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Abstract  
Vibrational behavior of nanotubes is investigated in different papers based on different theories which our investigation shows that 
there is big difference in their results. So, in this paper, vibrational behavior of nanotubes is analyzed using Euler, Timoshenko beam 
theories and Sanders first order shear deformation shell theory. In order to considering effect of scale, nonlocal elasticity theory is 
combined with these three geometrical theories who are exactly solved for six combinations of classical boundary conditions. 
Results are compared with references and molecular dynamics results and validity and accuracy of presented methods are approved. 
It is approved that nonlocal Sanders first order shear deformation theory has the best accuracy and needs the lower scale parameter to 
predict natural frequencies.  
Keywords: Nanotube vibrations, nonlocal elasticity, Sanders theory, Timoshenko theory, Euler theory.  
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,� �B 7<	���	D�  � ���9�M�� �	3���

) O��[ �� � ��9 ��,�S� ,�B O�� ���	� <���,5 .,� ��9 �_��� (

 	P� �,�	B /���� �� ��9 �_��� o3
J� ���A� 	
����� �� 7�	B E��
�

�q��M? .�9�B 2?�	  E��
� 	B ���A� 	
����� ��9 ���9� Q�� @�B �� ����

 ���M� �� �3S� 	�R 	
����� U��Q �C��	9  '�� 	B 7	
6�B 	�P�� 7<	�

 /���4 �B .���M� �� �8B�[ 	
6�B �� u���	  	���A� � ,���� <���,

 	B �3S� 	�R 	
����� 	P� 	
.B �a	? :�� ��D�� �B � ����A� L�	^�

 E��
���	D��R 	
����� 	���A� ����(� 7�?/��M? 7�	B <��� ���� �3S�	 -

���9 E��
� �B �
���
,@� E��
� 7<�,) O���[ �� ������� 7<�,6 � (

)7) O���[ �� .,� ��9 �_��� (6) � (7 �0��} u���	  	���A� (

>�������) ��B	� 7�?5�5) �  (10�10O�} �B ( �B �� o3
J� 7�?

���9 <� ���F
,� ����� ,�B ������� -������ 7<�,.,� ��9 �_���  

���9 ��D�� �B .,� ��9 ���F
,� ucM� ��Q � e	� <� ������� 7<�,

���9 X����
� ZB�� <� ���F
,� �B � L��3� 	F1 �B -��Q� 7��� �� 7<�,

 ��D�� �B .,� ��9 e�8�� �? 2�� U^	a 	P� L
 	H 	D� �� �B �B	��

��^ 7z	�� XI��G �B O�� >������� s�S1 E��
� �B /��,�  .,� ���,�

���	�H 7<	� W	9 �B >������� - ���	�H �  ���	�H–���9 ��<� � ��9 7<�,

2�� o��� �� �7<�, ��A� ��D�� �B .��� ��9 B�P >������� 7�.
�� 7�?

���9 e�8�� <� X�I���M� ���M� ��9�0��� 7<�, �� e�8�� LMY �?

��A� L�� <� � ��9 y�	J
,� �.�� ������� =��1�\^ U6� �� 	���	D� 

 �B �����Q � 7�	�� -� U6� �� e�8�� .[ �B .,� ��9 ���F
,� �?

 �� ��9 7���	B ���� 	r��
� O�} 	��]� � ��9 O�M4� �������� 7�.
��

 	
����� ���,��9 �B 	8��Eh  u���	  y�	J
,� .[ �B .��	H ��

�B�[ O�M4� �B >������� ��0��}2�� <� o��� -� �B �Y	4 ���[�? 7

�B�[ 	���A� � ��9 -�	S� �/� 7<�, �?� � �����2�� <� 7���0� ���[ -

 <� ����  X���� L
 	H �B ���.� �� .,� ��9 �	�^~ ��6� -�	S� 7�?

