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Abstract 
In this paper, a new inverse hyperbolic shear deformation theory is proposed, formulated and validated for a variety of numerical 
examples of laminated composite beam for the static responses. The proposed theory based upon shear strain shape function yields 
nonlinear distribution of transverse shear stresses and also satisfies traction free boundary conditions. Principle of virtual work is 
employed to develop the governing differential equations. A Levy type closed form solution methodology is also proposed for cross-
ply simply supported beams which limits applicability. However, it provides accurate solution which is free from any numerical 
/computational error. It is observed that the present theory can be more accurately applied for the modeling of laminated composite 
beams at the same computational cost as that of other shear deformation theories. 
Keywords: hyperbolic shear deformation theory Beam, Laminated Composite, Static Analysis. 
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2� �E ��A �
 	_	?��� �NO :�D

E 6c�� :�D MO	c � ,��� 	��I� u	  �E �:��9�5�� �V��8  	�3

�� H8�0 :��A  

)3(

01
12
11
3ε>> = ∂u�∂x − z ∂+w�∂x+ + f�z� ∂θ>∂x

ε'' = 0
γ>' = − ∂w�∂x + ∂f�z�∂z θ> + ∂w�∂x

 

  

2 -4 -0��&:�� D�-<�3  

���G� :�	E :��
O�2 RE����  ��W 	D :�	E �
9F 	D �E ��W

�� E ����� �E 	�3 V��8 �:��� 2�  

)4(

012
13σ>

σ'
τ>'O1P

1Q
R

=
ST
TT
UQW$$ QW$+ QW$X
QW+$ QW++ QW+X
QW$X QW+X QWXXYZ

ZZ
[
R 012

13 ε>
ε'
γ>'O1P

1Q
R
 

�� �� E ,��� �:A�� 	�3 V��8  

)5(\]^_×$ = abcdef\g^_×$ 
 ��abcdef �� ���	��� 9F � ���� �E �� �A�E U
��2 �� ��W 	D 

 V�{
Y���, �, �� .���� �4
�E  

  

E<��1– +F#G H�>>�� D�(, 0G���I�� /	 J�-(,  

Model 

Kaczkowski[29] 
5�4 81 − 43ℎ+ �+< 

Levinson[29], 
Reddy[30] � 81 − 43ℎ+ �+< 

                                                           

2Strain displacement relations 
3Constitutive relations 
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Levy 
ℎi sin %iℎ �) 

Mantari et al.[32] sin %iℎ �) jk- lmn%opH) + i2ℎ � 

Viola et al.[31] 
2ℎi tan % i2ℎ �) 

Mantari et al.[33] 
tan�s�� − �s sec+ 8sℎ2 < ,		s

= v 15ℎ , i2ℎw 
Aydogdu[35] �j#+%xp)- y�z{-%xp)-

|} ~ � ,			∀	z > 0 

Mantari et al.[33] �2.85+%xp)- + 0.028� 

Viola et al.[31] 

� �ℎi sinh %iℎ �) − �� ,				�
= �1		, 1cosh %�+) − 1� 

Mantari et al.[32] 

sinh %�ℎ) j� lmn(%xp)
− �ℎ �cosh812<
+ s sinh+ 812<� j� lmn(%k-),		s= \−6, −7^ 

Akavci and 
Tanrikulu[37] 

3i2 ℎ tanh %�ℎ) − 3i2 � sec ℎ+ 812< 

Akavci and 
Tanrikulu[37] 

� sech �i �+ℎ+� − � sec ℎ %i4) �1
− i2 tanh %i4)� 

	Q�0 ��� �� sinh#$ %B�ℎ ) + Ω�			,Ω = − 2BB√ℎ+ + 4 

  

2 -5-+�, +� L*�M N$G�3� O-+P&�-1  '- �G� &�- ���#+1� 

��	 �Q-�- 
 3� ���T
2� �E	�� 	E U��0 VW��G� X�	Y
2���	?�  H�A 	��I�

 H8�0 :3�;� ��� H8� :	�_���E �E ��A �B��� :W�E ���	� �A	E

�� :��A  

)6(���� − ���A���� = 0								 
 ����  � :3�;� �5�	� :a	�����A�  :�D�	�� :3�;� ���

�A�E �� �F��O � ��A ��;�� M�� � M�	� ,���� �E �F�� �E .

