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Abstract 
In this paper a composite plate with cross-ply lamination subjected to bending moment is analyzed and the 3D stress state in the 
plate is investigated. The interlaminar stresses in composite plates may lead to delamination of composite plies near the edges. An 
appropriate displacement field is employed for the cross-ply plate in which the global and local response of the plate to the loading is 
separated. The layerwise theory (LWT) is employed for formulation of the problem. The governing equations of the plate include 
several coupled differential equations which are related to the global and local equilibrium equations of the plate. The governing 
equations are solved and the displacement field in the plate is obtained. In order to increase the accuracy, 3 approch is used for 
calculation of the interlaminar stresses in the plate. A finite element solution is used to verify the results of the LWT and it is seen 
that the prediction of LWT is in good agreement by the finite element analysis. In the numerical results, the interlaminar stress state 
in the cross-ply composite platewhich is subjected to bending load is studied. 
Keywords: Composite plate, Cross-ply lamination, Interlaminar stresses, Bending load, Layer-wise theory. 
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 � V��e=; ��DO��5 �; 9��\ 9 � X��
� �� 1� ��3 ��1�<�

.1� ���� 1��� �� �a�6	� K���FI ,��� ��	? �6 T�G�-
��  9�;

 @��) S6��� .�13 ( ��)9 �( �� 4�� �8O�� T��8� K5��8�	J��� 
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 �� 4�  K5��8� :��33(N+1) .1� ����8� K5��8� V��e=;

) �Y6�� �� �� 4�� �P� T��8�81� ���� (. �6 K��B  	�. H�G 	6

 ���-6�I Z6���.1� ,��6 :6�?  
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�� �JGL�  ���8� �� ��33(N+1)  � :����	M�� ����8�3  ����8�

 ����� 	6 N��G S6��� ,���\ �6 ���	/
��1� �6 �� .���  

  

3 - L4�> H50�+� (>  

9�	�� �� N��� |	  	+� ,�=� � �I��> 9�;  g�P8� 4�� 	6 �����

 ��;�*� K��B V�� �� 1��� ��3  :��3 K5��8� V�� ��3(N+1) 

 � T�2-� Z6��3 ) �Y6�� �� ?� �6 .1� T�2-� 6�l16 �JGL� (

�� ��3 ) �Y6�� g�1 � g�� ����8� ��16 ( 9����KL=I Vk  �Wk 

�� �3�6  ��� :��� 	/��=; �6 ) �Y6�� T�� ����8� �� ���G�� ��3�616 (

KL=I 9���� S_  Uk  � 1� �(� .��� :��� 	/�� ����8� �� �6

 g�1 � g�� ����8��Y6�� )16 ���6 (�6 K��B  ,��F=; � 	J� �� �6 ��	=;

) K5��8� V
 	+17) � (18 ��3 :G (��G��� ��  �Y6�� T�� ����8�

)16) ����8� �6 ��	=; (19 (�6 ��a � :_
�:6�? :G 1� ,�3 9�	6. �6

1�  K5��8� V�� �4�� 	6 N��G K5��8� 9�	6 �P�P<� :G 0� ,����

�6 K��B �� �
3�� ���	���  ���
1 R�	��� ��J�� V�� 9�	6 .���3

}X1 {} �X2 {�6 K��B  [�	8� 	�.�� ��3.  
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 ���6 ��a  T�n� R�	���}U { �� 1� ���
1 R�	��� 0�N+1 

�M���  ���-6�IUk �� :��3 ��  � ��3�6 K��B .1� ��3 [�	8� 	�.  

