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Abstract During the past years, a wide range of distinct approaches has been exerted to solve
the nonlinear fractional differential equations (NLFDEs). In this paper, the invari-
ant subspace method (ISM) in conjunction with the fractional Sumudu’s transform
(FST) in the conformable context is formally adopted to deal with a nonlinear con-
formable time-fractional dispersive equation of the fifth-order. As an outcome, a new
exact solution of the model is procured, corroborating the exceptional performance
of the hybrid scheme.
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1. INTRODUCTION

The investigation of exact solutions is one of the hottest topics in mathemati-
cal physics; since a lot of information is provided using the exact solutions. In the
last years, several various schemes [5, 1012, 19-21, 25, 26, 28, 33, 39, 41, 45] have
been used to solve the nonlinear fractional differential equations. Recently, a sys-
tematic approach called the invariant subspace method [16-18, 34, 35, 38, 40, 44]
has received significant attention among academic scholars. For instance, Sahadevan
and Prakash [40] utilized the ISM to extract the exact solutions of time-fractional
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Hunter—Saxton equation, time-fractional coupled nonlinear diffusion system, time-
fractional coupled Boussinesq equation, and time-fractional Whitman—Broer—Kaup
system in the Caputo sense and Hashemi [18] adopted the ISM along with the con-
formable fractional Laplace transform to retrieve the exact solutions of time-fractional
thin-film, Hunter—Saxton and dispersive equations in the conformable sense. For fur-
ther information check references [2—4, 6-8, 22-24, 31, 42].

The Sumudu’s transform is another famous method that was first established by
Watugala [43] to deal with the problems in engineering. The Sumudu’s transform of
a function like f(t) is given by [43]

Gu) = Sifeyal = [~ e flunas

provided that the integral exists for some u. The Sumudu’s transform consists of
many interesting properties which have been pointed out by Watugala in [43]. Due to
the super importance of the integral transforms [9, 14, 27, 30, 32], the current paper
aims to utilize the ISM in conjunction with the FST in the conformable context
for handling a nonlinear conformable time-fractional dispersive equation of the fifth-
order. The conformable fractional calculus and some of its features will be reviewed
below.

Definition 1.1. For a function like f(¢) defined for ¢ > 0, the ath order of the
conformable fractional derivative is given as [29]
df(t t+ Tt ) — f(¢
() = IOy FEETE IO 0., 4> 0,

dte T—0 T

and (To(f(0)) = tl_i)Igl+tTa(f(t))'

Definition 1.2. For f : [a,00[— R, a > 0, the conformable fractional integral of f
is expressed by [29]

15(f(1) =

in which o € (0, 1].
The conformable fractional derivative provides a series of interesting features which
have been presented in [1, 15, 29].

Theorem 1.3. If f(t) and g(t) are a-differentiable for t > 0 when o € (0, 1], then
2 tT (af(t) +bg(t)) = a/Ta(f (1) + b:Ta(g(t), Va,b € R.
ii. To(t?) = ptP=, VB € R.
iii. To(£()9(8)) = 9O Ta(£(1)) + FOTa (9(0).
(@) 9()To(f () = F():Ta(g(t))
(t) g(t)? '
—o (1)

v. Lo (f(t)) = 7-

Theorem 1.4. If f(t) and g(t) are differentiable and f(t) is also a-differentiable,
then

" f(=)

xlfa

dx,

a

w.

Q

Talfog(t)) =t""g'(t) f'(g(t)).
[c[v]
00
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The outline of the present article is as follows: In the second section, the ISM is
described in detail. In the third section, the FST in the conformable context and
its features are introduced. In the fourth section, the ISM along with the FST in
the conformable context is exerted to solve a monlinear conformable time-fractional
dispersive equation of the fifth-order. Ultimately, the last section summarizes the
results of the current work.

2. INVARIANT SUBSPACE METHOD

Suppose that a nonlinear conformable time-fractional PDE can be written as
0%u(x,t)

ot
in which Z is a nonlinear differential operator with respect to the variable x.

= Z(u(x,t), ae(0,1], (2.1)

Definition 2.1. The finite-dimensional linear space
W, = span{w; (), ws(x), - ,wp(x)}
is an invariant subspace with respect to (2.1), if =(W,,) C W,,.

