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Abstract 
In this research, the critical buckling temperatures of a 2-Directional FGM circular plate under the two types of temperature rise are 
calculated based on first order shear deformation plate theory (FSDT) in the cases of clamped support edge. The equilibrium and stability 
equations for 2-Directional FGM circular plate are derived according to FSDT and using the energy method and Euler equations and then the 
stability equations are solved by series method and computer programming and the critical buckling temperatures are derived. At the end, the 
results are illustrated by tables and graphs and the effect of various parameters such as the volume fraction indexes on the critical buckling 
temperatures are studied and compared with results of some other articles. The results show that for different values of volume fraction 
indexes in r-direction (µ), the volume fraction index in z-direction (n) has a little effect on the critical buckling temperatures. Also when µ is 
positive, the critical buckling temperatures are decreased by increasing µ but when µ is negative, vice versa. Also, for FGM thickness 
constant, critical buckling temperature is increased by increasing the aspect ratio (h/a), while decreased by increasing volume fraction 
exponent. 
Keywords: Circular Plate, Thermal Buckling, Functionally Graded Materials, First-Order Shear Deformation Theory. 
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-� �? .���  .� ���I
-� �? HP��>�

)27) �� (29�	�� (�� 
-�? 	�. H��W? 9��:� 9�� 1�V :���  

0 0 1
m

r

T
N Nθ ν

= = −
−

  ,    
0 0rN θ =  )30(

  

5- ��/ HE-8�
� &�-�P- H!) +�, &���' ���.1  

�� x	   =�� ����� 1��� u���
1T  1���� �V ��� �� =�� � ���?����  ��E

 �? �� =�� ���/� 1��� ,1.	� �	0 <�� �? .�0�? ���	�E
2T ��   1�	s? .u���-�

     �s��	C? 1�s�� l4
si� <
 �s�
2 1( )T T T∆ = −  9�s�   �s���	7 1�sV   9�s�

���? 1.	� O��	0 ,9��:�       �� 9��s:� �s��	C? 1�s�� l4
si� .��s0 ,�	>�

 
i����� 9��\ � 
��7��0 �� ,�	>� 	�. H��W? ���:  

2 1( ) crT z T T T T= = ∆ = −  )31(

���� 1�	? 1.	� O��	0 
-� 	�. H��W? ���	�E ��E:  

1 1(0) (0)ru Finiteφ= = ,  1
1

(0)
(0) 0

dw
w

dr
= =  )32(
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   =�� 1�	s? 1��sC� 8��;� 
��7 �? �B�� �? �	s��� 1�  �s�  .� u����s�1v  �

1θφ  �? 
��� H�;
3� ��G� <��_:V �θ l	J     �s���� �� �s�  u��� 	o�

     ��5
s-� ����s2?�B 8��s�� ��s-� 	? 1������ HP��>� <
0�� �? ��� u�V��i

) 1������ ����>� X��26�?  (  ���2?�B d�7 	? ����>� �- ��5
-� 6�  �V  �s?

 	�. H��J:�0 �V��i F����  
2

1 1 1 1 1
1 2 2

2
1 1 1 1

1 12 2

1

1 1
   0r r r r

r

d u du u du u
A

dr r dr r a dr r

d d d
C

dr r dr r a dr r

µ ν

φ φ φ φµφ ν

  + − + +  
  

  + + − + + =  
  

  

2
1 1 1 1

2 1 12

1
0   0

r
r a

r r

r

dw d d w dw
A r r r r e

dr dr dr a dr

dwd
r N

dr dr

µφ µφ φ  + + + + +  
  

 + = 
 

 

2
1 1 1

1 1 12 2

2
1 1 1 1 1

1 2 2

1
2 1

1 1 1

1
   

   0

r r r
r r

r

d d d
B

dr r dr r a dr r

d u du u du u
C

dr r dr r a dr r

dw
A

dr

φ φ φµφ ν φ

µ ν

φ

  + − + +  
  

  + + − + +  
  

 − + =  

 

)33(

 8� �� ��  

1 1 12 2 2
,       ,   

1 1 1

A B C
A B C

ν ν ν
= = =

− − −
 

2 2 2,    ,     
2(1 ) 2(1 ) 2(1 )