)21(  
1 2 1{ } { , ,..., } T

NU U U U +=  

,���� ��8� K5��8�) �Y6�� �� 4�� T16 H�G 	6 (R�	��� 9�; }X1 {

} �X2 {�� �
3�� 	�k
� V�� .� ���M
1� �6 .���3 ���	��� 9�; ����8�

) �Y6�� T��16 (�6 K��B .1� V
3�� :6�? 	�. ���	���  

)22(  1 1 1 3 3{ } [ ]{ } { }X C X F C y′ = +  

V��e=; ) �Y6�� g�1 � g�� ����8�16 F�� (�6 K��B  ���	����6 K��B 
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 �� ��) S6���22) � (23( R�	��� 9�; H��	O ]C1] �[C2} �[F3 �{

}F5} � {F6{  	+� T�G.1� ���� 1��� ��[U1]  �[Λ1]  R�	���

 � ���� 9�;���	6 R�	��� R�	��� ���� 	���_�[C1] ��3�6� [U2]  �

[Λ2]  R�	��� ���� 	���_� � ���� 9�;���	6 R�	���[C2]  ��/�� ��3�6

�� ,��� ) K5��8� !1�� �� ��� ,�*�22) � (23 (�6 K��B  	�. �6

1� �� ���.  

)24(  
1 1 1 1

1 1
1 3 1 3 3

{ } [ ]exp([ ] ){ }

[ ] ({ } [ ] { })

X U y K

C F y C F C− −

= Λ

− +
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= Λ
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 �� �� 4�  S6���{ K1}  :��3 ���
1 ���	62(N+1)  6�l g�P8���

T�	/
�� 9	�+  �{ K2}  :��3 ���
1 ���	64(N+1) 6�l g�P8���

T�	/
�� 9	�+ �� ��3�6 ���� �/
�6 9.	� S��	3 �6 �� �1 V��e=; .

 g�P8��� 6�lC3 �C5  �C6 ) �Y6�� �� F��24) � (25���� ��I� (  ��

1� ��*� ��1�<� .��; V�� . �6 T�2-� 6��l �� 9.	� S��	3 T�=\�

��� �; 9y=±b  �P� T��8� K5��8� V
 	+ 	J� �� ��	=; �6 ��6 ��

�� ,�*� �� 4�� �6 ���=\�  �;�1� �6 �� ��� �� 9.	� S��	3 T�=\� .

��� �; �� 	�. S6��� T�=\� :��3 4�� ��.� 9��� �; 9y=±b �� �3�6.  
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   1� hO���� ) �Y6�� T�� ����8�26:��3 �2�� ( } c
*�U { �C3 

1�) .� 9��(/��I �6 �(� .24) �Y6�� T�� ����8� �� (26���8� �6 ( 

2(N+1)  H�G 	6 �Y> 9	�I ����8�{ K1} 1� �6 �� ��� V�� .

 K5��8�) �Y6�� �6 ��	=;19 (����8� ��  ���-6�I H�G 	6 9�}U {

 1� 9�	61� �6  K5�2-� ,����T�	/
�� 9	�+  ��{ K1}� 

H�	OC3 6 ����� ��� �6 9��a �� 2(N+1)+1  �� ��I�� T�2-�

) �Y6��24 9	�I K5��8� V�� :G �6 (1� �6 ��  .��� �6 V��e=;

) �Y6�� .� 9��(/��I25(  ��) �Y6�� .� g�1 � g�� K5��8�26( ���8� �6 

4(N+1)  T�2-� 	���_� H�G 	6 9	�I ����8�{ K2}  :B�G

�� ��3  K5��8� V�� .� ���M
1� �6 �� �� �6 ��	=;) K5��817) � (18 (

 6��lT�	/
�� 9	�+  ��{ K2}  V��e=; �C5  �C6 1� �6 �� ���.  �6

 :��� 	���� K5��8� :G 6��l V�� ,���� 1��� ��3 .  