Theorem 2.2. IfW,, = span{w;(z),wa(x), - ,wy(x)} is an invariant subspace with
respect to (2.1), then, there exist the functions ¥1,1s, -+ 1, such that

E{ikiwi(m)] - iwi(xl,Ag,--- Awi(z), MNER, i=1-- n.
i=1 i=1
Furthermore
u(x,t) = i)\i(t)wi(x),
i=1
is the solution of Eq. (2.1), if the coefficients X\;(t) gratify the following system of
conformable FDEs

Lo (Ni(t) = Yi(A1(8), Aa(t), -+, An(2)), i=1,--+,n.
Proof. See [18]. O

3. FRACTIONAL SUMUDU’S TRANSFORM IN THE CONFORMABLE CONTEXT AND ITS
FEATURES

In this section, the FST in the conformable context and its features are introduced.
For this purpose, let’s first define the FST in the conformable context.

Definition 3.1. For a function like f(t) : [0, 00[— R, the ath order of the FST in

the conformable context is given as

Sa[f(t);U]=/ e’étaf(ut)dat:/ e~ fut)tdt,
0 0
when it is finite.

The conformable fractional Sumudu’s transform (CFST) of some elementary func-
tions has been given below.
(el
BE
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i, S [sin(£2);u] HC?{M)
ii. S [cos(gta) }: ¥ (auo)?

T sin(aux)dx

Sa [sm :/ —at sin( (ut)”‘)to‘*ldt (:c:éta)
/e

=S [ bln(at) }

T 1+ (au"‘)2
which completes the proof.
(ii):
*t a\ya—1 1 «@
Sa [cos = / a’ cos( (ut) WAt (v = —t%)
@
= / ¥ cos(auz)dx
=S {cos(at) }
1+ (aua)2 ’
which completes the proof. O

Theorem 3.2. Let S, [f(t);u] and So[g(t);u] exist. Then
Sal(erf + cag)(t);u] = c1Salf(1); u] + c2Salg(t); u].

Proof.
o0 l «
Sullerf + cag)(t)iu) = [ € (erf + cag) (wt) Ve
0
* _Llia 1
= / e o’ f(ut)t* " dt
0
* Ll ~1
+c2 e a’ g(ut)t* 'dt
0
= c18 [f(t);u] + 284 [9(t); 4],
which completes the proof. It is clear that the CFST is a linear operator. O

Theorem 3.3. Let f(t) : [0,00[— R be a-differentiable and So[iTo (f(t));u] exists.
Then

(<)
EE
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o0 l «@
Sulea ()30 = [ 73 T (fut)) 1o e
0
0o 14
= ulf‘)‘/ e~ ol f(ut)dt integration by parts
0

_ o { /0 T e wt flutye -t — f(O)}
Su lF(0): ] = £(0)

qu

O

If f(t) is n times a-differentiable and S, [tT,g") (f(t) ;u] exists, then it can be
readily demonstrated that
col (n—1)
S, {tT‘gn) (f(t)),u _ Sa [f(t)vu] f(O) 7tTa (f(O)) 7.“7tTa (f(O))

e un—1e ue

4. NONLINEAR CONFORMABLE TIME-FRACTIONAL DISPERSIVE EQUATION AND ITS
NEW EXACT SOLUTION

Consider the following nonlinear conformable time-fractional dispersive equation
of the fifth-order [17, 18]

u(x,t) _ )\85u2(x,t) +Hé)suz(x,t) Jr778u2(x,t)’
ot oxd Ox3 oz
As shown in [17, 18], the invariant subspace for the Eq. (4.1) is

a € (0,1]. (4.1)

W3 = span{1,cos (z),sin (x)},
if 16 A — 4+ n = 0. To review this assertion, suppose that
E = X1 + Agcos(x) + Agsin (z)
and so
ZE(E) =4 (16X — 411+ 1) A2 A3 cos? ()
+ ((—=2 (16X — 4 + 1) A3 + 2 (16X — 4y +n) A3) sin (z)
+2(A—p+n)Ais)cos ()
—2(A = p+n)MAesin(z) — 2 (16X — 4p + 1) AaAs.
Now, by considering 16\ — 4 + 1 = 0, we find
EE)=2A—p+n)MAscos(z) —2 (A — p+n) A Agsin (z),
which recommends the solution of Eq. (4.1) can be written as
u(x,t) = A1 (t) + Aa(t) cos (z) + Az(t) sin (z) . (4.2)

