ™12 100" (2.6)
k=min(m,N+1)

2.2. A brief review of the Legendre polynomials

The well known Legendre polynomials are defined on the interval [-1, 1] as [10]

Lo(Z) = 1,
Li(z) = z,
2k+1 k
Lk_;,_l(Z) = L T 1 ZLk(Z) — mLk_l(Z), k= 172, e (27)

It is often more useful to utilize some other Legendre polynomials introduced next. In
order to use such polynomials on the interval a € [0, 1], we define the so called shifted
Legendre polynomials by introducing the change of variable z = 2z — 1. We denote
the shifted Legendre polynomials Ly(2x — 1) by Pj(z), then P (z) can be obtained
as follows:

2k+1)(2z-1) _, ko,
TS U pr(e) - ——P

CES R R
where Py (z) =1 and P;f(z) = 2z — 1. The Legendre polynomials P} (z) of degree k
is given by the following:

Pi(z) = (), k=1,2,.., (2.8)

k 3
Z 1)F+i( k—i—z) (2.9)

=0
where P (0) = (—1)* and P} (1) = 1. The orthogonality condition is
* _ T+P i=]
/ P ( x)dx = { 0. it (2.10)

(&)
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A function y(x), which is square integrable in [0, 1], may be expressed in terms of
shifted Legendre polynomials as

y(x) =Y yiP;(x),
=0

where

yi = (20 + 1)/0 y(x)Pl(x)dz, i=1,2,.... (2.11)

In practice, only the first (m+1)-terms of shifted Legendre polynomials are considered.
If so, we have

Ym(z) =D yi P (x). (2.12)
i=0

Theorem 2.1. Let y(z) be approximated by shifted Legendre polynomials as Eq.
(2.12) and also suppose « > 0, then [11]

m A
§DY(ym(@)) = D > yaw} 2k, (2.13)

i=[a] k=[a]

where wl(o,? is given by

(@ _ _ (1P + k).

= . 2.14
Wik TG R)IT R+ 1 — a) (2.14)
3. THE PROPOSED METHOD
We consider space fractional diffusion equation
ou(z,t) 0%u(x,t)
ot :d(x,t)WJrs(x,t), (3.1)
a<x<b 0<t<M, 1<a<?2,
with initial condition
u(z,0) =up(x), a <z <b, (3.2)

and boundary conditions
u(a,t) = u(b,t) =0, (3.3)

(e
BE
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where the function s(z,t) is a source term.

We apply the Legendre collocation method to discretize Eq. (3.1) and to get a
linear system of ordinary differential equations and use the finite difference method
(FDM) [16, 17] to solve the resulting system, and obtain the coefficients in the ap-
proximate solution. If so, u(x,t) is approximated by

m

Un (2,1) = Y Ni() Py (). (3.4)

=0

Now from Egs. (3.1), (3.2) and using Theorem 2.1 we have

Zd)\dt() ) = d(x, 1) Z Z A a) P 4 g(x,t). (3.5)

=0 i=[a] k=[]

Collocating, Eq. (3.5) at (m + 1 — [a]) points x, yields

- dXi(t) . a a
3 dt()Pi( d(xp,t) Z ZA Yl xh = 4 s(xy, 1), (3.6)

=0 i=[a] k=[a]

Now we take advantage of roots of shifted Legendre Polynomials Py, _ M( x) as
suitable collocation points.
By substituting Egs.(3.4) and (2.13) into the boundary conditions (3.3) we get

d_Piai(t)=0, Y PrB)N(t) =0. (3.7)
i=0 i=0

If so, [«] equations obtained from (3.7), along with m+1-[a] equations obtained from
(3.6) give (m+1) ordinary differential equations which may be solved by using FDM,
i=0,1,....N, 7 = %, 0<t; <M,t; =r1ir, to get the m unknown J\;, i=0,1,....m, in
various time levels ¢,. By determining the unknowns A;(¢, ), the approximate m de-
gree polynomials at different time of ¢,, are obtained as follows:

U (T, 1) = Z Ai(tn) Pl (x) = AL Py (x) + AT P (z) + A5 Py (z) + ... + Al P (x)
=0
= A" 4 AP 4 ABa? + L A, (3.8)

(&)
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in which T is the final time and X = X\;(t,), A?z? = AP P (z).

