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Abstract 
The performance of a proton exchange membrane fuel cell is expressed mainly by the polarization curve. Polarization curve is 
determined by calculating the thermodynamic potential and activation, ohmic, and concentration losses. Applying the curve fitting 
equations of the polarization curve, the cell output voltage can be calculated for a specific current density and for the specific 
operating conditions. Therefore numerous equations have been presented to predict or fit the polarization curve, due to the 
nonlinearity of the curve; their precision is the main challenge. Nevertheless, the comparison of these equations has been 
accomplished neither wholly nor in the entire range of the polarization curve. In this study, first of all, equations are categorized into 
analytical, semi-empirical, and empirical equations, and then their precision were compared as quantitative and qualitative by 
polarization curve and tools such as sum of squares due to error, coefficient of determination (r2), iterations and values of 
corresponding parameters, with the aid of Matlab software. The results show that among the investigated empirical equations, our 
equation is more precise. Akimoto’s equation and Haji’s equation were found as the best semi-empirical and analytical equation, 
respectively. Finally, the best equations were compared together with two sets of experimental data, our equation and Haji’s equation 
totally had the highest precision (r2

> 0.999); therefore they were introduced as the best investigated equations. 
Keywords: Polarization curve fitting, Empirical, Semi-empirical, Analytical equations, Fuel cell. 
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�5�50�  

�K	-�  

]6[  

]10[  

]2[  

]3[  

.� �5H��  blog(
i���.

i1
) �K	-�  ]2[  

  
 8	2- S�� H�T6 H2�2+ 97��2���:� ��!��  �+ ���&�M�UF 

9��'� H�I  C����]11[  

 

  
 8	3- S�� H�T6 H2�2+ 97��2���:� ��!��  ���&�M�UF 

9��'�  *�& H�I]17[  

  

 \�80� V�� ����
K� �>�� � �K	-� ��5�50� 7S��A�- ��K	-��K ��[ 

 ���g��R � 9��=�L��<� ��0�� 1� ���T
=� �K,�C��LK�  �>����*� @C�K 

�� i�O
�� ����A� V�	
:K �
=� 	C �� � ��? ����8�  .��?^_= 

S��A�7  bO
��L�� @C�K ����A� � ��? ����8�  �� ,�a�>-���  ��

 �?�K �
?�� ,	
>� ,�YH ���0�� F�[ 4�>�NO.� ��  .��?

���-��1� ��  ���� 9��������A�  �C�;.���1� ���� ,	= Q� �K �:�� ,�

�K �
?�� �K�H )1�	K �K bO
�� 7S��A� �?��  �C�;.���1� ���� ,	=

�=�	K���� �� ��	Z ����8� � ��	�g.  	K ��0�� )1�	K :R �-��� ��

���� 4	� 1� �K	-� ,�C  ��L �MATLAB  �O��2011  )�� �K

���>� 	�G ,�YH 7�AK	� a�>-� ,1�=  7���
=� 1� ���T
=� ��YH

fittype  �fit ��3 9��� �  7S��A� ,�C	�k
� �K ,���
H� ����� ,�C

 .=� ��? ���T
=� )1�	K
�����-  � �YH L����� �7S��A� ,�C	
�����

 1� �
=� 	C ,�	K ���*� �>� 	���8� �� ��? ��=�0� �C��	�� ���A�

F��R �� 7S��A�   ���C@C�K  ����8��� ���?.  
  

3 - V!& 3 W��5� 
 9��=�L��<� ��0�� �K	-� 7S��A� ��
K�@C�K  ����8����? 

����A�  �� ,�a�>-���  �?�K �
?�� ,	
>� ,�YH�K 9���6 	�	K ����A� 

 V����	g  i�O
���� ��? V�>C .I3�	� �>�� 7S��A� ,�	K - � �K	-�

 ^_= L�� �5�50�4�-�� ��?�  ����A� �
=� 	C �� 	�	K V��A��� ��? .

4�-��	=  7S��A�	�	K ��	g �C  �C�;.���1� ���� ,	= �� �K@C�K  ����8�

 −	−	−==========    Model Predictions 

 Experimental Data     
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 V�	
:K � ��? 7S��A�a�>-��� � 	A� �� .��	g  ��K	-� 7S��A�

�>��- �5�50� � �K	-�=�	K����� F��R �� b��	� �K C,� )2-4 (

��? ���� 9�.� ���.  
  