:3�;�  M�	� :a	��  ���A h�JL� �F��O��E  ��	��  :3�;� ���  

:A�� ,��� �� �� �F��O  

)7(  �� = � ��]AA�gAA + �AH��AH����
��$  

)8(  W�>  = ¡ qδw�dx 
VW��G� :��(4��F �E h�0)3(�)4( ����G� ��)7 (:A�� U�D��O  

                                                           

1Derivation of beam  equations 

)9(

�� = � � ¥bc$$ �¦��¦� − � ¦+��¦�+ + D��� ¦@A¦� �§
R�$ + bc$X �−¦��¦� + ¦¨D���©¦� @A + ¦��¦� �ª

× � ¥¦��¦� − � ¦+��¦�+ + D��� ¦@A¦� ª
+ ¥bc$X �¦��¦� − � ¦+��¦�+ + D��� ¦@A¦� �
+ bcXX �−¦��¦� + ¦D���¦� @A + ¦��¦� �ª
× � ¥−¦��¦� + ¦D���¦� @A + ¦��¦� ª �� 

h�	4
���E h�0 6� 3� :	�_ MYE 6� �NE�� :�D :)9(  ���T
2� �E �

V�	��I� v��0 �2�2� H8� 3�2 h�	4
�� -
 	_	?� �� �E �  RE��� :�D

)10(  �)11(  ,���� `�0	E U��0 �[m�� :�	E :3�;� ��� H8�

 �NE�� �� ��A ���� ,�5� V��8 �E ��A ��9�5�� ���;E�F)12 (

H8�0 �� :��A  

)10(

aA¬B¬D¬E¬F¬H¬f
= ¡ aQW ¬�R�f³1	, z	, z+	, g�z�	, zg�z�	, g+�z�µdz¶-

#¶-
 

										i, j = 1,6 
  

)11(

aK¬L¬O¬P¬f
= ¡ aQW ¬�R�fag¼�z�				zg¼�z�g¼-�z�				g�z�g¼�z�fdz¶-

#¶-
µ 

i, j = 1,6 
 

)12(

� ¡ ½¥−A$$ ∂+u�∂x+ + B$$ ∂_w�∂x_ − E$$ ∂+θ>∂x+ − B$$Ω ∂+θ>∂x+
�

��$ + A$X ∂+w�∂x+ − K$X ∂θ>∂x − A$XΩ ∂θ>∂x− A$X ∂+w�∂x+ ª δu� 		
+ ¥B$$ ∂_u�∂x_ + D$$ ∂/w�∂x/ − F$$ ∂_θ>∂x_
− D11 ∂_θ>∂x_ + B$X ∂_w�∂x_ − L$X ∂+θ>∂x+
− B$XΩ ∂+θ>∂x+ − B$X ∂_w�∂x_
− qª δw�¾ dx 

                                                           

2Calculus of variations 
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�Q
�

 
�:

��	
2�

 
n

���
 

:
�J

>�
 � 

:
�9

��
J>

�
 

:
	�

O
 

��O�
 

+ � ¥−E$$ ∂+u�∂x+ − B$$Ω ∂+u�∂x+ + F$$ ∂_w�∂x_ + D$$Ω ∂_w�∂x_
§

R�$ − H$$ ∂+θ>∂x+ − F$$2Ω ∂+θ>∂x+
− D$$Ω+ ∂+θ>∂x+ + E$X ∂+w�∂x+
+ B$XΩ ∂+w�∂x+ − P$X ∂θ>∂x − E$XΩ ∂θ>∂x− L$XΩ ∂θ>∂x − B$XΩ+ ∂θ>∂x − E$X ∂+w�∂x+
− B$XΩ ∂+w�∂x+ + K$X ∂u�∂x + A$XΩ ∂u�∂x− L$X ∂+w�∂x+ − B$XΩ ∂+w�∂x+ + P$X ∂θ>∂x+ E$XΩ ∂θ>∂x + L$XΩ ∂θ>∂x + B$XΩ+ ∂θ>∂x− KXX ∂w�∂x − AXXΩ ∂w�∂x + OXXθ>
+ 2ΩKXXθ> + AXXΩ+θ> + KXX ∂w�∂x+ AXXΩ ∂w�∂x ª δθ> = 0 