Assume that we have accurate values uc(z,t,). Now for improving the proposed
method, first we consider the following average:

1
UNewap(l)(xatn) = i[uap(xvtn) + Uem(matn)]v (39)

as our first approximate solution, where e, and u,, stand for exact and approximate
solution of Eq. (3.1) and upewap(1) denote the first approximate solution obtained.
It can be seen that

[UNewap(1) (T, tn) = Uea (2, tn)| < [tap(@, tn) — Uex (T, 10)]|. (3.10)

This confirms that in the first stage the approximate solution gets better with respect
to Eq. (3.8).

In the second step, we put

UNewap(2) (T; tn) = %[uNewap(l) + Uex (2, n)],
it can be seen that
[UN cwap(2) (T, tn) = Uea (2, tn)] < [UNewap) (T tn) = Uex (T, 1)),
this shows that
UNewap(2) (T tn)] < [UNewap(1) (T, tn)|-

Proceeding further, are can conclude that in the (n-1)-th stage we have

uNewap(n)(xatn) < uNewap(n—l)(z7tn)' (311)

Consequently, the amount of |uyewap(n) (T, tn) — Uex (T, 1n)| get smaller as the calcula-
tion goes ahead, and the calculation error decreases. The numerical results obtained
by virtue of the proposed scheme has been reported throughout the tables. It is no-
table that iteration calculation is shown by 1.

(e
BE
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4. ERROR ANALYSIS AND CONVERGENCE
This section consists of the convergence analysis and getting an upper bound for

the error of the proposed method.

Theorem 4.1. The error |[ET(m)| = |D%(x) — D%y, (x)| for the approximation
of Dy(x) by D“y,,(x) has the following upper bound [11]

i k—[a]

|[ET(m)| < Z Yi( Z Z 0:.5,%)1, (4.1)

i=m+1  k=[a] j=0

where

DT RN D) 1”’"(.7+7“)
Yk = R G —a+ 1) XZ J—r D2(k—a+r+1)

=

Theorem 4.2. (Legendre truncation theorem). The truncation error u(z)—uy (),
where uy(z) = Zszo e, P (), is the truncated Legendre series of u, satisfies the
inequality [2]

m

lu(z) —un (@)l 1y SONT™ Y [uPlg 1, (4.2)
k=min(m,N+1)

for1 < p < oo, and for all functions u whose distributional derivatives of order up
to m belong to L (—1,1), C is a constant and depends on m.
If so, when N — oo, we have

0 <limy—oo(flu(z) — un(®)llLr (~1,1)) <
(4.3)
limy oo (CN™T™ Z;cn:mm(mwﬂ) [JulF )HL’{L( 1,1))-

In the equation (3.14), if max | Z;n:mm(m’NH) [u™ |z (—1,1)] < M. Then

m

im (CN7" >0 el i) =0

N-—o0
k=min(m,N+1)

Now, according to(3.14), and also according to the squeeze theorem, we have

lim (Ju(e) - un(@)]pg11) =O.

N—o0c0

2D
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Right now, to discuss the modified method an error analysis is presented. By using
polynomial approximations obtained Eq. (3.8), and considering

Po(x,tn) = um(z,t,) = Z Ai(tn) P (), (4.4)
i=0
we have:
| Po(z,tr) — tex (T, tn)| < €0. (4.5)

where € is very small amount.

Also from
1
uNewap(l)(xutn) = §[Um($,tn) + uez(m7tn)] = Pl(tn)7 (46)
we have:
|P1(x7tn) - Ueac(l'atn)‘ <eg. (4.7)

where ¢; is very small amount.
Considering the ties (4.3), (4.4) and (4.5), we have

= |P0($,tn) - uex(zatn” < 2g; < g,
where yield

e < 5 (4.8)

Next considering uyewap(2) (T, tn) = %[um(x, tn) + tUez (2, tn)] = Pa(tn) , we have
1
|P2(x,tn) - uez(zvtn” S 2 = |§[P1(x;tn) + uez(xatn)] - uex(x;tn” S €2,
1
= |P1(x;tn) - uefc(xatn” S 252 = |§[PO($7tn) + uem(xatn)] - uez(watn” S 252,