 ;3��2- 97��2���:� ��!�� 412'& �&'�( )*+�,� ���'& ��	  

X�'�  �&'�( �M+�,�  

]6[  E���� = E1 − blog(i) − 	iR��� −m	exp(ni) 

]7[  E���� = E1 −
b

ln(10)
ln(i) − 	iR��� − αi?ln(1			 − βi) 

]8[  
E���� = E1 − blog(i) − 	iR��� + αln(1		

+
i

i���
S�B(9��/�DEF)) 

]9[  
E���� = E1 − blog(i) − 	iR��� −m	exp(ni) −

																															blog(
G

GH*
)	

]2[  E���� = E
�� − blog(
i + i���

i1
) − iR��� −m	exp(ni)	

V��  

\�80� 

E���� = E
�� − blog(
�I�EJK

�L
) − 	iR��� − αi?ln(1 −

																									βi) − 	blog(
G

GH*
)	

  

;3��3- )*+�,� ���� -97��2���:� ��!�� 412'& �&'�( ���'& ��	  

X�'�  ���� �M+�,�-�&'�(  

]11[  E���� = E1 − bln(
i

i1
) − 	i(

ρl

S
+ R�) − m	exp(ni) 

]12[  E���� = E1 − blog(1 − αi) − iR��� 	− c(1 − exp(βi)) 

]13[  E���� = E
�� − T[b + aln(i)] − b
∆G

R
− 	iR��� −m	exp(ni) 

  

 ;3��4- 97��2���:� ��!�� 412'& ����!( )*+�,� ���'& ��	  

X�'�  ����!( �M+�,�  

]10[  
E���� = E1 − [a + bln(i + i���)] − 	iR���

− cln(
i���

i��� − (i + i���)
) 

]14[  
E���� = E
�� + [ξ

9
+ ξ

:
T+ ξ

 
ln(C�: + 

												ξ
R
Tln(i)] − iR��� + Bln(1 −

i

i���
) 

]19[  E���� = E1 − bln(
i

i1
) − 	iR��� + cln(1 −

i

i���
) 

  

3 -1- �&'�( )*+�,� �/��0�  

 �:�� ,����� �� �
3 � ��
�C ���= �K	-� 7S��A� JS�>A�

�K 9��� ��0�� Q� 9���6 �� ���K ���= �c��� �K��  ����]3[ ,���A� .

 7S��A� 1�) F��R �� @:� �K	-�2 �o���U � 	[ 1� .=� ���� (

 � �K	-� 7S��A� ) F��R �� ��R�� ,�C1) �YK�� �� L�� (4 ��	Z (

�
H��? �K	-� ����A� Q� IB�3 ���? ����  ��0�� ,�	K ��?

�U � 9��=�L��<�  .��K �C��H ���R ����A� Q� ��K   

  

3 -1-1- N�0!( C�2 �M+�,�  

���R ����A�  \�80� V��F��R)2( S��A� 1� 4�:�� �K�K	-� 7 

 �
������=�]7 [ �� �]9 [����A� Z� W��L � :R  �K	-� 	=�	 ]2 [ 

 �����;U  S�K 9��	R���-� ��? =�.  a�>-� 	=�	  ����A� ��

7���6 ,�C F�� 4�� �   � 	;���K �=� I �� ����A� 1� �5�? ��

F�A   7���6 .=� ,1�=4�=  @C� 9���Z \�[ 	;���K���8�  �� �>C�

�.GTR � ��	
���  ���	
��� ��K F�8
�� � �  � V��� L�� 4��:U 7���6

 .=� �
P5G1� ���-�� `R�	� e��
� \�[ �� ]9-6 [  �>
���;� 7S��A�

�K F�A   � �K�H W�� �� �YH	�G ,1�= ��	� ���K ��� � �-��� �� 7���6

 � ��? V�L;��R �� ����A� 4��:U 7���6 �K 	=�	  ����A� 4��:U 7���6

�>-�� L�� �K 7��B  ��	� ����A� 1� �5�? �� ��.  ��� @
���;�

=� �� � �c� 	=�	  ����A� �K ��?  ���K ��[  4��:U 7���6 �K x	
.�

W�� �� Z� W��L � }6�K .��? �
P5G  � ���K � ����A� V�� �	K��� �

9��	R �
�����  S�K ,�CJ�B�lH  ����L� �����;U  �� ,�3 9��	R

�1����  2�
�� ,	�g�K 7��B .=� ��T� ����K �=� I�.� �K	-�  

  � �� ��S��A� 4�>�F�A  ,1�=  ���K 7��B log(i)  	P� ��

��  ��=�0� �� ��	�g1�K ���� 2�
�� �� I�.� ��U�  �
Z� �	�1 ���?

i → 0 ��;�� [2] log(i) → −∞ �� I�.� V�� ` � ,�	K .

