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Abstract  
In this paper, multi objective optimization of volume fraction of step-formed functionally graded plate under biaxial loading is 
studied for increasing critical buckling load and decreasing structure weight. In step-formed functionally graded plates, material 
properties aren’t changed as continuous function in thickness direction; rather are changed as step by step at consecutive layers. The 
purposes of optimization problem are maximization of elastic critical buckling load and minimization of total weight of plate. The 
weighted sum method is employed for this purpose, considering the design variable as volume fraction that is various in adjacent 
layers. First order shear deformation theory is used for formulating the buckling analysis of functionally graded plate. Fuzzy 
combination of genetic algorithm and particle swarm optimization methods is applied for optimizing the volume fraction in different 
layers. Numerical results for step-formed functionally graded plate are compared with fully functionally graded plate that follows 
from simple power law with optimal power factor. Finally, effect of weighting factors, boundary conditions, number of layers, aspect 
ratio, load ratio, and width-to-thickness ratio are considered. It will be showed that applying design of step-formed functionally 
graded plate is better than continuous fully functionally graded plate. 

Keywords: Step-formed functionally graded plate, Critical buckling load, Fuzzy combination of genetic algorithm-particle swarm 
optimization, optimal design. 
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)� �+�B� ���( @�Kcc ] ,�+ .4�4� )1�E� M�+)� �.14.[  
  

  
 A B2-  $�%�
 &' ��#()�
� *�� ����  

  

3 - E�5�8 F52�%.G# ��
� H���� I&�-����� ��
�

�#�3 J���  

 ]�3�4>*+ .�4�����A @+)A �*�B� C3+ �. �.�#��+@����  �+ @��5 
1�0)2

����A ( ����\ ]�3�4>*+,�+ N+�_ M�	2 @��� ]15[ �]�3�4>*+ C3+ �. .
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�����A �A @��5 �4mA �0 ���A .,�+ ��� ^�0)2 N+�_ M�	2 @���

,�+ ��� �.+. })� �$nd �4mA ��+.+ �. ]�3�4>*+ C3+ N��u?�.  

  

3 -1- E�5�8 F52�%.G# �
��.!�7  

(. ��P��+ �A 
��� MX�B2 )>��` �.  W(�4�()0xi(t)  (xj(t)  �4mA

 
5.�O2�+  �A ( ,�E�� h)5 �+�B� �
�3+xi(t)  �+ )�
H40xj(t)  ����A


� ��*42 )3� fA+(� f�42 W(�4�()0 (. C3+ �+ [$�F �+���)5:��4�  

)13(  
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

1

2

1      

1    

i i i j

j j i j

x t x t x t x t

x t x t x t x t

γ

γ

+ = + −

+ = + −

r r r r

r r r r  

 �0γ1  (γ2  C�A 
5.�O2 .+�`+0  (1 .����G  

. �0 
��( ��H MX�B2 )>��` �,�+ ��� �.�#��+ ]�3�4>*+ C3+ �

 W(�4�()0 �� [���xi(t) �xj(t)  (xk(t)  ��P��+ 
5.�O2 �4mA �0 ,�+


� �z���H .��4�xi(t)  ����A +�+. +� �+�B� C3)�
H40�mA+�  )>��` C3+

:,�+ )3� N�4OA  

)14(  

( ) ( )( )
( ) ( )( )
( ) ( )( )

1

2

3

(t 1) (t) 2 t t (t)

(t 1) (t) 2 t t (t)

(t 1) (t) 2 t t (t)

i i i j k

j j i j k

k k i j k

x x x x x

x x x x x

x x x x x

λ

λ

λ

+ = + − −

+ = + − −

+ = + − −

r r r r r

r r r r r

r r r r r

 

 �0λ1 �λ2  (λ3  C�A 
5.�O2 )3.�B�0  (1 ����G.  
 ��P��+ �A I�� )>��`xi(t)  W(�4�()0 C3+ ;�+)A �
5.�O2 �4mA


� )��L2 )3� N�4OA 
���Y�� �4mA +�:�G.  