= |Po(x,tn) — Uer (2, tn)] < 2 X 2e9 < g0,
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which results in

€0

£2 S 727 (49)

[\)

going ahead process, the n-th stage will be as

€0

< 2 4.10
ens 20 (110)
where €,, is very small amount.
Accordingly we get the following result

P <ep< O 411

| P () — ter (z,t0)| <& < on- (4.11)
Now we deduce that

. . €0
< — < —). .
0< nlgroloﬂpn(x»tn) Uea (2, 1n)]) < nlgr;o(Qn) (4.12)

Resit now, according to Eq. (4.12) and also the squeeze theorem, we have

lim (| Py (@, tn) — tea(, tn]) = 0.

n—0o0

This confirms the convergence issue of the method.

Remark 1. The presented method, can also be used for the numerical solution
of the fractional Riccati differential equation.

Du(t) +u(t) —1=0, t>0,0<a <1,
with the initial condition u(0) = ug.

5. NUMERICAL RESULTS

Example 5.1. In this example, we consider the fractional Riccati differential
equation of the form

Du(t) +u*(t) —1=0,t>0,0<a <1, (5.1)

(&)
EE
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with the initial condition

u(0) = uy, (5.2)
and the parameter «, refers to the fractional order of the time derivative.
For a = 1; the Eq. (5.1) is the standard Riccati differential equation

du(t)
dt

+u*(t) —1 =0,
the exact solution to this equation is

2t

et —1
t)= ——.
u(t) T

Now by using Egs. (2.12) and (2.13), with m = 5, the fractional Riccati differential
equation (5.1) is transformed to the following approximated form

%

Mm

5
e+ (N e Pr (1) —1=0, (5.3)
1 k=1 =

.
I

where w( k) is defined in Eq. (2.14).
Also, the initial condition Eq. (5.2) is given by

¢i(P;(0)) = uo. (5.4)

-

-
I
=

We now collocate Eq. (5.3) at (m + 1 — [a]) points t, as

cG;w zalé)t]; “ ZCzP* — 1 = 0, P = 0’ 1727374‘ (55>

Mo

1 k=1

.
Il

We know that ¢; are the roots of shifted Legendre polynomial Ps(t), i.e.
to = 0.5, t; = 0.2307, t5 = 0.7692, t5 = 0.0469, {4 = 0.9530.

By using Eqgs. (5.4) and (5.5), we obtain a system of 6 non-linear algebraic equations
with unknowns ¢;,7 =0,1,...,5.

This system of equations is solved by utilizing the Newton iteration method, for
determining the unknowns ¢;,4 = 0,1,...,5, and therefore, the approximate solution

(e
BE
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TABLE 1. Comparison of absolute errors for u(z) at m = 5 with

H. JALEB AND H. ADIBI

different values of i for Example 5.1 by modified method.

x  i=0 i=15 i=25 i=30
|Error(0)] |Error(15)] |Error(25)] |Error(30)]
0.0 4.0332x10~7  0.00000000 0.00000000 0.00000000
0.1 2.5836x107° 7.8848x107'0 7.0090x10~'? 2.3980x10~!*
0.2 6.2295x107°  1.9011x1079 1.8565x10712 5.8092x10~14
0.3 3.2572x107°  9.9402x107'° 9.7061x10"'? 3.0253x10~ !4
0.4 2.1661x107° 6.6104x107'0 6.4559x10712 2.0206x10~ !4
0.5 4.3800x107°  1.3360x1079 1.3054x10~'2 4.0689x10~1*
0.6 1.6488x107° 5.0319x10710 4.9138x10~™ 1.5321x10~14
0.7 3.0450x107°  9.2928x10710 9.0749x10712 2.8421x10~ 14
0.8 4.7536x107°  1.4507x1079 1.4167x10712 4.4408x10~ 14
0.9 1.4390x107° 4.3915x10710 4.2899x10-'2 1.3544x10~ !4
1.0 3.9800x107% 1.2146x10~10 1.1879x10~12 3.7747x10~1°

is obtained via

5
U5(t> = Z Cif)i* (t) (56)
i=0
More specifically for o = 1, Eq. (5.6) gets replaced by
5
us(t) = Y ¢ PF(t) = —4.03323 x 1077 + 099932+ (5.7)
i=0

0.015722 — 0.418923 + 0.18062* — 0.015225.