A B C
A B C

ν ν ν
= = =

+ + +
 

)34(

� q�- ����>� �� L�� ����>� 1��)5��B �?�g?� )33:u���� (  
2

1 1 1
1 12 2

1
1

1 1 1

   0

r r r
r r

r

d d d

dr r dr r a dr r

dw

dr

φ φ φµφ ν φ

β φ

  + − + +  
  

 − + =   )35(

 8� �� ��
2
1

2 1
1

C
A B

A
β  

= − 
 

  

) �g?�� q�� ����>�33 �? �� (F�0 �� 	�. :u�����  
2

1 1 1
1 2

1 1
1 0

r
r a

r

r

a
r

dw d d w
r r e

dr dr dr

dw dwd
r r e r

a dr dr dr

µ

µ

φφ

µ φ α

 
+ + + + 

 

   + − =  
    )36(

�� 0

2

rN

A
α = −. :	�. 1�V	�K
� 	��K� .� ���I
-� �?  

2
'1 1

2
     ,     

dw d w
Y Y

dr dr
= =  

1

r r

a a
rq e e Y

µ µ
φ α

 
= + − 

 
 

)37(

) ����>�36 �? (q	  �� F���� 	�. :��0  

' 0q rq+ =  )38(

) ����>� F7 .� S�38) ����>� .� ���I
-� � (37 ����>� �� 1��)5��B � (

)36:u���� (  

2
1 1

12 2

1 1 1
0r r

rr

a

d d

dr r dr r r
e

µ

φ φ αγ γν β φ
α

 
   + + + − − =     − 

)39(

 �8� �� ��
a

µγ =.  ����>� F7 �?=�  q�� ���	�  z��B 1.�- ���- �? �

 
-�?��/� �� ������ FJ�7 9��:� ���	C? 1��� 
 .��0  

  
  

6 -  �/ ��/ �QE.�R &�-�P- H!) +�, &���' ���.1

H��MS H��  

 ,
��7 <�� �������-�   =�� ���s�	EK    =�� D�>s0 � 
��Qs] .� �>?�s� ,

��  .�0�?�����-�  ����	E) �g?�� H��W?2  �s� �s
 	E 	o� �� (    �s���>� .��s0

 ��?	�9��-� E ������ 1��	�� ,�	>� 	�. H��W? ��0:  

( ( , ) ) 0
d dT

K r z
dz dz

− =  )40(

� .� ���I
-� �?O?�� )2) � (40:u���� (  
2

2

1
0

n
cm

n
m cm

nK sd T dT

ds K K s ds

−− + =
+

 )41(

 ��2

2

z h
s

h

+= .
-� ���- � =�  ����>� F7 �?     ��s�� 
s-�? z��sB 1.�-

   9��\s � 
s��7 �� 9��:� ���	C? 1��� �g?�� �? 
��/� ��   �� �s�� �sgi	�p

�� 
��Q] 
/B .u�-�  
  

7 -  �>�-/8�� , 6,-��  

 ���;� <�� ���	��� =��  S�B .� 1�FGM �� - q�������� .� ����	� �? �
/B

 � 
-� ��0 ���I
-� <����� � z��B �? �� z��B u����
? ���� 1�	? �G�Z HP�;�


?�Y 	���;� 8�:V .� u���:� ����;� ��0 ��� �V L��B }?�g�1 �� ���I
-� u��� 

]18  �22[:  

6,��1-  D-8E�
���
� ���-.� , ��P  

          \G  ������� h��i          6���	- ������� h��i  

70mE  GPa=  
623 10m  1/Cα −= × �

204 ( / )mK  W mK=  

0.3ν =  

780cE  GPa=  
67.8 10c  1/Cα −= × �

10.4 ( / )cK  W mK= 0.3ν =  

  

 �� 1�/���B2  �3   �	s��� =�� 9��s:� ���	C? 1���  1�  �� �>?�s� @��s�-


/B���� ��� �? =�� 1�	? 
i����� ����	7 1��)E��? 
C� �   � ���	s�E ��En=0  

 �n=1     D�>s0 �s? 
��Q] 
��� ,G
Q� 	���;� 1�	?/h a  	s�� �    
�s��

 1�
-�� �� �:27 D�>0µ    .
s-� ��s0 �U���    �sB <s�� .� �s� 1��g��s:V� L�

 9��\ � �? �
-����/h a        	���s;� <
 	sE 	so� �� �s? 9��s:� �s��	C? 1�	��

 ,G
Q�µ  .�?�� �� 9��\ ��B <�� �� <��_:V� }�;C� <�� .� FJ�7 X��
� L�

 h�i 
��7 1�	?0µ =  <�? �?�i }?�g� �� 
-� ��0 ����;� kB�	� 	��- �?