   .� �861� �6 ���-6�I ,����  W�	D
1� 9�	6 T���
� '�� �;@�� �; 

@�� S6��� .� ���M
1�- �� ����� �6 �I�� �6 .1� @�	�	J��� ��5 9� 

 �/
1��� 9���� 9��\ f�Y1 �� ���-6�I ,����C0  �(� 1�

@�	� �/
1���  9�;,�	6 �<MB 9�  x	
*� hY1) 9��\ f�Y1 ��

5���� .� .��� ��3 V�=^� (9��\ ��V  ��@�� �; 9,�	6 �<MB 9�  ��

@�� S6��� .�- 1� �6 @�	��� ���  F��A���F�  9��\ f�Y1 ��

 ]��> �� ��5�� x	
*� hY1 �� `�O�� V�� � ��6 �;��D� �
1���

 ���3� 	
*�6 ����� K��M
� ��������� ��3  � �=;� 	/�� b	a .� �

 ���_�@�� �; 9,�	6 �<MB 9�  hY1 �� �(� .1� 	
*�6 f�Y1 V�� ��

 9�	6 ���_� �� �9��\ ��5 �� V�6 x	
*�@�� �; 9,�	6 �<MB 9� 

 .� ���M
1� �6 � ��5 �� x	
*� hY1 �� �� �*�� .1� ��1�<� :6�?

 ��5�6 9��\ ��51� �6 �� ��� � �6 σ+ � ,�*��� ���  ��3 ���_� �

 ������ ��5 .� ���M
1� �6 ��� ��5�� x	
*� hY1 �� �� �*�� �6

1� �� ��� �  �6σ−  ,�*��� ���� ��3  �6 ���_� �� V�� S1�
� �

σavr=0.5(σ−+σ+)  ,�*��� ���� ��3.   

    ����� :G ���� ��3 	�o S6��� �6 �I�� �6�6 K��B �� :�o .�3�6  

[��- � �1��; 6��l ��5 H��	� � ������� ]��>  	��1 � �;

�� �D*� 4�� K�CD*� .��3  

��5 ���8� ��D
�� �6 (� ��5 ��DO ������ :G 9�	6 9��\ 9  9�;

 9��\1� �6 �� R�	��� R71 � ���  9�	6 .��� ���� ��PB 9�;

 ����� :G1� �6 �� .���  

R�	��� (�  9�;���	6  ���� 	���_� � ����R�	��� ] 9�;C1] � [C2 [ �6

1� �� 9.	� S��	3 T�=\� �6 � ��� 9��(+��6 � } R�	���K1 � {

}K2 � { 6�lC3 �C5  �C6 �� ��1�<� .��3  

 (K�M��� 9�; ) S6��� .� ���-6�I ,����24) � (25�� W�	D
1� (  ��3

 R71 �@��  �;) S6��� .�5) � (12 (1� �6 �� ���.  

  

4 - *0�? M1���  

 � �=;� �6 �I�� �6�.�1 �	6��� '	
�+ .�7��� 9�;� Z���B �� �


 �[P
D�4�� �;9 .�7����
� ���8
� 9��(+ ��5 �6 �*�3 R�I .� -

 .1� �
 	+ ��	? �1�	6 ���� ������4��  �
�.�7��� 9�;�6 ��a  ��=\

�� �G�	a �*=> 9�;��6 :=<� 9�	6  ���3 ������� ]��>��5 �; 9

�
�.�7��� �*�3-������  T��I ��1 ��� .1� � 4�� :� ��DO

 	6�	6h ���5 �=; ��DO � 	6�	6 N; �6 4�� �� ��I�� ���F�  9�;  ��

1� ��3 �
 	+ 	J�.  