���2 �E  VW��G� :3�2)12( :A�� U�D��O  

��W ��c -
 	_ 	?� �� �E E �D � V��8¿BÀÁÁ − ÂÃ� �

�_|�� ��W ��c K�� -�� �E �
�E�� �
T2 :�D  ,�A 	T8 eL�E �D

�� �[� H����	T�� VW��G� �� E��i 3� �O	E :��A  

)14(Ä$X = Å$X = Æ$X = �$X = 0 

  

 V�	��I� v��0 �2�2� H8� �E �F�� �E h�0��W ��c -
 	_	?� �� �  �D

E � V��8¿BÀÁÁ − ÂÃ�  �
�3�C��� 	�� :�	E U��0 H����	T�� VW��G� �

 �E��	?� E ��A �B��� :W�E ���	� ��� H8�0 	�3 V��8 :��A  

)15(  � ¥−A$$ ∂+u�∂x+ + B$$ ∂_w�∂x_ − �E$$ + B$$Ω� ∂+θ>∂x+ ª§
��$ = 0 

)16(  � ¥D$$ ∂/w�∂x/ − B$$ ∂_u�∂x_ − �F$$ + ΩD$$� ∂_θ>∂x_ − qª§
R�$ = 0 

)17(  �³�F$$ + ΩD$$�∂_w�∂x_ − �E$$ + B$$Ω�∂+u�∂x+
§

R�$	−�H$$ + 2ΩF$$ + D$$Ω+� ¦+@A¦�+�OXX + 2ΩKXX + AXXΩ+�θ>µ = 0

 

�b�  VW��G� �� �1L  	D f��O 7JF 	^�O �E (7JF)�J4�2

 H��� �E �����L �E � ��W-
 	_ 	?� �� �_|�� K�J;�  �
T2 :�D

.2� ��A ���T
2� ��W 	D �E �
�E��  

  

3 - L*�M N$G�3� /M1 �G�� ��R ��, �� +�, 0-+� 

VW��G� h�� /� H��� �E :�� H0 �:��9�5�� �Q���2  :�	E ��

 ��W��c �
�3�C��� 	��¿BÀÁÁ − ÂÃ� 	?� �� 	�3 V��8 �E

�� E �U�	�_ �v��F �����^  :��9�5�� :�D �� :�� 	�� :3	� R��	A

���� ���2 ��_3 ��b�8 �� .����  

� �� 	�� 	E ��A h�JL� �Q	L ��E  �:�� H0 �E �F�� �E �� �A�E

 ����  :	2 V��8 �E �� �Q	L ��E�
 	_ 	?� �� �2���2 U�� �E .

U��0 H����	T�� VW��G� �� ����  :�D :	2 -�� :��(4��F)15(  ��

)17( F VW��G� ��4
2� 6� �E �E  :	� �RE��� V��8 )19( 

�� �,� H0 �E �� U�2�  H��A �[m�� VW�9;��� �	����� 

��� ��2�> ���A:  

)19(

01
12
11
3Å$$��z+ − Æ$$��z_+�Ç$$ + ΩÆ$$���z+ = 0È$$��z/ − Æ$$��z_−��$$ + ΩÈ$$���z_ = ��³−��$$ + ΩÈ$$���z_ + �Ç$$ + ΩÆ$$���z++�É$$ + 2Ω�$$ + È$$Ω+���z++�ÊXX + 2ΩÄXX + ÅXXΩ+���µ = 0

 

�� h�0  VW��G� ,���)19(  E ���	��� z	  �E �� �:A�� 	�3 V��8  ³RWµ_×_\∆^_×$ = \q^_×$ 

 ��\∆^ = \uÍ wÍ xÍ^Î �\q^ = \0 �� 0^Ï  n�	��� � ³Ðcµ E � � ������� f��O 3� �
E�i :�D	
����� H��A �̀�	Q n�	��� ,���L

��W �2��D �� �D .�A�E  

  
  

                                                           

1Solution methodology 
2Levy's  solution 
3Simply supported boundary condition 

)13(

� ¡ ½¥−Å$$ ¦+��¦�+ + Æ$$ ¦_��¦�_ − �Ç$$ + ΩÆ$$� ¦+@A¦�+
�

��$ − �Ä$X + ΩÅ$X� ¦@A¦� ª ���
+ ¥−Æ$$ ¦_��¦�_ + È$$ ¦/��¦�/
− ��$$ + ΩÈ$$� ¦_@A¦�_
− ��$X + ΩÆ$X� ¦+@A¦�+ − �ª ���
+ ¥��$$ + ΩÈ$$� ¦_��¦�_
− �Ç$$ + ΩÆ$$�¦+��¦�+
+ ��$$ + ΩÈ$� ¦_��¦�_
+ �−É$$ − 2Ω�$$ − È$$Ω+� ¦+@A¦�++ �Ä$X + ΩÅ$X� ¦��¦�+ �−�$X − ΩÆ$X� ¦+��¦�+
+ �ÊXX + 2ΩÄXX + Ω+ÅXX�ª@A	��¾
= 0 

