
Computational Methods for Differential Equations
http://cmde.tabrizu.ac.ir

Vol. 7, No. 2, 2019, pp. 163-176

Numerical solution of nonlinear mixed Fredholm-Volterra integro-
differential equations of fractional order by Bernoulli wavelets

Elham Keshavarz
Department of Mathematics,
Faculty of Mathematical Sciences,
Alzahra University, Tehran, Iran.
E-mail: keshavarz@alzahra.ac.ir

Yadollah Ordokhani∗
Department of Mathematics,
Faculty of Mathematical Sciences,
Alzahra University, Tehran, Iran.
E-mail: ordokhani@alzahra.ac.ir

Mohsen Razzaghi
Department of Mathematics and Statistics,
Mississippi State University,
Mississippi State, MS 39762.
E-mail: razzaghi@math.msstate.edu

Abstract In this paper, a numerical method for solving a class of nonlinear mixed Fredholm-
Volterra integro-differential equations of fractional order is presented. The method is
based upon Bernoulli wavelets approximations. The operational matrix of fractional
order integration for Bernoulli wavelets is utilized to reduce the solution of the

nonlinear fractional integro-differential equations to system of algebraic equations.
Illustrative examples are included to demonstrate the efficiency and accuracy of the
method.
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1. Introduction

The fractional integro-differential equations (FIDEs) have drawn increasing atten-
tion and interest due to their important applications in science and engineering.

Many mathematical modelings of various physical phenomena contain FIDEs [6, 11,
36]. Generally speaking, the analytical solutions of most FIDEs are not easy to obtain.
Therefore, seeking numerical solutions of these equations becomes more and more
important [18]. Recently, there has been considerable interest in developing numerical
schemes for the solution of FIDEs. These methods include the variational iteration
method [9, 32], homotopy perturbation method [4, 5, 10], Adomian’s decomposition
method [7], homotopy analysis method [8], collocation method [16, 17, 29], CAS
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wavelets [30, 31], second kind Chebyshev wavelets [35], Legendre wavelets [24], SCW
method [33], an operational Jacobi Tau method [25] and hat functions [26]. As is
stated in [30, 31], most of the methods have been utilized in linear problems and a
few number of works have considered nonlinear problems.

In recent years, wavelets have found their way into many different fields of science
and engineering. Many researchers started using various wavelets [1, 2, 12, 15, 21, 28,
34] for analyzing problems of greater computational complexity and proved wavelets
to be powerful tools to explore a new direction in solving dynamic systems. In this
paper, we focus on approximating the solution of a class of nonlinear fractional mixed
Fredholm-Volterra integro-differential equations of the type

Dqf(x)− λ1

∫ 1

0

k1(x, t)[f(t)]
r1dt− λ2

∫ x

0

k2(x, t)[f(t)]
r2dt = g(x), x ∈ [0, 1],

(1.1)

with the the initial conditions

f (i)(0) = δi, i = 0, 1, . . . , n− 1, n− 1 < q ≤ n, n ∈ N, (1.2)

where, g ∈ L2([0, 1]), k1, k2 ∈ L2([0, 1] × [0, 1]) are known functions, f(x) is the un-
known function and Dq is the Caputo fractional derivative of order q. In addition r1
and r2 are positive integers and f (i)(x) stands for the ith-order derivative of f(x).
Our method is based upon Bernoulli wavelets approximation. The Bernoulli wavelets
are first given. We then present the operational matrix of fractional integration for
Bernoulli wavelets by expanding these wavelets into block-pulse functions. This ma-
trix is then utilized to reduce the solution of the Eqs. (1.1) and (1.2) to the solution
of algebraic equations. For approximating an arbitrary time function the advantages
of Bernoulli polynomials over shifted Legendre polynomials are given in [23].

The outline of this paper is as follows: In section 2, we introduce some necessary
definitions and mathematical preliminaries of fractional calculus and the basic for-
mulation of the Bernoulli wavelets. In section 3, we present the Bernoulli wavelets
operational matrix of fractional integration. Section 4 is devoted to the numerical
method for solving problem (1.1)–(1.2), and in section 5 we report our numerical
findings and demonstrate the accuracy of the proposed numerical scheme by consid-
ering five numerical examples.