.���i �� u3^ �? X��
� <��  

 �� 1�/���B4  �5   �	s��� =�� 9��s:� ���	C? 1���  1�  �� �>?�s� @��s�-


/B���� ��� �? =�� 1�	? 
��Q] 
/B �� 	�K
� 1��)E��? 
C� �   � ���	s�E ��E

n=0   �n=1      D�>s0 �s? 
��Qs] 
��� ,G
Q� 	���;� 1�	?/h a   	s�� �

 D�>0 1�
-�� �� �:27 
���µ  L���B <�� .� �� 1��g��:V .
-� ��0 �U���

 9��\ � �? �
-����/h a        	���s;� <
 	sE 	so� �� �s? 9��s:� �s��	C? 1�	��

 ,G
Q�µ �� 9��\ �   }s�;C� <�� .� FJ�7 X��
� L���B <�� �� <��_:V .�?��

 h�i 
��7 1�	?0µ =   \s�� 
��7 <�� �� �� 
-� ��0 ����;� kB�	� 	��- �?

.���� ��B� X��
� <�� <�? �?�i }?�g�  
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6,��2- �.�-/ +�, &���' ��-.!1 3��/  3-2��� ,/ �01�)-4����
) �7T �1 +�, 3-.1 HE-8�
� �)�-.% 3�-UV��1 H!) �  , �-/.�V ��Vn=0  

  

6,��3- �.�-/ +�, &���' ��-.!1 3��/  3-,/ �01�) 2��� -4����
) �7T �1 +�, 3-.1 HE-8�
� �)�-.% 3�-UV��1 H!) �  , �-/.�Vn=1  

  

6,��4- �.�-/ +�, &���' ��-.!1 3��/ 3- ,/ �01�) 2��� -4����
) �7T �1 +�, 3-.1 .�54� �)�-.% 3�-UV��1 H!) �  , �-/.�V ��Vn=0  

6,��5- �.�-/ +�, &���' ��-.!1 3��/ 3- ,/ �01�) 2��� -4����
) �7T �1 +�, 3-.1 .�54� �)�-.% 3�-UV��1 H!) �  , �-/.�V ��Vn=1  

  

 �� 1�/G�03  �4  9��:� ���	C? 1��� ����:�
crT =�� �	���  1�  ds�7	?

/h a  
i����� ����	7 1��)E��? 
��7 �� ,G
Q� 	���;� 1�	?µ  ��0 u-�

����:� <�� �� 1��g��:V .
-��V �� 8�3� V�� 9��\ � �? 9��:� ���	C? 1��� �

/h a  �I�� 	���;� 1�	? 9��\ � <�� �� �?�� �� 9��\ �µ    	���s;� .� 	
s3�?

	IJ � 
�`� (<5:V 
��7) �� .�0�?  

 �� 1�/G�05  �6  9��:� ���	C? 1��� ����:�
crT �	��� =��   ds�7	? 1�

/h a  ,G
Q� 	���;� 1�	? 
i�����	�p ����	7 1��)E��? 
��7 ��n  u-�  

V .
-� ��0�� 8�3� �V����:� <�� �� 1��g��:  9��:� ���	C? 1��� ��V�

 9��\ � �?/h a �� 9��\ �  9��\ � <�� �� �?�� 9��\ � �?n �� 9V�� .�?��  

 �� 1�/G�07  �8  9��:� ���	C? 1��� ����:�
crT �	��� =��   ds�7	? 1�

/h a  ,G
Q� 	���;� 1�	? 
i����� 	�p ����	7 1��)E��? 
��7 ��µ   us-�

�� 8�3� �V����:� <�� �� 1��g��:V .
-� ��0     �s? 9��s:� �s��	C? 1��� ��V�

 9��\ �/h a �� 9��\ �   �sI�� 	���;� 1�	? 9��\ � <�� �� �?��µ   .� 	
s3�?

��� (<5:V 
��7) 	IJ � 
�`� 	���; .�0�?  

 ��1�/G�09  �10  9��:� ���	C? 1��� ����:�
crT �	��� =��  d�7	? 1�

n  �� ������	7 1��)E��? 
��7 d��	� �? 
i����� 
i�����	�p �   	���s;� 1�	?