)18(

u� = � uÍ cos�αx�Ò
Í�$  

w� = � wÍ sin�αx�Ò
Í�$  

θ = � xÍ cos�αx�Ò
Í�$  

q = � qÍ sin�αx�Ò
Í�$  

α = mπL  
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4 -���� S�! < 0G�T U#�&�  

E ~��
� �:��L h�Z� 6� 	�} �E MYE -�� �� � 3� ���� 2�

E ~��
� �E �� ��A ,��E �[�[>� '�� �H0 3� ���� 2�  � :��L :�D

�� ��	/ �2�	E ���� ,� /� � ����=� �[�/ :�D��� .�	�_  

 ��W ��c �
�3�C��� 	�� �	Q�0 ��� �E��3�� � /� V��i� :�	E¿BÀÁÁ − ÂÃ�  ,��=
�³0°/90°/0°µ ,��=
�	�P �  ³0°/90°µ ���� �E O����� ��E >� �� �� 	?� �� ���2 ��_  .U�	�_

��W �JD  6���	����� ,���� ���� 3� � ���E ,���� ��YQ :���� �D

��A �
O�2  .��� :��� :�D �_|�� 	�3 V��8 �E ��W 	D �2��D �

�� :��A�E  E$ E+⁄ = 25,			G$+ = 0.5E+,				υ$+ = υ+$ = 0.25,						 q = 200 � ss⁄  L = 90mm,					h = 10mm,								b = 1mm 
�E V����L ��
0�� :�	E  �>T8 �� M�� �UB�/ H�A 	��I� :�	E �GE

E �Q	L �A	E M�� � �:2� ��A �
 	_ 	?� �� 	�3 V��8  

wW = 100wbE+h_qL/ σ>ccc = bh+qL+ σ> 

τ>'cccc = bhqL τ>' 

�� UB�/ H�A 	��I� 	Z���0 ��� :�	E 	� ℎ⁄:��  �E g[
Y�

 �� � ��A ����=� 	4�� -�==>� :�D��� ~��
�h��F :�D 2�3  ,�5�

���� ��A �E 2�  ����=����� :�D �� �;�
� ��F��  M��. � �E ��A

 � 	�� ��YQ :	PW ��� �,�A	
5�E  	�� �� '	E V�	i�

,��=
�³0°/90°/0°µ ,��=
��� ��0 �E ���³0°/90°µ  H��� �E �

 -�� �� ��A �B��� �����E	C�D ���G� 7E����	?�  �E �� '	E V�	i� ��

 	?� �� :	
5�E /��� �	�_  �� UB�/ H�A 	��I� 	Z���0 p1
O� �

 	��2 �E ,��=
� ��0��	?�  .2� 	
5�E ,��=
��� ��0 �E ��� �D

�=
��� � ,��=
� �
�3�C��� 	�� UB�/ H�A 	��I� 	Z���0 :�3� �E ,�

��� U� :	PW ��� �� W�E ���	������ :�D��/ℎ = 5�  ��

h��F  :�D4  �5 �� ���� k1��� .2� ��A ���� ,�5�  �c	D �� ��A

�� M��. � �Q	L �E ���^ �
���
2W� h��� ���  H��� �E �E��

 O����� ��E >� 	�� .�O 	Z���0 ��
�3�C��� 	�� �
T2 M��. �

�� MD�� JD .�E���� ���� -��S  �� ��A��	?�  :�	E ��A �B���

��� :�3� �E U� :	PW ��� h��� :�D  g[
Y� �
���
2W� :�D

<�/� `�	=�  ,�5� 	�� UB�/ H�A 	��I� 	Z���0 3� �� :	�

�� .�D�H�A2 :�3� �E �� 	�� UB�/ H�A 	��I� �� ℎ⁄ :��  g[
Y�

�� ,�5�  ��D�5� ��Q� �E .�D��� ��A ��� �c	D �� � ℎ⁄ 

�� M��. � U�YQ H��� �E ��E��  �E ,� UB�/ H�A 	��I� �	�� ,�A 	�

 MD�� �E�i O����� ��E :�3��� ��E��=
� H��� �E -��SJD . ,�

���� R��	A K�� � :��(_��E ,��E �� ���� �D�_  	D :�3� �E �� ��A

 3� �D��Y�� ���� ℎ⁄  b�T�� 	�� ����� �N=� �� H�A 	��I� 	Z���0�

�� .�
 �  

  