2. Preliminaries and notations

2.1. The fractional integral and derivative. In this section, we first state some
definitions and basic properties regarding fractional derivatives and integrals.

Definition 2.1. The Riemann-Liouville fractional integral operator of order q is
defined as [27]

Iqf(x) =

{
1

Γ(q)

∫ x

0
f(s)

(x−s)1−q ds, q > 0,

f(x), q = 0.
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Definition 2.2. Caputo’s fractional derivative of order q is defined as [14]

Dqf(x) =

{
1

Γ(n−q)

∫ x

0
f(n)(s)

(x−s)q+1−n ds, n− 1 < q < n, n ∈ N,
f (n)(x), q = n,

where q > 0 is the order of the derivative.
For the Caputo derivative and Riemann-Liouville integral we have the following

two basic properties [19]
DqIqf(x) = f(x),

and

IqDqf(x) = f(x)−
n−1∑
i=0

f (i)(0)
xi

i!
. (2.1)

2.2. Bernoulli wavelets. Bernoulli wavelets ψn,m(x) = ψ(k, n̂,m, x) have four ar-
guments; n̂ = n − 1, n = 1, 2, ..., 2k−1, k can assume any positive integer, m is the
order for Bernoulli polynomials and x is the normalized time. These wavelets are
defined on the interval [0, 1) as [13]

ψn,m(x) =

{
2

k−1
2 β̃m(2k−1x− n̂), n̂

2k−1 ≤ x < n̂+1
2k−1 ,

0, otherwise,

with

β̃m(x) =

 1, m = 0,
1√

(−1)m−1(m!)2

(2m)!
α2m

βm(x), m > 0,

where m = 0, 1, 2, ...,M − 1, n = 1, 2, ..., 2k−1. Here, βm(x) are the well-known
Bernoulli polynomials of order m which can be defined by [3]

βm(x) =
m∑
i=0

(
m
i

)
αm−ix

i,

where αi, i = 0, 1, ...,m are Bernoulli numbers.

2.3. Function approximation. Suppose f(x) ∈ L2[0, 1]. We can expand f(x) in
terms of the Bernoulli wavelets as

f(x) ≃
2k−1∑
n=1

M−1∑
m=0

cnmψnm(x) = CTΨ(x),

where C and Ψ(x) are m′ × 1 (m′ = 2k−1M) vectors given by

C = [c10, c11, . . . , c1M−1, c20, . . . , c2M−1, . . . , c2k−10, . . . , c2k−1,M−1]
T ,

Ψ(x) =

[ψ10(x), ψ11(x), . . . , ψ1M−1(x), ψ20(x), . . . , ψ2M−1(x), . . . , ψ2k−10(x), . . . , ψ2k−1,M−1(x)]
T .

The vector C can be obtained from [13]

ΓT = CTD,
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where

Γ = [f10, f11, . . . , f1M−1, f20, . . . , f2M−1, . . . , f2k−10, . . . , f2k−1M−1]
T ,

with

fij =

∫ 1

0

f(x)ψij(x)dx,

and D = [dijnm] is a matrix of order m′ ×m′ given by

D =

∫ 1

0

Ψ(x)Ψ(x)T dx.

By similar manner, we can approximate the function k(x, t) ∈ L2([0, 1]× [0, 1]) as [22]

k(x, t) ≃ Ψ(x)TKTΨ(t),

where K is an m′ ×m′ matrix given by

K = D−1[

∫ 1

0

K1(s)Ψ(s)ds]D−1,

with

K1(s) =

∫ 1

0

k(s, t)Ψ(t)dt.

3. Bernoulli wavelets operational matrix of fractional integration

In this section, we recall Bernoulli wavelets operational matrix of fractional inte-
gration by first expanding Bernoulli wavelets to block-pulse functions (BPFs) [12].
The set of BPFs over the interval [0,1) is defined as

bi(x) =

{
1, i

m′ ≤ x ≤ i+1
m′ ,

0, otherwise,

where i = 0, 1, 2, . . . ,m′ − 1, with a positive integer value for m′. The disjointness
property is

bi(x)bj(x) =

{
0, i ̸= j,
bi(x), i = j,

(3.1)

and the orthogonality property is∫ 1

0

bi(x)bj(x)dx =

{
0, i ̸= j,
1
m′ , i = j.