�B�[ E��
�) O���[ �� � ���� ,�B �0��} u���	  	���A� ����[6 � (

)77<�, ���9 ���M� .,� ��9 �_��� ( ����< e�H �B �?1 ���P �
M  �

 �, <� ���F
,� �B >��� ���� �0��} u���	  	���A� .,� �
 	H e�8��

��	D� ) O���[ �� � ���� ,�B Q�� <���, � ���9�M�� �	3���6) � (7( 

 	? �B 	r��
� �3S� 	�R 	
����� 	���A� .,� ��9 �_�����	D�  �� Q��

-��Q� �B 	8�����9 E��
� �B !,�� L�	�9 ������� -������ 7<�, ���

 �_��� O��[ �� � ��9 pJ6� 7<�, ���.B 2
���5�� -� <� ���F
,� �B

) O���[ .,� ��96) � (7�� /�6� ( �� ��?���	D� <���,  
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 =;��2- �. L��D-M ��1�2��+.K � LMN OPQ
RSTU.W	  H��. -�) (���

 N�-� K1��� �.-B�7 (�	(��) ; -�1;, -�) O;� �, ���P]19[  

R � XU × ZU[‚ 	\ � U. X‚ 	P � Z. M � ZU;	]^ � W/[. 

L/h µ  
	3���   

 Z[	�]19[  

	3���  

	Y�G '��  

���9�M�� 

 Z[	�]19[  

���9�M��  

	Y�G '�� 

100  

0  9٫8696 9٫86960 9٫8683 9٫86793 

2  9٫0195 9٫01948 9٫0183 9٫01795 

5  8٫0761 8٫07606 8٫0750 8٫07470 

20  

0  9٫8696 9٫86960 9٫8381 9٫83808 

2  9٫0195 9٫01948 8٫9907 8٫99067 

5  8٫0761 8٫07606 8٫0503 8٫05027 

  

3S� 	�R 	
����� ���A� L�	
M����9 E��
� �B /��,� 7�	B �� � -

) O��[ �� O��� /���4 �B .���� <��� 7<�,6 �;
^� �1�� /�Q�� (

u���	  <� ��9 y�	J
,� 7�?��	D�  ����B �3S� 	�R 	3���2  �1��

 E��
� <� 	r��
� ���� ,�B �1�� �B -��Q� ���A� L�� �� ���� ,�B

�� ,� /� �[�� XB�I �
�� ��� .,� <���, '��  ���A� 	
����� ���A�

 �	3��� '�� 7�	B ���� ,�Bnm059/1  	
H�QB 	�� >��� ���� 	qI <�

 XB�A� � .,���	D�  O��I XB�I ���A� <���,nm19/0  ���M� �_��� ��

 �?�� �B �[�� �B .,���	D� -a�� �3S� 	�R 	�R 	
����� /��B 	�

,��? <� �qA� 	? E��
� 	
M� �5
�B�� 7��0� �B �3S� ����M? W�A� �B �

 �B �>������� 	qI <� 	
H�QB �3S� 	�R 	
����� y�	J
,� L��	B��B .,�

 7<�, O�� '�� I� /���� � �� <� ���G �	3��� '�� O��� /���4

) O���[ E��
� L��	B��B . ,�6) � (7 �� ,� /� <� ���G (��	D� 

 ����,�S� 7�q^ 	P� �� ��9 �_��� T�I� XG ���� ��  <���, �� ��

�� 	
M� ���A� 	
����� >�J
�� �B ��� �� ��,��� ����B !,�� ����M�

 	��,��	D� .,���� �?  
  

4 - �����<-�T  

      �b, Vb��	� <� ���F
b,� �bB >������b� ��<� =�9�0��� �T�AS� L�� ��

��	D�   �bB �9	B O�� ���	� <���, � ���9�M�� �	3��� �b�	D�   �
�b��
,@�

H ��	I �,�	B ���� �3S� 	�R     Tb�I� '�� -b� <� ���bB L�b��� 7�	B . 	

 	? 7�	B �3S� 	�R O�� ���	� �
,�� =@��0� XG 7�	B6   Lb�M� V��	�

 <�C��	9     	��b, E��b
� �bB '�� �, 	? E��
� .�9 ���F
,� -�,;� 7<	�

'�� S1 � �9 ����A� Z[�	� �� �9 pJ6� .���	H ����� �? �b�	D� 

 Tb�I� O�� ���	� <���, �
,��  !b,�� L�	b�   L��NM?.b,���� �� �b�	D� 

    .b,���� �b3S� 	b�R 	
����� <� �� 7	�(�	�P�� L�	
6�B O�� ���	� �
,��

���9 E��
� �B '�� �, 	? E��
� ����A� LMY L��NM?   -b������ 7<�b,

 �� ���	H pJ6� ���������	D�     	b�R 	
����b� ���bA� O�� ���	� �
,��

'�� 	��, �B ��� �� 7	
M� �3S����� <��� �? .  

