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Abstract 
Due to the noticeable stiffness and also very low deformability, brittle materials have vast application in the various industries such 
as automobile, navy, and aero. Therefore, investigation of failure behaviour and mechanical fracture of these materials is one of the 
most important challenges of the engineers and researchers. The main aim of this paper is to compare the performance of the 
extended finite element method (XFEM) with the conventional finite element method (CFEM) in prediction of crack initiation and 
propagation in a brittle material. For this purpose first, applying the damage models based on the CFEM and XFEM available in 
ABAQUS finite element software, crack onset and growth in a graphite specimen with keyhole notch is simulated. Then, values of 
crack initiation angle and maximum load capacity in the sample under different mixed mode loading conditions are predicted, 
compared with experimental results and validated. Comparison of the numerical results obtained from the CFEM and XFEM 
simulations with the empirical results reveals that the XFEM in addition to decreasing the computational costs and also reducing 
sensitivity to the element size in the mesh has higher accuracy and more performance in prediction of crack initiation and 
propagation in the brittle materials, compared with the CFEM.   
Keywords: Conventional Finite Elements Method (CFEM), Extended Finite Element Method (XFEM), Fracture of Keyhole 
Notch Specimen, Mixed Mode Loading.   
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�5 �	� ���� �� �-� -��5 �������� � A	� �+� �6U	� -��5 B�	4 8���

 F����� @�	5 PC\ @]	����Q7 F:5 A	� �� ��+ @]	�� 8� C� @�

���Q� I	^�� �5���, @]	�� �� @�I	^� ��+  A	� �+� �6U	� ��

�� J�?�� ����5.�+�5   

 Y��
� [�G�GH� ����C �� W6
:� �5�	E ��+ � �	� ���� ���� _7�5

 -��� ��	N� 3�
4\� ��+ 3������VE1  ���	,]1-3[. �����3 

 �VE 3�
4\� ��+ ���1�< ��  3�
4\� ��+ ����� �� ����

                                                           
1Linear Elastic Fracture Mechanics (LEFM) 

 � ���5 ��+ -� �+�5 �	� ����5 Y��
� �5�E�� �c��� �����Q� . C�

>�� �� ���	N�@�<  L�� ����� �VE	�d 3�
4\� ��+ A	�

�����?2  � L��K� 3�
4\� A	� ��.�2�� J�� ���	,]4[ . C� ���

����H� @�<L�� @��.�2�� @�< \�5 >�� 4� ��=� �� ����� A	�

 �KV9 ���� PC\�+�5.   

8�6H� -��� ����� �5 �����������G� @�< ���+ 3����� � f��^�

 ���� -����Q< � g	5	6�< �c��� �� ����Q� A	� ��=� �5 @C��� -� ��

+��� �KV9 �� ����� ]5[ 	T�� -� C� R� .F<�h� @�� 	5 �< �c���

 ��+ 3����� O4��� �i��� j�?��.? J�	Q
� ���	,]6 �7[.  ��

                                                           
2Cohesive Zone Model (CZM) 
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 C�d� C� ��� ;
��5 -	9;.� 	��> [�G�GH� @�	5 'Z� �L�� C�4 @

 �� ��5 -�Q�� -��� �� �1
4�������  �.
�� �5 	M������ ��(, @

-���5  @�< '�����H� @�J=� �K4�� ��
 �1  ���	,]8[ .  

L�4 �� 	�E� @�< 	
2�5F<�h� �<@ 	�X�� 5�  ��	� ���� ��+

 �5 I�VK� @�<���K� �c��� ��+ @	N�W6
:� @�<���+ �5 [�KV9 

��+ 4� ]9-11[.  �<���+�5 ��N��  �/6
:� I��<� ����� �� L�^��

 �U�	n �KV9 ���/
4� ��� �	,���5 F�� J�	Q� . I�	n� ���� ��=�

 ���+ @�<C	� �� A	� ��M�� _7�5 ���+�� ��+ -����� .'�� �<@ 

 �/6
:��5 ��N�� A	� f�H^� ���+ C	� �� ��+ ��M�� @�<����.�2 

���	,�  >�� C� ��� .4�'�� �< �� A	� L�n �C���� �5 o���4 ��M�� �

 ��U��A	� ����E �� �5 .�+�5 C� ���/
4�L���
� @�<���+ �'�� >��  

U��C�4 � @��6� @�<���+ �5 8���� 8�+ 8�+�� ���	, �� @��6� .

 ��<���+ -��5 8�+ ��C�4 �1
�5 L�n �5 ���+ @��H�� p�K+ ��� �5

���+ .���� A	�@�< @��6���� �� 8�+g�J5 @�< � 3� C� 	�

���+@�< ��C�4��� �� 8�+3?�� @�< ��M�� 3� C� 	��� ���+ .
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,�	��� �>�� C��� �5 ��N�� ��5 @�	5 ��+ ��5 4� PC\ �>Q�� @��(,

 ���= �4��< J����+ ��C >�Q:�. 