(3.2)

From the orthogonality property of BPFs, it is possible to expand functions into their
block-pulse series [30]. Similarly to Chebyshev wavelets [35], Bernoulli wavelets may
be expanded into an m′-term BPFs as

Ψ(x) ≃ ΦB(x), (3.3)

where Φ is an m
′ ×m

′
matrix given by

Φ ,
[
Ψ

(
1

2m′

)
,Ψ

(
3

2m′

)
, . . . ,Ψ

(
2m

′ − 1

2m′

)]
,
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and B(x) , [b0(x), b1(x), . . . , bm′−1(x)]
T . In [20], authors have given the block-pulse

operational matrix of fractional integration F (q) as follows:

IqB(x) ≃ F (q)B(x), (3.4)

where

F (q) =
1

m′q
1

Γ(q + 2)


1 ξ1 ξ2 . . . ξm′−1

0 1 ξ1 . . . ξm′−2

0 0 1 . . . ξm′−3

0 0 0
. . .

...
0 0 0 0 1

 ,
with ξk = (k + 1)q+1 − 2kq+1 + (k − 1)q+1.

Now, let

IqΨ(x) ≃ P (q)Ψ(x), (3.5)

where matrix P (q) is the Bernoulli wavelets operational matrix of fractional integra-
tion. Using Eqs. (3.3) and (3.4) we get

IqΨ(x) ≃ IqΦB(x) = ΦIqB(x) ≃ ΦF (q)B(x). (3.6)

From Eqs. (3.5) and (3.6) we have

P (q)Ψ(x) ≃ P (q)ΦB(x) ≃ ΦF (q)B(x).

Then, the Bernoulli wavelets operational matrix of fractional integration is given by

P (q) = ΦF (q)Φ−1.

In particular, for k = 2, M = 3 and q = 0.5 we get

P (0.5) =
0.528223 0.181881 −0.0297821 0.443844 −0.087099 0.0256378
−0.14516 0.224295 0.132924 0.0798823 −0.0449052 0.0198105
−0.0598166 −0.096441 0.168799 −0.0417244 −0.000185889 0.00286805

0 0 0 0.528223 0.181881 −0.0297821
0 0 0 −0.14516 0.224295 0.132924
0 0 0 −0.0598166 −0.096441 0.168799

 .

4. Solution of the nonlinear fractional mixed Fredholm-Volterra
integro-differential equation

Consider the nonlinear fractional-order integro-differential equation given by Eq.
(1.1). The functions Dqf(x), g(x), k1(x, t) and k2(x, t) may be approximated by the
Bernoulli wavelets as

Dqf(x) ≃ CTΨ(x), (4.1)
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g(x) ≃ GTΨ(x), (4.2)

k1(x, t) ≃ Ψ(x)TKT
1 Ψ(t), (4.3)

k2(x, t) ≃ Ψ(x)TKT
2 Ψ(t). (4.4)

By using Eqs. (2.1), (3.5) and (4.1) we get

f(x) ≃ CTP (q)Ψ(x) +
m−1∑
i=0

f (i)(0)
xi

i!
. (4.5)

Assume that
m−1∑
i=0

f (i)(0)
xi

i!
≃ JTΨ(x),

then we have

f(x) ≃ (CTP (q) + JT )Ψ(x). (4.6)

From Eqs. (3.3) and (4.6) we get

f(x) ≃ (CTP (q) + JT )ΦB(x) = AB(x),

where

A = [a0, a1, . . . , am′−1] = (CTP (q) + JT )Φ.

By using Eq. (3.1) we have

[f(x)]ri ≃ [AB(x)]ri = [a0b0(x) + a1b1(x) + . . .+ am′−1bm′−1(x)]
ri

= ari0 b0(x) + ari1 b1(x) + . . .+ arim′−1bm′−1(x) = AriB(x), i = 1, 2,

(4.7)

where

Ari = [ari0 , a
ri
1 , . . . , a

ri
m′−1].