  

  

 =;��3- L��D-M ��1�2� �, ���P H��. �+�>U <�9�1-:� ) N�,-� �. -B�7 <�9n=m=1��) �. ��.-D '(�)(��� <,-. (����9 �5 �5�� ��T <�9  

X��A�(ρh=0.7718×10-6, Eh=360J/m2, ν=0.2 ) 

L/R  
 n�09

)nm(  

) u���	 Hz(  

 Z[	�]22[ 

X��� :<�� �
,��  

 Z[	�]20[ 

 :<�� �
,��

�H;   

 Z[	�]21[  

 � �@ :<�� �
,��

7��4 XG  

	Y�G '�� 

<���,  

	Y�G '�� 

���9�M��  

	Y�G '�� 

	3���  

0٫5  0٫65 8٫16×1012 8٫2028×1012 8٫2334×1012 7٫8630×1012 1٫93×1013 1٫47×1014 

5    1٫04×1012 1٫0427×1012 1٫0427×1012 1٫0433×1012 1٫13×1012 1٫47×1012 

50    1٫47×1010 1٫4691×1010 1٫4691×1010 1٫4705×1010 1٫47×1010 1٫47×1010 

0٫5  5  6٫78×1011 6٫7789×1011 6٫7789×1011 6٫7780×1011 2٫51×1012 1٫91×1013 

5    1٫30×1011 1٫3543×1011 1٫3544×1011 1٫3544×1011 1٫47×1011 1٫91×1011 

50    1٫91×109 1٫909×109 1٫9091×109 1٫9091×109 1٫91×109 1٫91×109 

  

=;��4 -L��D-M ��1�2� �, ���P H��. �+�>U <�9�1-:�  N�-� �. �	-. =;, �>)-� �����]21[ ) ��.-D '(�)(��� <,-.8  ;8 �. (Y1,-	  <�-�

�5��-�5��  

 )P` � U. aaZb × ZUc[;	R` � X[UdeN 	;	\ � U. N(  

nm2/0=µ  nm0/0=µ    

 u���	 Cut-off e��   u���	 Cut-off O��   u���	 Cut-off e��   u���	 Cut-off O��    

 Z[	�]20[  

:<�� �
,�� 
	Y�G  

 Z[	�]20[  

:<�� �
,�� 
	Y�G  

 Z[	�]20[  

:<�� �
,�� 
	Y�G  

 Z[	�]20[  

:<�� �
,�� 
	Y�G  

'��  

m 

0/000 0/000 0/000 0/000 0/000 0/000 0/000 0/000 0 

128/044 128/501 0/000 0/000 136/495 136/956 0/000 0/00 1 

219/597 220/463 16/3591 16/313 272/989 273/911 20/342 20/267 2 

274/388 275/558 38/073 38/434 409/484 410/866 56/850 57/307 3 

306/094 307/467 60/085 61/662 545/977 547/821 107/251 109/865 4 

325/035 326/539 80/911 84/718 682/470 684/776 170/032 177/660 5 

44/0  98/5  33/0      74/5  
 �1�� L�5����

�;
^�  
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=;��5– ) =;, �+�>U L��D-M *,-��Z)GHz(  �� -9 <,-.��1-:  �5Y1,-	  ��"� -�/ -��,��� -��Z) -0, �5 X��A� <�-�)ρh=0.7718×10-6, 