 ,G
Q�/h a V .
-� ��0 u-��� 8�3� �V����:� <�� �� 1��g��:  ��V�  

  

 9��\ � �? 9��:� ���	C? 1���n �� 9V��  <�� �� �?��9V�� .� n=1    ,sZ�
�

�� ��0.  ��1�/G�011  �12     9��s:� �s��	C? 1�s�� ����:�
crT  �	s��� =��  1�

 d�7	?n     ,sG
Q� 	���s;� 1�	s? 
i����� ����	7 1��)E��? 
��7 ��µ   us-�

V .
-� ��0�� 8�3� �V����:� <�� �� 1��g��:      �s? 9��s:� �s��	C? 1�s�� ��V�

 9��\ �n �� 9V��  �� �?�� ���� .� 9V�� <��n=1  �o74� F?�Z ��g?  ��� 1�

�� ��0.  

 ��1�/G�ss013  �14   9��ss:� �ss��	C? 1�ss�� ����ss:�
crT �	ss��� =��  1�

 d�7	?µ  
i����� ����	7 1��)E��? 
��7 �� d��	� �?  ,sG
Q� 	���;� 1�	?

/h a  �n V .
-� ��0 u-��� 8�3� �V����:� <�� �� 1��g��:    1�s�� �s�V�

 9��\ � �? 9��:� ���	C?µ 9V�� �� �?��.  �� 1�/G�015  �16   1�s�� ����:�

  9��s:� ���	C?
crT  �	s��� =��   ds�7	? 1�µ     �s���	7 1��)sE��? 
s��7 ��

      ,sG
Q� 	���s;� 1�	s? ds��	� �s? 
i�����	�p/h a  �n     .
s-� ��s0 us-�

 8�3� �V����:� <�� �� 1��g��:V��     9��\s � �s? 9��s:� ���	C? 1��� ��V�µ 

9V�� �� .�?��  

 [18] [22] [6] (FSDT)  	]�7 ���;� 
CPT FSDT HSDT 

µ = 0 µ = 0 µ = 0 µ = 1 µ = 5/0  µ =0 µ = - 5/0  µ = 1-  h/a 
716/12  712/12  708/12  042/3  239/6  713/12  757/25  707/52  01/0  
866/50  795/50  769/50  155/12  931/24  8/50  921/102  711/210  02/0  
449/114  09/114  992/113  299/27  995/55  102/114  167/231  657/473  03/0  
465/203  333/203  062/202  403/48  297/99  355/202  958/409  989/840  04/0  
914/317  16/315  543/314  374/75  654/154  194/315  55/638  993/1311  05/0  

[18] [22] [6] (FSDT)  	]�7 ���;� 
CPT FSDT HSDT 

µ = 0 µ = 0 µ = 0 µ = 1 µ = 5/0  µ =0 µ = - 5/0  µ = 1-  h/a 
907/5 906/5 904/5 413/1 898/2 906/5 966/11 484/24 01/0  
63/23 603/23 592/23 648/5 585/11 605/23 825/47 902/97 02/0  
169/53 029/53 989/52 689/12 027/26 035/53 447/107 106/220 03/0  
52/94 081/94 971/93 508/22 172/46 091/94 623/190 877/390 04/0  
694/147 815/146 368/146 069/35 949/71 631/146 062/297 928/609 05/0  

[18] [22] [6] (FSDT)  	]�7 ���;� 
CPT FSDT HSDT 

µ = 0 µ = 0 µ = 0 µ = 1 µ = 5/0  µ = 0 µ = - 5/0  µ = 1-  h/a 
433/25  429/25  416/25  084/6  479/12  427/25 514/51 415/105 01/0  
455/101  59/101  538/101  311/24  862/49  601/101 842/205 422/421 02/0  
898/228  18/228  984/227  598/54  99/111  205/228 334/462 315/947 03/0  
821/405  666/404 123/404  807/96  595/198  711/404 916/819 979/1681 04/0  
828/635  32/630 085/629  749/150  309/309  389/630 101/1277 986/2623 05/0  

[18] [22] [6] (FSDT)  	]�7 ���;� 
CPT FSDT HSDT 

µ = 0 µ = 0 µ = 0 µ = 1 µ = 5/0  µ = 0 µ = - 5/0  µ = 1-  h/a 
378/15  373/15  371/15  679/3  546/7  376/15  153/31  748/63  01/0  
512/61  44/61  418/61  705/14  159/30  453/61  503/124  871/254  02/0  
433/138  037/138  947/137  034/33  756/67  067/138  72/279  007/573  03/0  
05/264 897/244 637/244 596/58 202/120 95/244 254/496 58/1017 04/0  
453/384 646/381 043/381 296/91 308/187 729/381 348/773 839/1587 05/0  
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(
	3-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � H!)