)15(  ( ) ( ) ( ) ( )( )1i min max minx t x t x t x tυ+ = + −r r r r
 

 �0xmin  (xmax  4	��� ���+. @����+ ( +��A+ �A |4A)� ^�2)2 �A

 C�A 
5.�O2 �+�B�  ( ����G0  (1 .,�+  

  

3 -2-  H2#�6 & ����2# +�& F52�%.G# �' K
5B

����� �#�3 J��� ��
�  

      
�)�3+ ��(w  ���� ^3+)Q (C1 ( C2 ����A ]�3�4>*+ �. @���

 �(� �A )3� fA+(� f�42 �)Q�F ��0 �. ��� ��5)Y ��
A N+�_ M�	2


� 
����:��4�  

)16(  

( )1 1 2

1 1 1 1

2 2 2 2

( )

( )

i i f

i i f

t
w w w w

t
C C C C

t
C C C C

ζ

ζ

ζ

= − −

= − −

= − −

 

  

 �0w1 �w2 �C1i �C1f �C2i  (C2f ����G ,A�g 
>�G. w1 �w2  )3.�B�

 
3��� ( 
3+��A+w �C1i �C1f  
3��� ( 
3+��A+ )3.�B�C1  (C2i �C2f  )3.�B�

 
3��� ( 
3+��A+C2 
� .����At  ( 
�4�0 �+)
2 �����ζ  ���=�A �+�B�


� ��=� +� �+)
2.�G.  

  

3 -3- �L
�5�# /����  

    ) 
��� MX�B2 @�G)>��` V4e( Z���F+Ptc��H �( ) 
��(Pmc( ( 

) I��Pm�+)
2 )G �. ( :�+ ��2��1`  

)17(  
tc tc g

mc mc g

m m

P P

P P

P L

ξ
ξ

ξ

= ×

= ×

= ×

 

 �0ξtc �ξmc  (ξm  .����G ,1U� ,A+4gPg  ( ,�+ @��5 )�L�� �3

 [
� �. �/ @��5 C��+4e ( ,34r` MA+423  Z(�� (1  .,�+ ��� �u+�+

L ,�E�� �+ ��_ )G @+)A�  �. �0 ,�+ 
3�G�+)
2 .+�E2 ���G. ��=�

�/� e4�.,�+ ����� 
e�A )��L2 �(�A ��_ �,�E  

  
 @&	M1-  ��
� ��N5
 �#�� ��
� /��#%OPg  /���
� �� )10(  

��/ 
� )�L��  C�=�� )�L��  

0/0  S 

5/0  M  
0/1  B  

  

  
 A B3  ��
� ��N5
 �#�� *2%S7 J�#%�Pg ]15[  

  

4 - @%
������� �G
�
 �	����
�  

    ����A �)Q�F ��0 �.A 
�	F )�0 @���@�+<Y��A ,1�� @+) )R( �

 ,��PQ)hi(  
��)A D��� 
EA�2 �"#$ b��P� 
���G @�G)��+��� (


�.4��3S .+�E2 )g+ ��(nEA . �G)n(  D��� 
EA�2 �"#$ ����A 
F+)X )A

 
��
�� �+)e �E*�m� .�4�
�.)�Y����A T+�G+ �+ 

3 . C3+ �. @���

.,�+ �"#$ ��( [e+�F �A ����� �*�B�  

S ��( �3i  D��� 
EA�2 N�"#$ �. W+ 
��
�� )3� N�4$ �A


� �1��"�:.4�  

)18(  i i iw h abρ= 

 �/ �. �0ρi |4�P� 
md �4��e w1X ,��A )3� W)5 �A �G


�:�3/  

 

)19(  1
m mi C Ci

mi Ci

V V

V V

ρ ρ ρ= +
= −

 

 �0ρm �ρc �Vmi  (Vci  ����+)� 
*�>H �?�5 
*�>H ^�2)2 �A

�5 
�	F )�0 
EA�2 �"#$ [0 ��( .����G ���+)� 
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 �/ �. �0n �3S .+�E2
� ��=� +� �G �+ �N�1��"� ��G �. .�G.