Eh=360J/m2, ν=0.2(  

�3S� 	�R 	
�����  nm0/0=µ  nm0/1=µ  

'��/7<	� W	9  	Y�G '��- 	3���  	Y�G '��- ���9�M��  	Y�G '��-  

<���,  

	Y�G '��- 	3���  	Y�G '��- ���9�M��  	Y�G '��-  

<���,  

���	�H-���	�H  13/160  79/120  10/108  29/159  20/120  18/103  

���	�H-���,  35/110  92/91  40/85  81/109  48/91  52/81  

���,-���,  64/70  86/64  95/62  34/70  59/64  15/60  

���	�H-��<�  16/25  11/24  4/23  18/25  10/24  45/22  

���,-��<�  34/110  16/97  94/93  81/109  65/96  67/89  

��<�-��<�  13/160  57/137  29/131  29/159  71/134  18/125  

    
o��  >  

 6	4 - �� <,-. ��"� -�/ -��,��� [1,\M, �. ��.-D '(�)(��� �1 �+�>U L��D-M *,-��Z) ��1�2��1-:�  .�	-. =;, �>)-� ����� ; (�	(��) 
-�1;,

�,5-�T (X],-�5�� (' 
�,5-�T-�5��  

 
 =;��6-L��D-M <,-. ^���� 8��2� -��,��� ) ��.-D �](](��� =;, �+�>U5;5�,5-�T (-) �,5-�TTHzO;� K1��� ��1�2� �_�,(. ( �. -B�7 <�9

H>�� <,-. �](](� �����15 <��� ��>	 K1���) *;�#�� <-:�� <�9ρh=0.7718×10-6, kg/m2, Eh=325J/m2, ν=0.2( 

 ���

 7	D��

)L/R(  

 ���9

 7<�,

 �������

)MD(  

	Y�G '�� 

L-EBT  
nm0/0=µ  

Diff 
(%)  

	Y�G '�� 

NL-EBT  
nm059/1=µ  

Diff 
(%)  

	Y�G '�� 

L-TBT  
nm0/0=µ  

Diff 
(%)  

	Y�G '��  

NL-TBT  
nm705/0=µ  

Diff 
(%)  

	Y�G '�� 

L-FSDT  
nm0/0=µ  

Diff 
(%)  

	Y�G '�� 

NL-FSDT  
nm190/0=µ 

Diff 
(%)  

72/9  1٫06812  5987/1  6/49  0716/1  3/0  12040/1  5/17  90832/0  6/4  0800/1  1/1  0720/1  36/0  

34/13  0٫64697 84877/0  1/31  66415/0  6/2  67034/0  5/9  59061/0  4/3  6320/0  3/2  6317/0  4/2  

94/16  0٫43335 52625/0  4/21  44804/0  3/3  44154/0  6/6  40632/0  8/1  4188/0  4/3  4186/0  5/3  

 �1�� L�5����

�;
^�  
  0/34   0/2   2/11   2/3   2/2   0/2  

  

 =;��7-��� 8��2� -��,���) ��.-D �](](��� =;, �+�>U L��D-M <,-. ^�10;10) �,5-�T -�1 (THzO;� K1��� ��1�2� �_�,(. ( K1��� �. -B�7 <�9

H>�� <,-. �](](� �����15 <��� ��>	) *;�#�� <-:�� <�9ρh=0.7718×10-6, kg/m2, Eh=325J/m2, ν=0.2( 

 ���

 7	D��

)L/R(  

 7<�, ���9

 �������

)MD(  

	Y�G '�� 

L-EBT  
nm0/0=µ  

Diff 
(%)  

	Y�G '�� 

NL-
EBT  

nm3/0=µ  

Diff 
(%)  

	Y�G '�� 

L-TBT  
nm0/0=µ  

Diff 
(%)  

	Y�G '��  

NL-
TBT  

nm3/0=µ  

Diff 
(%)  

	Y�G '�� 

L-FSDT  
nm0/0=µ  

Diff 
(%)  

	Y�G '�� 

NL-FSDT  
nm115/0=µ 

Diff 
(%)  

89/4  4148/0  50215/0  0/21  50393/0  4/21  4887/0  1/15  4881/0  0/15  4549/0  8/8  4168/0  47/0  

07/10  1135/0  12841/0  1/13  12851/0  2/13  1238/0  3/8  1239/0  3/8  1202/0  5/5  1156/0  8/1  

05/15  05133/0  05301/0  2/3  05303/0  3/3  05344/0  7/5  05446/0  7/5  05267/0  5/2  0507/0  2/1  

�;
^� �1�� L�5����    4/12   6/12   7/9   6/9   6/5   1/1  
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