Using Eqs. (3.2), (3.3), (4.3) and (4.7) we get∫ 1

0
k1(x, t)[f(t)]

r1dt ≃
∫ 1

0
Ψ(x)TKT

1 Ψ(t)B(t)TAT
r1dt ≃

∫ 1

0
Ψ(x)TKT

1 ΦB(t)B(t)TAT
r1dt

= Ψ(x)TKT
1 Φ[

∫ 1

0
B(t)B(t)T dt]AT

r1 = Ψ(x)TKT
1 Φdiag(

1
m′ , . . . ,

1
m′ )A

T
r1

= 1
m′Ψ(x)TKT

1 ΦA
T
r1 .

(4.8)

Also, by using Eqs. (3.3), (3.4), (4.4) and (4.7) we have∫ x

0
k2(x, t)[f(t)]

r2dt ≃
∫ x

0
Ψ(x)TKT

2 Ψ(t)B(t)TAT
r2dt = Ψ(x)TKT

2 Φ[
∫ x

0
B(t)B(t)TAT

r2dt]
= Ψ(x)TKT

2 Φ[
∫ x

0
diag(Ar2)B(t)dt] = Ψ(x)TKT

2 Φdiag(Ar2)
∫ x

0
B(t)dt

≃ Ψ(x)TKT
2 Φdiag(Ar2)F

(1)B(x) ≃ B(x)TΦTKT
2 Φdiag(Ar2)F

(1)B(x)

= B(x)TQB(x) = Q̃TB(x),

(4.9)
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where Q̃ is an m′-vector whose elements are diagonal entries of the following matrix

Q = ΦTKT
2 Φdiag(Ar2)F

(1).

By substituting Eqs. (4.1), (4.2), (4.8) and (4.9) into Eq. (1.1), we obtain

Ψ(x)TC − λ1
1

m′Ψ(x)TKT
1 ΦA

T
r1 − λ2Q̃

TB(x) ≃ Ψ(x)TG.

From Eq. (3.3) we have

B(x)TΦTC − λ1
1

m′B(x)TΦTKT
1 ΦA

T
r1 − λ2B(x)T Q̃ ≃ B(x)TΦTG.

By multiplying both sides of the above equation in B(x) and integrating in the interval
[0, 1], we get

diag( 1
m′ , . . . ,

1
m′ )Φ

TC − λ1

m′ diag(
1
m′ , . . . ,

1
m′ )Φ

TKT
1 ΦA

T
r1

−λ2diag( 1
m′ , . . . ,

1
m′ )Q̃ ≃ diag( 1

m′ , . . . ,
1
m′ )Φ

TG,

or

ΦTC − λ1
m′Φ

TKT
1 ΦA

T
r1 − λ2Q̃ ≃ ΦTG.

These equations give a nonlinear system of algebraic equations which can be solved
for the unknown vector C, using Newton’s iterative method. The initial guesses for
Newton’s iterative method are very important. For this problem, by using Eqs. (1.2)
and (4.5), we choose the initial guesses such that CTP (q)Ψ(0) = 0 or CTP (q)ΦB(0) =
0. Then the approximate solution of Eq. (1.1) can be obtained by Eq. (4.5).

5. Illustrative examples

In this section, five examples are given to demonstrate the applicability and ac-
curacy of our method. Example 1-3 were considered in [31] and [30] by using CAS
wavelets. Example 4 was first considered in [31], it was also studied in [35] by using
Chebyshev wavelets. Example 5 was considered in [24] by applying Legendre wavelets.
For Examples 1-4, we use the root mean -square error (RMSE) to show the accuracy
of two methods. RMSE is defined by

∥em′(x)∥2 =

(∫ 1

0

e2m′(x)dx

) 1
2

≃

(
1

N

N∑
i=0

e2m′(xi)

) 1
2

=

(
1

N

N∑
i=0

(f(xi)− fm′(xi))
2

) 1
2

,

where f(x) and fm′(x) are the exact and approximate solutions, respectively. For all
examples the package of Mathematica version (10.0) has been used to solve the test
problems considered in this paper.
Example 1. Consider the following fractional Fredholm integro-differential equation
[31]

D
5
6 f(x)−

∫ 1

0

xet[f(t)]2dt =
3

Γ(16 )
(2 6
√
x− 432

91

6
√
x13)− x(248e− 674), x ∈ [0, 1),

subject to the initial conditions f(0) = 0. The exact solution of this equation is
f(x) = x− x3. The RMSE for M = 3 with k = 3, 4 and k = 5 of Bernoulli wavelets
and CAS wavelets are shown in Table 1. We can see that as the value of k becomes
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Figure 1. The variation of absolute error for M = 3 with k = 3, 4
and k = 5, for Example 1.
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large, the error obtained by Bernoulli wavelets are less than the error obtained by
CAS wavelets. Also, the variation of absolute error for M = 3 with k = 3, 4 and
k = 5 are given in Figure 1.