Based upon our method, our results have been compared with the exact solution,
in Table 1 and 2. In this tables, errors have been reported for different values of i.

Example 5.2. In this section, we consider space fractional diffusion equation (3.1)
with o = 1.8, of the form [10]

ou(zx,t)

oBu(x,t)
e d(z,t)———=—

a1 8

+ sz, t),

where, 0 < z < 1, with the diffusion coefficient: d(z,t) = I'(1.2)z'®, and the source

(&)
EE
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TABLE 2. Comparison of absolute errors for u(z) at m = 5 with
different values of i for Example 5.1 by modified method.

X

i=35
|Error(35)]

1i=40
| Error(40)]

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.00000000
6.3837x10~16
1.8318x 10715
9.4369x 1016
5.5511x1016
1.1657x10~15
4.4408x10~16
8.8817x10~16
1.4432x10~15
5.5511x1016
3.3307x 1016

0.0000x 1017
4.1633x10716
5.5511x10~17
0.0000000000
0.0000000000
1.1102x10716
0.0000000000
0.0000000000
0.0000000000
0.0000000000
0.0000000000

function: s(z,t) = 32%(2x — 1)e~'. The initial and boundary conditions are respec-
tively as

u(z,0) = 2%(1 — z),

u(0,t) = u(1,t) = 0.

The exact solution of this problem is u(z,t) = 2(1 — x)e~".

We use the present method with m=3, and approximate the solution as follows:

3

ug(z,t) =y N(t)P ().

i=0
In Eq. (5.8), after determining the coefficients A;(t) for T = 2 [10], the polynomial
approximation is as follows:

(5.8)

3
ug(2,2) = Y Niltsoo) By (x) = A8 + A% 4 A§%022 + £§°2°
1=0

= —8.67362 x 107" 4+ 0.00914z + 0.0755722 — 0.0847125.

In Tables 4 and 5, we have reported the comparison between exact and approximate
solution, for m = 3 and time step 7 = 0.0025, and final time T' = 2 with different
values of i. Additionally, we have % = 0.02W = 800 level for 0 < = < 1.

(e
BE
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TABLE 3. Comparison of absolute errors for u(z,2) at m = 3 and
T = 2 for Example 5.2.

x  Modified method Method[10] Method [12] Method [24]
0.0 2.46519x10732 1.70849 x10~% 4.483787x10~3  0.0000000
0.1 2.60209x10~'8 2.10940 x1075 4.479660x107% 2.89x10~°
0.2 5.20417x10~'8 1.76609 x10~* 4.201329x10~3 1.09x10~*
0.3 8.67362x107'8 3.01420 x10~% 3.695172x10~3 2.20x10~*
0.4 1.04083x107'7  4.04138 x10™* 3.007566x1073 3.40x10~*
0.5 1.38778x10717  4.89044 x10~* 2.184889 x10~3 4.45x10~*
0.6 2.08167x10~17 4.89044 x10~* 1.273510 x10™3 5.15x10~%
0.7 1.38778x10~17 5.63305 x10~* 0.319831 x10~3 5.27x10~*
0.8 1.38778x10~17 6.33367 x10~* 0.629793 x10~3 4.60x10~*
0.9 2.77556x10~17 7.05677 x107* 1.528978 1073 2.91x10~*
1.0 0.00000000000 8.82821 x10™* 2.331347 x10~3 0.0000000

TABLE 4. Comparison of absolute errors for u(x,2) at m = 3 and
T = 2 with different values of ¢ for Example 5.2 by modified method.

x i=0 i=5 i=10 i=20
|Error(0)] |Error(5)] | Error(10)] | Error(20)]