  	�E� -����4 �nF�� ����C �� �����	  [�K��V� �� ��+ ���5

@��6� ���+ @���� [�KV9-� ��4� � ���� �� ��+ P�M�� 8�+ �<

 ��
�� X5��� �c��� 	5@	N� �J=� '�� C� ���/
4� �@L���
� ���H�2 

 ���
4� ���5�� >�5 >�� �� .4� ���K� �c��� �5 -������Q�  @]	�� ���1?

�2�	�3 ] -����Q< � >���C\ X4��12;< � [ ���K� �K4�� >��?

���2�5 �4�Q� F��4  � �5�	� X4��@��<	�� ] ��Q� ���+�9.[  

 �	i�U F<�h� ���5�J=� '�� ������ ����G� ��N��@�K4�� ���H� 

 �L���
� � �
 �� PJ���������= �C �� A	� �+� � � 3� �
� �	, �KV9

 @����@��6� ���+ 8�+ C� ���/
4� �5L�� �� ��=�� O�4� @�<

P	�  ��J �ABAQUS  @���� 	5 '��@�J=����H� �K4�� ��
 �  ����

�K��V�  ��	9�� ,��	 @�<���K� C� ���/
4� �5 ��+ ����	  RS4 .

 '��@�J=����H�  L���
� J��F���� ���5 �5 .��+����G�  Y��
�

 � A	� �+� 	���;< �?�> 
��+ @�	5 PC\ @�	���  �KV9 ���.� -�+

@��6� ���+ �58�+ F��'�� X4�� ��+ ���5@�J=� @�< ���H�

�K4�� ��
 �  L���
� � �5�5	M� Y��
��5 �'�� 9� � ������ �4�	5 @�<

\�5  �
E��	��� ��+ .�� ���+� �6Q7 � @��7 Y��
� ����G� ��� ��

�J=� '��@ �K4�� ���H� F<�� >Qi �
 ��85�9 �=��  �5 �4��U

 -�Q�� '�� �5 ��� @	
Q� ����4�H� ��5 � 	
2�5 9� C� �@��5

�J=�@ �� �����E	5 L���
� ���H� .�+�5;< �?�>  ����G� �5 Y��
�

�J=� '�� @�<���K�@�K4�� ���H� ��
 �� r:2��� ��	,  ��

 �2�	� @�<���K� �5 ��� @	
.5 9� @���� �2�� @�<���K�

�� ��+�5.  

  

  

  

                                                           
1Extended Finite Element Method (XFEM)  
2Conventional Finite Element Method (CFEM)  
3Minimum Strain Energy Density (MSED) 
4Maximum Tangential Stress (MTS) 

2-  &'�*+��+2'�!� �-�./ ��14�  

 '��@�J=����H� �K4�� ��
 � '�� �5 ����G� �� 	5 ��
�� @�<

@�J=����H� L���
�  @����@	�	5�< �� .4� @����5 @'�� �< @

 	5 ��
��@�J=����H� L���
� L�� @�	5 PC\ ����+ �� A	� -�	�

 4����+ ��5 .�+�5 �
+�� G5�V� �1
4����� �4��< �5 @ P�1�< ��

�+�� C�4@ �5 �A	� �+� 8���-� A	� �+� C� �6U	� 	< �� �����5 

���+ ��5�+�5 �
+�� s5�V� ���= A	� �4��< �5 @�  ����H� >��

 ���U� 	
2�5�� .��	, �5  ��Z7 ��'�� �< ��4�H� @�	5 8�9 @

 A	� A�� �� �1����C��� �5 ���/
4� C�-�Q�� �< J�� ����5 @4�  ��

 F��J � _7�5 	�� >�� ��5 '�� .���	, �<��E �6t�� �� ����4�H�

@�J=����H� �K4�� ��
 �  @�	5 ���= @���<�� �c��� �5����� C�4 �A	� @

���(15 	4 2� �� ���(� j��7 C� @����5 �
�����. 

 � ��u65 ��5 >���� 365 C� �1
4����� W�	K� @�	5B5���<@ 

�d� C�4@5  ����Q� ���/
4�]8[ �� . >�� C� �'��B5���<@ �d� ��+ 

 ��	Q< �5 v�^:��=��@��C� @�<  � �i� A	� � 	K� @�	5�5 [��0 

d�4��<	 � ���/
4��� ��+ >�� .B5���<  ��=�� @�< @��C�  � �i�

����	,�  -���� �� �1
4������M5�= F�� � ��5� �.��  ���5 [��0 

 L�� �5 �i���@�J=����H�  � �i� � ���Q� �5 C���-�	�����  A	�

�5 [��0  �4��<�� I	n	5 ������Q� ]8[ � ��u65 [�G�GH� C� R� .