��
) �7T �1 +�, 3-.1 HE-8�
� �)�-.% 3�-UV��1  , �-/.�V ��Vn=0  

  
(
	4 -  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � H!)

)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�  �  , �-/.�Vn=1  

  

(
	5-  +�, &���' ��-.!1 3��/�.�-/ 3- ,/ �01�) 2���-4���  H!)

 �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�.�R  , �-/.�Vµ=- 1  

  

(
	6-  +�, &���' ��-.!1 3��/�.�-/ 3- ,/ �01�) 2���-4���  H!)

 �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�.�R , �-/.�V 1µ =  

(
	7-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � H!)

 �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�.�R  , �-/.�Vn=0  

  

(
	8-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � H!)

 �)�-.% 3�-UV��1 �7T �1 +�, 3-.1 HE-8�
�.�R��
)  , �-/.�Vn=1  
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(
	9-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � H!)

 HE-8�
� �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 , �-/.�V ��V 1µ =−  

  

  

(
	10-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/ -4�� � H!)

 �)�-.% 3�-UV��1 HE-8�
�.�R��
) �7T �1 +�, 3-.1  , �-/.�Vµ=0.5  

  

  

(
	11-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/ -4�� � H!)

��
) �7T �1 +�, 3-.1 HE-8�
� �)�-.% 3�-UV��1  , �-/.�V ��Vh/a=0.05  

 

(
	12-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/ -4�� � H!)

�-.% 3�-UV��1 HE-8�
� �)��
) �7T �1 +�, 3-.1  , �-/.�Vh/a=0.05  

 

  
(
	13-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/ -4�� � H!)

��
) �7T �1 +�, 3-.1 HE-8�
�  �)�-.% 3�-UV��1  , �-/.�V ��Vn=5  

  

  

(
	14- 

 +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/-4�� � 3�-UV��1 H!)

�-.% HE-8�
� �)��
) �7T �1 +�, 3-.1  , �-/.�Vh/a=0.05  
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(
	15-  +�, &���' ��-.!1 3��/�.�-/ 3-  �01�) 2���,/ -4�� � H!)

 �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�.�R  , �-/.�Vn=10  
  

  

  
(
	16- �.�-/ +�, &���' ��-.!1 3��/  3-,/ �01�) 2���-4�� H!) �

 �)�-.% 3�-UV��1��
) �7T �1 +�, 3-.1 HE-8�
�.�R  , �-/.�Vh/a=0.05 
  

  

8- 3.�V ���4�  

? 1��� ���;� <�� ���	��� =�� 6� ����	7 9��:� ���	C  S�B .� 1�

�� ������ �>?- 1��)E��? D�� �� 
C� �
/B 
i�����	�p � 
i����� ����	7

	? �K� L�� ���	� 1��M� ��-���� 
��7 1�	? H�CIJ �0	? F�0 	�  ���	�E

.
-� �
 	E ��	Z �>��g� ���� Q? 1�V����:� � L���B X��
� �	0 �? �F�Z 9

�� �-�	? F?�Z F�� :�0�? 

1- �	��� =�� 9��:� ���	C? 1���  
��Q] �? L�[ 
��� 9��\ � �? �1�

/h a �� 9��\ �  �:27 	�� 
��� �I�� 	���;� 1�	? 9��\ � <�� �� �?��

µ   .� 	
3�?�� 	IJ � 
�`� 	���;�  .�0�?  

2-  9V�� ���	��� =�� 9��:� ���	C? 1��� 1�  	�� 
��� d�7	?

 
��Q] 
/B �� �:27n�  D�>0 
/B �� �:27 	�� 
��� 9��\ �µ 

 6� .� 	
3�?	�Y��1 � 	?���; .����� 9��:� ���	C? 1���  

3-  	o� �� F��� �? �0	? F�0 	��K� L�� ���	� 1��M� .� FJ�7 X��
�

 h�i 
��7 �� ��/3i	^ <
 	E0µ = 
 ���	� 1��M� .� FJ�7 X��
� �?

6��\� �0	? F�0 	��K� 1P�?  D�]�� <�� .
-� 	��� 8�3� �V�  ��

 FJ�7 1�/?��B 
Z� .� � ����
�V �����i	?.  
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