  

  

E<��2 -  �&#'()��* +�, LQ�V /	 +��4, +W*-�M$��%�# [0/90/0]  S�,S:-(�# ���  

Theory 

Simply-supported beam
CBT

FOBT

HOBT

 
  

E<��3– 4, +W*-�M+��  �&#'()��* +�, LQ�V /	$��%�# [0/90] S:-(�# ��� S�,  

Theory 

Simply-supported beam 
CBT 

 
FOBT 

 
HOBT 

 
 
 
 
 4.796 3.697 3.434
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�Q
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��	
2�

 
n

���
 

:
�J

>�
 � 

:
�9

��
J>

�
 

:
	�

O
 

��O�
 

E<��4 -  	�� UB�/ H�A 	��I� 	Z���0 �
�3�C���,��=
� ³0°/90°/0°µ  �E��� :�3� h��� :�D  :�D

�
���
2W� g[
Y� :  :�	E�/ℎ = 5 
CBT FSDT HOBT �ÍÜ>  Ç$/Ç+ 

0.8309 3.6881 3.7081 3.7370 10 
0.6952 2.1731 2.6221 2.6731 20 
0.5735 2.2502 2.2837 2.3101 30 
0.4467 2.0134 2.0674 2.1228 40 

  

E<��5 - +�, LQ�V /	 +��4, +W*-�M  B��>&� �&#'()��*³Ý°/ÞÝ°µ S@X� 0-'- ��  0�6

E<�� �&�X�&�$- 0�6 Y�&P� 0ß////à = á  

CBT FSDT HOBT �ÍÜ>  Ç$/Ç+ 
5.2031 7.1034 6.6914 6.7203 10 
4.0478 5.5204 5.0631 5.1203 20 
3.0198 4.8103 4.3441 4.3897 30 
2.5368 4.0213 3.8263 3.8765 40 

  

  
/	2 – +��4, /	 LQ�V +�, �� 0-'-L/h 0�6 Y�&P�  

  

  
  

 /	3- E<�� S@X� 0-+� S:-(�# +�, L#�V /	 +��4, 

�&�X�&�$- Y�&P� 0�6  

  

H�A3  :�3� �E �� O����� ��E >� 	�� UB�/ H�A 	��I�

��� �D: �� ,�5� g[
Y� �Q	L �E ���^ �
���
2W� h���  .�D�

,�JD ��^: �� ���J� 3� �HE�/ ��D�5�  ��� M��. � :�3� �E 2�

h���  UB�/ H�A 	��I� 	�� ��
T2 M��. � H��� �E ��
���
2W� :�D

�� �E	;� O����� ��E >� �� :	
J� .���  

:�	E 	�� ��YQ :�
2�� �� �Q	L �A	E M�� 7�3��� ℎ⁄ = 5  ����=� �E�2V	� ��	?� H�A �� �D  :�D4  �5  ��A ���� ,�5�

.2�  

��
� ~��	?� �ÊÆâ  �
E�i ���=� ��W 	D �� �Q	L �A	E M�� :�	E

�� H�A �E �F�� �E �� �A�E  :�D4  �5  �E��3�� ���	?�  �E ��A �B���

H�[>� 	��2 �� ��D�5� �D  �� ��A��	?�  �E ��A �B��� :W�E ���	�

 �����E	C�D 7E�� 6� ���G� z	  �E �[�A 7E�� -
 	_ 	?� �� 	^�O

_ 	?� �� � E�i -
 	F �E ,���L  `�	Q� 	�� :�	E �� �=�/� `�	=�

W��c�� �� ,�5� E .�D� �H�A �E �F�� �E �����^  :�D4  �5 ���5�E 

��W �� 2�� �Q	L �A	E M�� �� b�T�� 	�� ����� : .�
 �  

  

  
/	4 - J#'(, C�, �	+� �7+T �G �&#'()��*+�, B��>&�[0/90/0] 
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