F�� 1�=, �C�� �  9����K �R,  ��U�� ����K ��6 	TB��	Z ��� I{� �� 

 ����A�\�80� V�� � 	=�	  ��5H�� .� �K �� 9��	R �L �.�  

 ��) I�?4 (7S��A� ����8� ,�	K �K	-� ���� 1�  ,�C�K	-� 

w��� ]18 [���T
=� ��? .=� ���-��1� ��  =S�K 7S��A� V�� Z� 1�

I�? ,��  ����A� V�	
:K N�O.� 9�����K g��=� �
?��� ��R�� 

�C	
����� 	���8� � �YH �>� L����� \�	[ 1� ����8� V��	K��K	d��
� , 

�� 7��B  .�	�g :R 9��=�L��<� ��0�� ,�:
��~��  	
:K

 .=� ��? ���>�g�LK) F��R ��5 ( � �YH L����� ,�C	
����� 	���8�

 )1�	K 1� IB�3��? ����8� �K	-� 7S��A� .���  �� �����U) I�?4 (

 �) F��R5 (����  ��  \�80� V�� ����A� ��? ��0�� F�[ 4�>� ��

J�B�lH  �����;U 9��	R  S�K ,�C ����K Z��K�H .����   

  

3-2- ���� )*+�,� �/��0�-�&'�( 

�>�� 7S��A�-����� ,�	K �5�50� 7S��A� 1� �K	-�  ,�C

IK�Z x�� ����� ,�	K �K	-� 7S��A� 1� �  ���T
=� 4�5A��� ,�C

��  r5
O� ,�C2�
��  � 7S��A� b��	� �K ��U	C .����) F��R1 (

�� �>�� 7S��A� 9���- ����� 9��=�L��<� ��0�� @=� ,�	K �K	-�

 ,���A� ��-��� �� ��� �	�9� 1� ) F��R �� �� �C3 (=� ���� �=�	K �

�� .���?  
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 ��) I�?5�>�� 7S��A� ����8� ,�	K (-���� 1� �K	-�  ,�C

 ���>��� �C�;.���1�]13[  ���T
=�  L����� � �C	
����� 	���8� .=� ��?

 �� �>� �=�	K :R L�� �YH) F��R6���� ( ) I�? 1� �����U .���5 (

) F��R �6�K ( �� ��C�.� j�c�  �8Y�� �� �:�� ,���5= ����A� ��?

 � �K	-� 7S��A� �5B� b�6 .���� ��=��� )1�	K ���0�� �����J�sAK 

�>��-�0� 1� E��H �� �K	-� �K ���Z ��[�K	� �C�;.���1� /��	? ���

 1� .=� ��?���?� J<��� �-��� �� ��
��� 9��=�L��<� ��0�� )1�	K

 �K ��� ,	
:K )1�	K 1� ���>��� ����A� L�� 	;�� ����A� �� V�K

.=� �����H	K ��0�� F�[ 4�>� �� w��� ����A�   

  

3-3- ����!( )*+�,� �/��0�  

 ��) I�?6 � () F��R7���� 	K �5�50� 7S��A� )1�	K (  �K	-� ,�C

 	=�	 ]2[ ��? ����8� �� ���� �����U .���  1� �� V>=	g ����A� ��?

���=  .=� �����H	K �K�H Z� 1� L�� =� �5�50� 7S��A� V�	�

�K �� �	� ����A�  �K	-� ,�C	
����� ,�Rξ  )1�	K 	���8� 1� �-��� �� �C

9� ��?  ��	� ���T
=� �C ����A� V�	
:K .���� �K�H ����K Z� L��

 9� V��A� b�	c �� =� �R�C ����A� �5�50�9980/0 =� .

 :����� ��>6 �L� �� �5�50� 7S��A�1-  �
�K�� �B�H /��	? �K

 ���
���2- 7���6 9� ,�C  @C� .��
�C ���L�  4�:T� ,���� �;>C �C

) F��R �� �5�50� 7S��A�4=� ���� �=�	K :R ( 7S��A� �� .