,��0
A @�G
� �.�#��+ )3� �EA:.4�  

)21(  * *  ,  
c

cr

C cr

pw
w P

w p
= = 

 �0wc ( pcrc  @+�+ �A 
�+)"A ��A ( ��(Vc=1  W��2 �"#$)


� (

��+)��]�3�4>*+ T�G .���A ����A@����  ���� ��( �.)0 ����0

w*  
�+)"A ��A �.)0 ���=�A (P*  
� ��H MA�2 �[�*. C��G �A .���A

) �*.�E� [
� �A �5�G22
� b3)E2 (.4� (  C3+ �.)0 ����0 T�G

,�+ MA�2 ]16:[ 

 22(  ( ) * *
df X w kP= − 

Xd  (k 
� 
��( ^3)Q ( 
F+)X )�L�� ^�2)2 �A I3+?5+ �A .���A

k ,��G+  �/ IG�0 �A ( 
�+)"A ��A,��G+  ��(����A �. @��� )�=�A


�..4�  

  

5- �
�2
<
 & �'	7 W2
5�  

   .���+)� D��� 
EA�2 �"#$ �3 �IPA C3+ �- W�	�+ @+)A ?�5

 ��P��+ @.�` N�E*�m� W4����4*/ [��� �/ .+4� ^�0)2 �0 ,�+ ���

 ���0+ ( W4����4*/ 
*�>H ( y��3 Z(�� .,�+ W4����4*/ ���0+ (

^�2)2 �A W4����4*/ Em=70 GPa� Ec=380 GPa �ρm=2750 kg/m3  (

ρc=3420 kg/m3  .,�+  .�4� �"#$ 
��)A h)` �A Z4X ,1�� @+�+.

2a/b= ,��PQ �A Z4X ,1�� �70a/h= ��A ,1�� ( �1R=  [
=�� ( �.4A

 �+10 
� )A+)A ,��PQ �A �3S.���A  

����A ]�3�4>*+ �. ��� ��5)Y ��
A ,A�g @�G)��+����� @���� �*

.,�+ ��� ��5)Y )J� �. )3� N�4OA )J� .�4�  

 )23(  

1 2

1 2 1 2

0.9   ,   0.4

C C 2.5   ,   C C 0.5

0.2   ,     0.001
i f f i

tc mc m

w w

ξ ξ ξ

= =
= = = =

= = =

 

 Z(��2  b��P� ,*�F ��Vc  .�4� 
��)A�3S @+)A �"#$ @�G


� ��=� +� D��� 
EA�2�G.. Vc1 �Vc2  (Vc3  �A �"#$ )>��=� ^�2)2 �A

 [
� .����G )�=�A ?�5 ( )A+)A ?�5 ( ���+)� �)�=�A ���+)�4  �+.4��


� ��=� +� ��4�� �� ���+)� 
�	F )�0 �����H �A ��42 �A .�G.


� �?�5 �A ,1�� ���+)� )�=�A 
*�>H. �+42 ,5�3�Vc1  ( C3)�=�A

Vc3  Z(�� �
�/ �A ��42 �A 
5)X �+ .����G +�+. +� ��( )3.�B� C3)��0

 ,*�F @+)A I���0 
�+)"A ��A +<* �,�+ ?�5 �+ )�=�A ���+)� ����S+

Vc1  ,*�F @+)A ( ���=�AVc3 
� ����0 )�0 C�5� I�� C3+)A��A .���A

�3S 
�	F?5+ �`�A �)�=�A ���+)� ,�� �A �G 
�+)"A ��A I3+


� I���0 ..4���+  �0 ��5�3 I3+?5+ ?�� ��( f3+)� C3+ �. @)�+

 .���A 
� �4�m���  

  

@)xS ,1�� @+)A 
�+)"A ��A N+)��L2) �"#$ b��P� @�Ga/h (

 ,*�F �� @+)AVc  Z(�� �.3  �0 �4m���G .,�+ ��� �.+. ��=�


� ��J��+ I3+?5+ �A �.(�a/h G�0 N�� �A 
�+)"A ��A
� I ��A .�A�3

 ,*�F @+)A I���0 
�+)"AVc1  (Vc3  C3)��0 ( C3)�=�A �^�2)2 �A

..�+. +� )3.�B�  
  

 @&	M2-  ��	
 ���
� �
��� �#�� E�
#�� ���� �����
 !"  