Table 1. The RMSE for M = 3 and some k of present method and
CAS wavelets, for Example 1.

Method ∥e12(x)∥2 ∥e24(x)∥2 ∥e48(x)∥2
(M = 3, k = 3) (M = 3, k = 4) (M = 3, k = 5)

CAS wavelets 2.0862× 10−3 6.3440× 10−4 2.5659× 10−4

Bernoulli wavelets 2.48912× 10−6 1.99986× 10−7 4.60097× 10−8

Example 2. Consider the following fractional Volterra integro-differential equation
[30]

Dqf(x)−
∫ x

0

e−t[f(t)]2dt = 1, x ∈ [0, 1],

subject to the initial conditions f(0) = f
′
(0) = f

′′
(0) = f

′′′
(0) = 1. The numerical

results for various q between 3 and 4 are presented in Table 2. In the nonfractional
case, q = 4, the exact solution is f(x) = ex. Table 3 shows the RMSE when q = 4,
for M = 3 with k = 3, 4 and k = 5 of Bernoulli wavelets and CAS wavelets.
Example 3. Consider the following fractional Volterra integro-differential equation
[30]

Dqf(x) +

∫ x

0

[f(t)]2dt = sinh(x) +
1

2
cosh(x)sinh(x)− x

2
, x ∈ [0, 1],
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Table 2. Numerical results for various q between 3 and 4, for Ex-
ample 2.

x q=3.75 q=3.8 q=3.9 q=4 Exact

0 1.00003 1.00003 1.00002 1.00002 1

0.1 1.10518 1.10517 1.10517 1.10517 1.10517

0.2 1.22150 1.22148 1.22144 1.22141 1.22140

0.3 1.35022 1.35013 1.34998 1.34987 1.34986

0.4 1.49286 1.49261 1.4922 1.49187 1.49182

0.5 1.65111 1.65058 1.64967 1.64883 1.64872

0.6 1.82624 1.82524 1.82358 1.82219 1.82212

0.7 2.02086 2.01921 2.01633 2.01367 2.01375

0.8 2.23678 2.2342 2.22961 2.22563 2.22554

0.9 2.47661 2.47275 2.46585 2.45971 2.45960

Table 3. The RMSE when q = 4, for M = 3 and some k of present
method and CAS wavelets, for Example 2.

Method ∥e12(x)∥2 ∥e24(x)∥2 ∥e48(x)∥2
(M = 3, k = 3) (M = 3, k = 4) (M = 3, k = 5)

CAS wavelets 1.697834× 10−6 8.5880067× 10−7 2.859761× 10−8

Bernoulli wavelets 2.07606× 10−8 1.26957× 10−9 7.890× 10−11

subject to the initial conditions f(0) = 0, f
′
(0) = 1. In the nonfractional case q = 2,

the exact solution is f(x) = sinh(x). The comparison of the numerical results for
q = 1.8, 1.9, 1.99 and q = 2 are shown in Figure 2. Table 4 shows the RMSE when
q = 2, for M = 3 with k = 3, 4 and k = 5 of Bernoulli wavelets and CAS wavelets.

Table 4. The RMSE when q = 2, for M = 3 and some k of present
method and CAS wavelets, for Example 3.