�� �� b��	c �5�50�  ��.G ���8� �:�� � �	� ��=�0� /K��� 1� 9���

 � �5H�� .����;U �K �� ��0�� )1�	K 1� ������ 9��	R  �K	-� ��[

�� =� �K ����  

  

 ;3��5-  ��M��P �&'�( )*+�,� H�I'5�2��� 3 �T63 �+2+  Z�23 �I�U=���1P H�I]18[  

	
����� ��YH  

����A�  

�C�YH L�����  ����A� ,�C	
����� 	���8�  

V��A� b�	c  
 `K	� `>R

�C�YH  
��	��  i int i0 n m Rohm  b  E0/Erev  

@�� 9984/0  3 -10*7/1  98  -  -  64/9  7 -10*0/2  424/0  043/0  760/0  

�
������=� 9983/0  3 -10*7/1  11  -  -  -  -  386/0  045/0  753/0  

������ 9978/0  3 -10*2/2  85  -  -  -  -  65/70  030/0  7999/0  

�� 9979/0  3 -10*1/2  100  -  -  78/6  5 -10*6/5  407/0  045/0  785/0  

	=�	  9982/0  3 -10*8/1  28  14/0  2 -10*4/3  42/4  0017/0  0002/0  477/0  18/1  

V�� \�80�  9991/0  4 -10*7/8  85  014/0  4 -10*8/4  -        -  24/0  129/0  18/1  

    

  

 ;3��6-  ��M��P���� )*+�,� H�I'5�2��� 3 �T6- �&'�(3 �+2+  7(7��@2 �I�U=���1P H�I]13[  

	
����� ��YH  

����A�  

�C�YH L�����  ����A� ,�C	
����� 	���8� 

V��A� b�	c  
 `K	� `>R

�C�YH  
��	��  n/β m/c Rohm  a/α/i0 b  E0/Erev  

���>���  9920/0  3-10*4/1  19  7-10*2/6  5-10*6/5  294/0  5-10*8/4  4-10*2/4  994/0  

,���5=  9621/0  3-10*5/6  85  4-10*3/2  19/3  017/0  8/31-  180/0  9142/0  

w���  9844/0  3-10*7/2  85  264/0  014/0  33/0  6 -10*1  012/0  999/0  

  

;3��7-  �T6 ��M��P ����!( )*+�,� H�I'5�2��� 33 �+2+  '�2'L �I�U=���1P H�I]2[  

	
����� ��YH  

  

����A�  

�C�YH L�����  ����A� ,�C	
����� 	���8� 

 b�	c

V��A�  

 `K	� a�>-�

�C�YH  
��	��  

V>=	g 

�R�C 

�	� 

- 
- 
b 

- 
c 
r 

c 
r 

k4 

r 
iint 
k3  

i0 
b 
k2 

b 
a 

k1  

E0 
E0 
E0 

V>=	g  9972/0  3-10*1/1  7  -  -  - 067/0  163/0  154/0  0547/0  8164/0  

�R�C  9980/0  4-10*7/7  10  -  -  174/0  063/0  9-10*6/3  059/0  316/0  013/1  

�	�  9978/0  3-10*9/8  30  -  12/0-  109/0  0002/0  33-  019/0  279/0  7216/0  
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 ����8� )1�	K��0�� �C	�	K 7S��A� , ���T
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�� ��C�.� ��  ����A� ��� ����� �K�H ����K Z� ����A� �= 	C ��?

 .�������H	K ,	�S�K Z� 1� �R�C ����A� � \�80� V�� ����� �K �R�� �K

����  ,�C�K	-�  1� ��� K����;U  ���K ,�3 9��	R �� �
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 �7S��A� 	
:K Q0� :R ��.� I��?) I�? ��8) F��R � (9 1� (

����  ,�C�K	-� w��� ]18[  L�����T
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���� �K � 9��=�L��<� ��0�� \[��� 4�>� �� ����A� Q� �U	g�  ,�C

�K	-�  \�80� V�� ����A� ����� 	{�� �� ��� ������ \5Y� ,	�	K �r5
O�
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�����A  
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b 

a 
 iint 

a 
b 
b  

E0 

E0 

E0 

�R�C 9999/0  5-10*8/2  12  - - 9-10*5/4  7145/0  001/0  0323/0  1825/0  8718/0  

���>��� 9996/0  4-10*7/1  22  - -  004/0  5-10*7/5  740/0  5-10*6/7  5-10*0/1  000/1  

\�80� V�� 9999/0  5-10*9/2  70  - 005/0  033/0  71/0  6 -10*0/1  001/0  074/0  19/1  
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