�2L $�
�B  Vc1  Vc2  Vc3  

1  1 1 1 

2  9998/0  85/0 322/0 

3  9990/0  75/0 245/0 

4  994/0  65/0 191/0 

5  979/0  55/0 148/0 

6  945/0  45/0 113/0 

7  877/0  35/0 083/0 

8  752/0  25/0  056/0 

9  541/0  15/0  032/0 

10  0 0 0 

  

  
 A B4-  ��	
 ���
� �
��� ���� ��� X!5Y
 �%.G# 	��
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5-1- ��������� ��� ��
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     ���+)� ����A 
�	F )�0 M3�42 �IPA C3+ �.Vc �3S �. @�G

 D��� 
EA�2 �"#$ 
��
�� ����0 ( I���0 ��A ��� ���=�A @+)A


� C��E2 ��( �.)0) �*.�E� w1X ..4�22 �A ����A 
F+)X �*��� (


� ���A )3� [
�:.4�  

)24(  
( )
( )

* *

0 1 ,  1, 2, , 0

,

1 

d d c

c i

f X w kP X V

V i

= − =

= …„ „
 

 ����A )3.�B�(Vc)i ,e. �A 001/0  ^�0)2 ;(� �+ �.�#��+ �A

����\ ]�3�4>*+ @��5- �A N+�_ M�	2 @��� ����A���/ ,�. .��+

IPA �. ����A 
F+)X @(� )A b��P� @�G)��+��� )g+ �@�EA @�G

��� 
��)AC3+ f�42 ����A )3.�B� 
���2 .��+  a�� �A ]�3�4>*+

���/ ,��A �+)
2 @+)A C�>���� N�4OA a3��� 
���2 �(nEA .��+

��� �1��"� +)�+ ��A �$.��+  

  
 @&	M3-  ,�
�� ��#��� �
�Pcr (MN) ����  ��	
 ���
���
 !" 

��ZL *1�� �#��) X!5Y
 �
�a/h(  

Vc    a/h    

  40  70  100  

Vc3  539/16 451/9 615/6 

Vc2  539/17 022/10 015/7 

Vc1  638/18 650/10 455/7 
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 [
� �.5   @+)A ����A 
F+)X @(� b��P� 
��( ^3+)Q )�g�2

�3S �. .+�E2 �A 
��m��� �"#$ �3 )70n=( ( @)xS ,1��70a/h= 

 
��( @�G�4�0�5 @+�+ �A3/0 �6/0  (1  �0 �4m���G .,�+ ��� 
��)A

 I3+?5+ �A �,�+ cP=� [
� �.k  ( ��� )�=�A 
�+)"A ��A ,��G+

����A �. I���0 �@��� ��5�3 I3+?5+ �"#$ �. .4�4� ���+)� �$�.


� ?�� ���� ��( I3+?5+ �`�A C3+ �0 ,�+ @+)A ..4�w  �+ )�Y�?A

��F+(  �$�.
� I3+?5+ N�� �A ���+)��A�3.  I3+?5+ �0 @�4X �A

,�5){  ��A I���0 .,��� 
��42 [A�e �+�B� ��( I3+?5+ [A�B� �.

 �+ )��0 )3.�B� C3+)A��A1  .��4� 
� .���=��  

 Z(�� �.4 �) T�G MA�2 )3.�B�f
A I���0 ��A �() �EAP* ��( ( (


A) �EAw* D��� 
EA�2 �"#$ ( 
��
������A
A�3  )3.�B� �+�+ �A ���

) 
��( �4�0�5 b��P�k Z(�� �A ��42 �A .,�+ ��� �u+�+ (4 I3+?5+ �A �

 ���+)� 
�	F )�0 �I���0 
�+)"A ��A C�5�3 ,��G+ ( 
��( �4�0�5

 �.�3S�G +<* ���5�3 I3+?5+ ,�5){ �+�B�  ��A 
�+)"A ���� ��( �I���0

����A MA�2 �	��� �. (
� I3+?5+ @�����A�3.  