  

T��I1-  ������� ]��>��5 �;�*�3 9- ������ ]37[  

ν23  ν12=ν13 G23 
(GPa) 

G12=G13 
(GPa) 

E2=E3 
(GPa) 

E1 
(GPa) 

0.42 0.25 3.28 4.7 15.2 50 

  

4-1 - �"$ <, *�678 M1���  

    �<B 9�	6  	6 ��3 ����� :G � 9������	  .� :B�G X��
� 	6 9��(+

 9����	J��� ��5 9�  .� :B�G 9��\ X��
� �,� <B � ?� �1�	6 �

0� �
�.�7��� 4�� ����� :G  �6 �� �1	J��� ��5 9� 1� �6  ����

 ����� :G .� :B�G X��
� �6 1� 4�����<� ,�=�� '�� �6 ]38 [

 ����_��� ��3 �
�.�7��� 4�� 0� ��J�� V�� 9�	6 .�6 K��B 

]90˚/0 /̊90˚,� ��DO �� [ h ,� 9��2� �2b=3h �� �3�6  �

 <� @*� 9�	��F �� ��	? �1�	6 ���� ���� ��	?  :G �� .�	�+

 '�� �6 �������5 9�  �6 ���F�  ��5 	;18  ��3 N��_� 9��\ ��5

 ��6 	l� �� .1��**�  �4�� �6 ��3 T�=\� �3	6 @��,��� �<MB 9� 

σxy  �3	6 @���,�	6 �<MB 9� σxz  4�� ����I� �6 �� ��� @�� .

�6 �86  9��(+��6 9�	6�**� 9�	�� �6 K��B σ*=2bhσ/F  [�	8�

@�� Z�.�� .1� ��3 ,�	6 �<MB 9� σz  �� 4�� ��DO �6 ���

�� 4�� ��� �� [P
D� :B��   Q�Y> 9�
1��y=0.94b �y=0.98b �

y=0.99b  � V��e=;��� �� y=b  ��:�3 2  .1� ��3 ���� ,�*�

 V�� ��:�3  X��
�1� �6  :G .� ����	J��� ��5 9�  .� :B�G X��
� �

 :G���<� ,�=��  .1� ���� :�3 ��2  �JGL��� ��3  4��Y�� ��

 � @;��� V�� �� ��3 ����� :G .� :B�G X��
� V�6 �6�> ����6 :G

 ,�=�����<� )Ansys( ]38 .���� ��I� [ V���� � 5�6 ��.� f�Y1 ��
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 4��z=±0.5h ��5 '�� @�� 	MB �� 9��=\ @�� ���_� 9�  ���6

 ��� 1� ��	��@� ���6 �=� 	MB ���<� ,�=��  ,�3 0��F� �6 .�3�6

 @�� ���_� ��.� ��� �6σz  �� @�� V�� .1� �
 �� @��F �5�� 9�; 6 5�

 ��5 �� � �**� V���� �4�� V�� �Y1�  K�	��k� � 1� 9��* 

��5 x	
*� hY1 �� @�� Z�	1 �� ���� �;  ��� @�� Z�.�� .��3

 ����� hY1 �6z=0  .1� ,��_
�  

  

 
(	 2-  N/� M1����15 *6  (> /0/�"� ���G6 ]38 [ �0-�� ���, 

 -�) Q1�2)σσσσz .�/ �0  

  

 �3	6 @�� Z�.�� V��e=;,�	6 �<MB 9� σyz  ��:�3 3  ���� ,�*�

1� ��3 ��5 '�� X��
� �  X��
� �6 9����<� ,�=�� '�� ]38 [

1� ��3 ����_� .,�=; ���+  ��J
�� ���� ���  �3	6 @��

,�	6 �<MB 9� σyz � �� 4�� 95�6 � V���� f�Y1 �z=±h/2  �6 	6�	6

 �3	6 @�� ���_� .1� 	MBσxz  ��z=0 1� 	MB �6 	6�	6  9���� �

�� ,��_
� ��� Z�.�� �3�6 �� .:�3 3  V�6 �6�> ����6 4��Y�� F��

 �6 :G .� :B�G X��
�	J��� ��5 9�  :G �.���� ��I� ���<� ,�=��  .�

:�3  9�;2  �3  Q���
1��� ��3  ��3 ����� :G ��5�6 ?� � <B

 9�	6@�� ���6 @�� �; 9V�6  ��5 9� 4�� ��  .���� �
�.�7��� 9�;  