Method ∥e12(x)∥2 ∥e24(x)∥2 ∥e48(x)∥2
(M = 3, k = 3) (M = 3, k = 4) (M = 3, k = 5)

CAS wavelets 1.396927× 10−6 1.884591× 10−7 1.94042× 10−8

Bernoulli wavelets 2.01031× 10−7 1.272739× 10−8 7.9803× 10−10

Example 4. Consider the following fractional Fredholm integro-differential equation
[35]

D
5
3 f(x)−

∫ 1

0

(x+ t)2[f(t)]3dt =
6

Γ(13 )
x

1
3 − x2

7
− x

4
− 1

9
, x ∈ [0, 1],

subject to the initial conditions f(0) = f ′(0) = 0. The exact solution of this equation
is f(x) = x2. This example was first considered in [31] by using CAS wavelets, it
was also studied in [35] by using Chebyshev wavelets. The results in [35] have been
shown to be comparable or superior to [31]. Table 5 shows the RMSE for M = 2



172 E. KESHAVARZ, Y. ORDOKHANI, AND M. RAZZAGHI

Figure 2. Comparison of f(x) for M = 3, k = 3,with q =
1.8, 1.9, 1.99, 2 and exact solution, for Example 3.
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with k = 3, 4 and k = 5 of Chebyshev wavelets and Bernoulli wavelets. Also, Figure
3 shows the variation of absolute error for M = 2 with k = 3, 4 and k = 5.

Table 5. The RMSE for M = 2 and some k of Chebyshev wavelets
and present method, for Example 4.

Method ∥e12(x)∥2 ∥e24(x)∥2 ∥e48(x)∥2
(M = 2, k = 3) (M = 2, k = 4) (M = 2, k = 5)

Chebyshev wavelets 3.1863× 10−5 6.1566× 10−6 2.4897× 10−7

Bernoulli wavelets 1.55586× 10−5 1.60654× 10−6 1.00406× 10−7

Example 5. Consider the following fractional mixed Fredholm-Volterra integro-
differential equation [24]

Dq+1f(x) =

∫ x

0

(et + 1)[f(t)]2dt+

∫ 1

0

xt[f(t)]2dt+ g(x), x ∈ [0, 1],

where g(x) = ex − (ex−x−1)3

3 − x( e
2

4 − 2e+ 11
3 ) and f(0) = f ′(0) = 0. The numerical

results for f(x) with M = 3, k = 3 and for q = 0.75, 0.85, 0.95, and q = 1 are
plotted in Figure 4. For q = 1, the exact solution is f(x) = ex − x − 1. It is noted
that as q approaches 1, the numerical solution converges to the analytical solution
f(x) = ex − x − 1. Numerical results for different values of q are shown in Table 6.
From Table 6, we see that as q approaches an integer value the error is reduced, as
expected. Also, In Table 7, the CPU time with M = 2 and for different values of k
using Legendre wavelets and Bernoulli wavelets are listed.

6. Conclusion

This paper proposed a numerical solution for fractional nonlinear mixed Fredholm-
Volterra integro-differential equations by using the operational matrix of the fractional
integration of Bernoulli wavelets. This matrix was used to transform our nonlinear
integro-differential equations to nonlinear system of algebraic equations that can be
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Figure 3. The variation of absolute error for M = 2 with k = 3, 4
and k = 5, for Example 4.
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Table 6. Numerical results for various q, for Example 5.

x q=0.75 q=0.85 q=0.95 q=1 Exact solution

0.1 0.012147 0.008890 0.006478 0.005320 0.005170

0.2 0.040886 0.031925 0.024849 0.021697 0.021402

0.3 0.085874 0.069557 0.056168 0.050215 0.049858

0.4 0.147568 0.122702 0.101752 0.092160 0.091824

0.5 0.227254 0.192749 0.163113 0.149211 0.148721

0.6 0.325282 0.280178 0.240852 0.222817 0.222119

0.7 0.444932 0.388064 0.337983 0.314198 0.313753

0.8 0.587842 0.517963 0.455976 0.426592 0.425541

0.9 0.757957 0.673165 0.597786 0.568149 0.559603

Figure 4. Comparison of f(x) for M = 3, k = 3,with q =
0.75, 0.85, 0.95, 1 and exact solution, for Example 5.
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Table 7. CPU time for M = 2 and with different values of k, for
Example 5.

methods CPU times

Legendre wavelets

k=4 1.152 s
k=5 2.794 s
k=6 9.358 s

Bernoulli wavelets

k=4 0.359 s
k=5 1.029 s
k=6 8.720 s

solved by Newton’s method. Also, as q approaches an integer value, the scheme
provides solutions for the integer-order integro-differential equations. As it is seen
from the numerical examples, the method provides accurate solutions.
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