  

5-2- �2L '#	�� �\#����� ��#�] �&� 
�  

     �. @+�+. �*�B� C3+ �. ��� 
��)A ��4�� ��� ����+ �0 �4m���G

�3S .+�E2 )�g�2 �IPA C3+ �. .,�+ �3S @+)A ����A 
F+)X @(� �G

 �A 
��m��� �"#$70 a/h=  ( 6/0k= .,�+ ��� 
��)A  

  
 @&	M4- �
�� �
� ^_	� J�
� ����� �2'
<
�� ,�� +�& & 	�� 	��

 ��	
 ���
� ������
 !"  ��X!5Y
 ���& �%5�
� �#�#  

1 6/0 3/0 k  

488/10- 397/323 759/573 f(×10-3) 

818/834 726/834 653/834 P*(×10-3) 

331/824 232/824 154/824 w*(×10-3) 
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 ���
� ����) �&
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 ���& �%5�
� �#�# �� ��	
k(  
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� �. �0 �4m���G6 
� ��G�=��3S .+�E2 I3+?5+ �A �.4� �G


A )3.�B� �EAf �P*  (w
* 
� IG�0
� �+.4�� �A ��42 �A .��A�3 �+42

�3S .+�E2 I3+?5+ �A ��EA �A �3S �. �+ �0 ,5�3�. 
��42 [A�e )��L2 �G

 �+�B� �.f 
�� .�	3+4� ��� ����0 ..f  �3S �. .+�E2 �.

��=� ���G. @  ( )�=�A I���0 ��A �)��0 ��(�/ @)2)A  )>3. �A ,1��

�3S .+�E2 �G
����A .  

  
 A B6-   	�� �� �2'
<
f ^P*  &w* X!5Y
 �
� �2L '#	�� �#�# ��  

  

 Z(��5  ���+)� 
�	F )�0 M3�42 )3.�B�Vc �3S �. ����A @�G

 �"#$ b��P��2 
EA D��� 
��
���3S .+�E2 @+)Ab��P� @�G  �u+�+ +�


� Z(�� .+�`+ �A ��42 �A .��05�3S .+�E2 I3+?5+ �A � �$�. �G

�3S ���+)�]3n� ^�� �A �G
� I3+?5+ @)2.�A�3  

  
 @&	M5- E�
#�� ���� ��� �2'
<
 Vc �2L �' ����� �
�

���� X!5Y
 ��	
 ���
� ��
 !" L '#	�� �#��X!5Y
 �2  

n  2  6  10  12  14  

1  0 0 0 0 0 

2  1 001/0 000/0 001/0 001/0 

3    002/0 001/0 001/0 001/0 

4    003/0 002/0 002/0 001/0 

5    006/0 002/0 002/0 002/0 

6    1 003/0 003/0 002/0 

7      004/0 003/0 003/0 

8      006/0 005/0 003/0 

9     01/0 006/0 004/0 

10     1 008/0 005/0 

11      012/0 006/0 

12      1 010/0 

13      018/0 

14      1 
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 Z(�� a3���6 D��� 
EA�2 �"#$ I���0 
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������A  �A
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�*�F �. .,�+ c*�d

 D��� 
EA�2 
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�4����4*/ W��2 �"  

 @�)� f3+)� �A |4A)� I���0 
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SSSS  2/32 9/5 9/26 74/1579 
SCSC  1/56 3/10 8/46 63/1579 
CSCS  0/39 1/7 6/32 61/1579 
CCCC  1/64 8/11 5/53 68/1579 
SSSC  9/44 2/8 4/37 65/1579 
CCCS  9/48 0/9 7/40 64/1579 
CCCF  2/15 8/2 7/12 85/1579 
SCSF  0/10 8/1 4/8 63/1579 
SSSF  4/4 8/0 7/3 60/1579 
CSCF  8/8 6/1 4/7 74/1579 
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10 106×4/3 105×3/6 106×9/2 13416 10787 11058 

30 105×3/1 104×3/2 105×1/1 4472 3596 3686 

50 104×7/2 103×1/5 104×3/2 2683 2157 2211 

70 104×0/1 103×8/1 103×4/8 1917 1541 1580 

90 103×7/4 102×7/8 103×9/3 1491 1199 1228 
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