(el
BE
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By inserting (4.2) in (4 1) and through some operations, we find
To (Mi(t) =
To (A2(t)) = 7>\1( )As(t),
To (A3(t)) = =yA1(D)A2(t),
in which v = 2(A — g+ 7). Solving the equation T, (A1(¢)) = 0 results in A;(t) = do
and thus
To (A2(t)) = vdoAs (1),
Ta ()\3(t)) = —ﬁ/do)\g(t). (43)

By differentiating the first equation, we acquire
tTa (i To (A2(t))) = ot T (As(t))-

Now, it is obvious that above equation can be presented as
iTa(tTa (M2(t))) = —77diXa(2).

Using the CFST, yields

ST (Tar2(1)) 0] = —72d8S0 Pa(); ],
and therefore

Sa [tTa ()\Q(t)) ,U] o tTO‘ ()\2(0)) — 7’)/2d(2)5a [)\Q(t) U]

u u

where Ty, (A2(0)) = vdodz (A3(0) = d2). In a similar manner, the equation
Sa [tTa (A2(t)) s u] _ Ydods
uOL

ua

= 72d3Sa a(t); 4],

can be written as
Sa [Ma(t);u] — X2 (0)
di_ _ 7dods
u2a u

— 72 d3Sa [Ma2(t);u] .

It is clear that
’}/dodgua d1

L+ (ydou®)? 1+ (ydou)*
Now, by means of the inverse CFST, we retrieve

te e
Ao (t) = dy cos (’ydo a) 4+ dy sin <7d0 a) . (4.4)
Setting (4.4) in (4.3) leads to
T (A3(t)) = —vdo <d1 cos <’yd0t:) + dg sin (fydotaa>) .
Using the CFST, results in

S [T (1)) 0] = —1dloSa [dl (m’;) tdysin (Wdota> ;u} ,

So [A2(t);u] =

(<)
EE
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and consequently
Sa [)\3 (t); U] - )\3(0)

——
ds __ ’yd0d1 . 'yzdgdgua
u® 1+ (vdou®)® 1+ (ydoue)?
It is obvious that
dodiu® d
Sa Ns(t);u] = — 02 :

1+ (vdoua)2 1+ (vdouo‘)z.

Now, by means of the inverse CFST, we gain

t t
A3 (t) = —d sin (’ydoa> + ds cos (’}/doa> .

Hence, the following exact solution to the nonlinear conformable time-fractional dis-
persive equation of the fifth-order is acquired

t t
u(x,t) =dy + <d1 cos <7d0a) + dy sin ('yd()a)) cos (x)

t t
+ <—d1 sin <7d0) + ds cos <'yd0>> sin (x) ,
! e

which is the corrected form of the solution reported in [18].
The new exact solution derived through the present hybrid scheme has been plotted
for different values of « in the Figure 1.

FIGURE 1. The new exact solution derived through the present hy-
brid scheme for different values of & when A =1, p =2, n = —8 and
dy=dy =ds = 1.
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Note: Although there is another kind of exact solutions to a wide range of (24 1)-
dimensional differential equations called the lump solutions [13, 36, 37], it should be
mentioned that extracting such solutions to (2+1)-dimensional fractional differential
equations through the presented method is not applicable.

5. CONCLUSION

A nonlinear time-fractional dispersive equation of the fifth-order with the con-
formable derivative was analytically solved in the current work. The invariant sub-
space method along with the fractional Sumudu’s transform in the conformable con-
text has been applied for the first time successfully to handle the intended aim. The
present study reveals that the current hybrid method provides a new and effective
systematic technique to deal with the conformable time-fractional differential equa-
tions in mathematical physics. It is worth noting that the validity of the reported
result was checked by substituting it into the Eq. (4.1).
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