0.0 8.6736x1071 2.7105x10720 8.4703 x10~22 8.2718 x10~2°
0.1 3.6721x10~* 1.1147 x10~® 3.5860x10~%  3.5019x10~!!
0.2 1.7110x10~* 4.9096 x10~% 1.5342x10~7  1.4983x10~10
0.3 1.2692x1073  3.9663x107° 1.2394x10~7  1.2104x10710
0.4 2.6654x1073  8.3295 x107° 2.6029x10~7  2.5419x10710
0.5 4.0420x1073 1.2631x10~% 3.9472x10~7  3.8547x 1010
0.6 5.0952x1073  1.5922 x10~* 4.9758x10~7  4.8591x10~10
0.7 5.5213x1073  1.7254x10~* 5.3919x10~7  5.2655x10~10
0.8 5.0166x1073  1.5677 x10™* 4.8990x10~7  4.7842x10~10
0.9 3.2774x1073 1.0242x10~* 3.2006x107%  3.1256x10~ !
1.0 0.000000000  0.0000000000 0.0000000000  0.0000000000

Example 5.3. Consider the following space fractional diffusion equation [14]

where the function s(z,t) = —2e 'z
exact solution to this equation is e~

Ou(z
ot

L q(x)

0%u(x,t)
ox®

with initial condition u(z,0) = 2%, and boundary conditions

+s(z,t), O<z<1

w(0,t) = 0,u(l,t) =e ",

¢4
trd,

(5.10)

is a source term, and ¢(z) = 5;I'(5 — «). The

By using the proposed method [10] for & = 1.2, the polynomial approximation is as

(&)
EE
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TABLE 5. Comparison of absolute errors for u(z,2) at m = 3 and
T = 2 with different values of ¢ for Example 5.2 by modified method.

1=25
|Error(25)]

i=30
| Error(30)]

i=35
|Error(35)]

i=45
|Error(45)]

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

2.5849x 1026
1.0904x 1011
4.6822x1012
3.7826x 10711
7.9436x10~11
1.2046x10~10
1.5185x10~10
1.6454x10~10
1.4995x 1010
9.7975x 10~ 11
0.0000000000

0.0000000000
3.4199x 10~ 12
1.4632x10~12
1.1820x 10712
2.4823x 10712
3.7644x 10712
4.7452x10712
5.1421x 10~ 12
4.6721x10712
3.0523x 10712
2.7755%x 10717

2.5243%x 10729
1.0687x10~14
4.5727x1071°
3.6939x 1015
7.7573x 10714
1.1764x10~12
1.4823x 10714
1.6069x10~14
1.4600x 1014
9.5382x 10~ 14
0.0000000000

2.4651x 1032
9.9746x10~18
5.2041x1018
3.6429x 1017
7.9797x10~17
1.1796x10~16
1.5265x10~16
1.6653x10~16
1.5265x10~16
1.1102x10716
2.7755%10~17

TABLE 6. Comparison of absolute errors for u(z,1) at m = 4 and
T = 1 with different values of ¢ for Example 5.3 by modified method.

x  i=0 i=10 i=20 i=30
|Error(0)] |Error(10)] | Error(20)] | Error(30)]
0.0 1.3877x107'7 1.3552x10720 1.3234 x10~23 1.2924x10~26
0.1 9.6330x1073 9.4080x10~% 9.1876x109  8.9722x10~!2
0.2 1.8221x1072 1.7700x10~° 1.7370x10~%  1.6963x10~!2
0.3 2.6353x1072  2.5735x107° 2.5132x10°%  2.4543x10~12
0.4 3.4081x1072 3.3228x107° 3.2602x10~%  3.1740x10~'2
0.5 4.0844x1072 3.9887x107° 3.8952x10~%  3.8039x10!2
0.6 4.5506x1072 4.4439x1075 4.3398x1078  4.2381x10!2
0.7 4.6347x1072  4.5261x107° 4.4200x108  4.3164x10713
0.8 4.1064x1072  4.0101x107° 3.9161x10~8  3.8244x10~1!3
0.9 26771x1072 2.6143x107° 2.5531x10%  2.4932x10~ '3
1.0 4.1633x10717 1.3254x10717 2.1154x10~'7  5.4556x10~17
follows:
4
ug(z,1) =Y N(6)P; () = 1.3877 x 1077 + 0.1051z — 0.110042°+

=0

0.24782° + 0.1249z*.
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(5.11)

In Tables 6 and 7, we have reported the comparison between exact and approximate
solution for m = 4 and At = 0.001 and final time 7" = 1 with different values of i.