  
(	 3-  N/� M1����15 *6  (> / 0/�"� ���G6]38 [ �0-�� ���, 

�	<, -�) Q1�2) σσσσyz  

 

4-2 - *0�? M1���  

     ,��_
� � ���8
� 9��(+ ��5 �6 �
�.�7��� 4���6 K��B 

]0˚/90˚/90˚/0˚ [ .1� ��3 �
 	+ 	J� �� H��	���5 ,��6  �; qd .�

 �1�� �6 H��	� @��d��5 �;4�� 9  .�hY1  4�� ���
<�z=-h/2 

�� ,�*� �� ,� ���?�  =1 �6  	MB ����. � �;�9�
1�� T�a 4��  �

����.90˚ ��4�� 9��2� 9�
1 �� ,�*� �� �;�.  ��DO 4�� V�� ��

��5  � 	6�	6 N; �6 �
�.�7��� 9�; �6 	6�	60.25h �� V��e=; .�3�6 

 4�� 9��2�2.5 4�� ��DO 	6�	6 1� ��3 �
 	+ 	J� �� . hY1

4�� ����� ]0˚/90˚/90˚/0˚ [ �6z=0 ��=� hY1 � �6 g�� � T�� ��5

z=-0.25h �6 g��2d � g�1 ��5 ��=� hY1 �z=0.25h  � ��.� hY1

�I��> � �P>�� 4��  �6z=±0.5h �� ���� ,�*� .��3  ����� :G ��

 �6	J��� ��5  9� ��DO �6 ���F�  ��5 	;16  ��3 N��_� 9��\ ��5

 .1� 4�� �� @�� Z�.�� =�? V�� ���
�.�7���  �*=> ,�=� <�

 4�� �� @�� Z�.�� .1� �
 	+ ��	? �1�	6 �����
�.�7���  �6

��5 9��(+ ,��_
� ]0˚/90˚/90˚/0˚ [ �
�.�7��� ��5 	; ��DO ��

6�6 	6�	 0.25h �� �3�6 ��  ,� 9��2�2.5  ��DO 	6�	6�� �3�6  <� �

 �*=> ,�=�M  �� ���� ��	? ,� 9�2
�� �� ��:�3  9�;4  ��7  ����

 �*=> ,�=� <� �� 4�� 9�	6 .1�M �6 @�� ���� ��	?  �86

�6 K��B σ*=2bh2σ/M  .1� ��3 [�	8�  

,�=; ���+  c�	a .� � x�; �Y6�� .� ���M
1� �6 �� �*�� ��3 �
M+ ��

 �a�6	� hY1 ���?�  9��\ ��51� �6 ��  �6 �� ���σ+  .� �� �*�� �

 �a�6	� hY1 ���
<� 9��\ ��51� �6 ��  �6 �� ���σ−  ,�*�

�� N�;�  �6 �� ,� S1�
� �σz
avr=0.5(σ−

z +σ+
z )  ,�*��� N�;�.  

:�3 4  �5  9�	6 �� @�� ���_� �1 V��@��  ,�	6 �<MB 9�  9��=\σz 

 �3	6 �σyz  x	
*� hY1 ��0˚/90˚  ��z=0.25h  �6 � ���� ,�*�

�� ����_� N;  .����� �JGL�  ��3,�=; ���+ �� ��J
�� ��  ��� ���_�

savr ��� �� 9��=\ @�� 9�	6�� :�� 	MB �6 ��� .� ��� �G  �� ���

1�� �� 	� �� �JGL� �(� � �3�6  �� ��3σavr ���� 9	�5�6 ?�  �� �

@�� ��1�<� 1� ��3 ���M
1� S1�
� ���_� �; .  

(	 

4-  *02�? -�) Q1�2)σσσσz �-� ���,  �0 ��	���F�� .�/ 
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