(e
BE
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TABLE 7. Comparison of absolute errors for u(z,1) at m = 4 and
T = 1 with different values of ¢ for Example 5.3 by modified method.

x  i=50 i=60 i=70 i=80
| Error(50)| | Error(60)] |Error(70)] | Error(80)]

0.0 1.2326x10732 1.2037x1072° 1.1754 x10~28 1.1479x10~%!
0.1 8.5545x107™ 8.1621x1072! 7.9708x1072* 7.7840x10~%7
0.2 1.6170x10717 1.4415%x10°20 1.4077x10723 1.3747x1026
0.3 2.3546x107'7 1.8759x1072° 1.8319x10~2% 1.7890x10~26
0.4 3.0377x107'7 2.1195x1072° 2.0698x1072%  2.0213x10~26
0.5 3.6120x10717 2.1721x10720 2.1212x10=%% 2.0715x1026
0.6 4.1643x10~'7 2.0339x10720 1.9862x1072%® 1.9396x1026
0.7 3.1334x10717 1.7047x10720 1.6648%x102% 1.6257x10~26
0.8 3.9887x107'7 1.1847x10720 1.1569x10~2% 1.1298x10~26
0.9 3.2607x107'7 4.7381x1072! 4.6271x10722 4.5187x10~%7
1.0 4.3826x1071% 4.2798x10~21 4.1795%x10~2*  4.0816x10~27

Example 5.4. In this example, we consider the following space fractional diffusion

equation [13]

ou(z,

ot

B _ q(z)

with the initial condition

and boundary conditions

w(0,t)sin(t + 1), u(1,t) = 2sin(t + 1), fort >0,

ol Su(x,t)
Oxld

+ s(z,t),

O<z<l,

u(z,0) = (2% + 1) sin(1),

the source function s(z,t) = (2% + 1) cos(t + 1) — 2z sin(t + 1), and ¢(z) = '(1.5)2%>.
The exact solution of this problem is u(z,t) = (2% + 1) sin(t + 1).
By using the proposed method [10], the polynomial approximation is as follows:

2
ug(z,1) = Y Ni(t) P (x) = 0.9092 + 0.2276z + 0.68162°. (5.13)
i=0
In Table 8 we have reported the comparison between exact and approximate so-
lution for m = 2 and At = 0.001 and final time T = 1 with different values of
1.

6. CONCLUSION

In this article, we offered a new modified numerical method based on the shifted
Legendre collocation method and also finite difference method to find the approxi-
mate solution of the space fractional diffusion equations and also fractional Riccati
differential equation. In this scheme, the fractional derivatives are considered in the

(&)
EE
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TABLE 8. Comparison of absolute errors for u(z,1) at m = 2 and
T = 1 with different values of ¢ for Example 5.4 by modified method.
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x  i=0 i=10 i=30 i=40 i=50
|Error(0)]  |Error(10)|  |Error(30)]  |Error(40)]  |Error(50)]
0.0 0.000000000 0.000000000  0.0000000000 0.0000000000 0.00000000
0.1 2.049x1072 2.001x10™° 1.908x10~'* 1.865x10~'¢ 0.00000000
0.2 3.643x1072 3.557x107° 3.392x107'* 3.308x107'6 1.11x10~1'6
0.3 4.781x1072 4.669x107° 4.453x107'* 4.352x10~'6  0.00000000
0.4 5.464x1072 5.336x107° 5.089x107'3 4.962x10~'6  0.00000000
0.5 5.692x1072 5.558x107° 5.301x10~'% 5.173x10~1%  0.00000000
0.6 5.466x1072 5.336x107% 5.089x10713 4.984x10~16 1.11x10"'6
0.7 4.781x1072 4.669x10~° 4.453x10~'* 4.340x10~'6 1.11x10°16
0.8 3.643x1072 3.557x107° 3.392x107'* 3.308x107'6 1.11x10~1'6
0.9 2.049x1072 2.001x107° 1.908x10~'* 1.865x10~'6 0.00000000
1.0 0.00000000 1.110x10~ 1.110x10~'¢  0.000000000  0.00000000

Caputo sense. Comparison between our proposed method with exact solution, shows
that this method is effectively accurate and evidently the error gets smaller as the
calculation stages go ahead.
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