365 �� ����Q� �c��� ���� �-����Q< � R��� ����H�� �< 	
Q� -� @

 � ��5 �6�9 L�� C�;< �?�>  @�	5 �+�� -� ��L�� C�4 '	
�, @

 	��q� �5 C��� -��5 A	����+ ��5 ��5 ����	, ��.�2�� @]13[ .  

 '�� C� ���/
4� P�1�< ��@�J=����H� �K4�� � 	K� @�	5 ��
 ��

�Z7 B5�� �� C� A	� �4��< ���K
�φ�ψ ���/
4��� ��	,B5�� .φ
-��5	, B5�� � A	� fV4ψ-�2� ���<� A	� fV4 	5 ��Q7 fV4

�� �+�5 W�	K� �5 .\�5B5�� �� >�� Bn�G� � ���K
� -��5 �� A	� �.�= �

�� �Q��� 8�+ s5�V� .1���	5 �+n �T� .= ��Q7 � A	� fV4 	5

���	5+m-�2� �� A	� �.�= 	5 ��Q7 �T� .= �� �<� .B5���<@φ
�ψ w�V4 �T� .= �� @���� ���G�1�� �  ���G� �/�� .=1-  �

 w�V4 @�� @���� 	/0 ���G��� ��+�5.  

  

  
 <	1- H�9-/  ��8� I9/�6 J6�/ '2 7�K?φ'ψ]14[  

  

  

                                                           
5Enrichment functions  
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2 -1-���-��6+9N *�,  

� 	< ���K �5�	E O�4� ��8���� �p�	+ ��6U	� �4 8��+  �+� �4� .

F�� �V5��–  ��
5� �� ���	H5 -�Q�� �� F�	��5 [��0  �VE 3�
4\�

 ����5F�� -��4� C� R�  �� ���G� 3� �5 F�	���.� �M����  � ��

 -�Q�� �
/4p�	+ ��+  ��� �.��  �	/0 ���G� �5 �
/4 -��4� �5

 8��� O�	:� ��?� -�Q���� �	,� .  

 �5 �5�	E p�	+�NH� � @ �
/,�� ��+ ��� !4�� ���  C� @���K� ��

 F<�� x�G� ��5� ���� !4�� F<�� . J�� p�	+ ����C�� ��+  ��F�� �< 

 ��F�	� �< �K���� ���� 	N�  .����Q� y�i�� ��  

P	� ��J �ABAQUS  �	� ���� @�	5 	5 ��
�� O�4� ���K� F+ @����

@�J=� '���K4�� ���H� �
 ��4�L�� >�� . ���K� 8��+ �<���2�5 

�60� F��1 ����2�5 �60� F�	�2 ����2�5 ���� F��3 ����2�5  F�	�

����4���� F�� B5	� �5 ���� F�	� B5	� �6 �� ��+�5.  �<���K� >�� ��

 F�	� �� F�� C� @��7 �K5��W�	K� ���� �� �60� �5 � ��+ -��4� >��

 B5�� ���G� �51 	
2�5 ���   �5�	E�� z�/�� -�Q�� �� �
 �]14[.  

F+ @�<���K� -��� C� ���,\�5) L�� ���K� �� �.�� �MPS  �MPE (

F�� �5 ���9 ����C ���5�� A	� ��M�� s5�V� �� [��0 >��5 ���+�5

 >�� �60� F�	� �� �60� F�� 	5 ��Q7 @�
4�� �� A	� �<���K�

�� ��M�� 	T���U) �<���K� 	��4 �� ��� .��+MNS�MNE

�QNS�QNE X4�� ���5 � ����� r�:2� 85�9 A	� ��M�� .= (

.��	, >��K� 	5���  

  

3 - ��8	 *O��*���5 ���	 �6 �-PQ 3R5 <	  

 @�<���K� 9� �5��C�� @�	5�c��� ��+  '�� @���� 	5���H� @�J=� 

�K4���
 �� F2� -��C� �@���� ���Q�  H� 8�+ @��6� ���+

��(,��5@ �< W6
:� @ ��P	� ��J � ABAQUS L�� C�4 @�� ��	, .

F�� �-��C� >�� P�M�� C� I�< � �22� ��5 8QH� � 	} ���5

;< �?�> @��6� ���+ �5 �
� �	, [�KV9 �� A	� �+� � ��M�� 	���-

�� 8�+�+�5.  Y��
��+�� C�4 '�� ���� 	5 @@�J=����H� �K4�� ��
 � 

 Y��
� �5�+�� C�4@  '�� ���� 	5@�J=����H� L���
�  �;< >��? Y��
�

�5	M� 5� -����Q< � >���C\ X4�� ���� 4�]12 [ ����G��� ��+.  

  

3 -1- 8	�� O��*  S�./*+��+2'�!� �-�./ ��14�  

�5 ��N�� F�� � 	} ���522���5� 85�9 8QH� ;< � ����C >��?

 ���+ �5 �
� �	, �KV9 �� ��+@��6�8�+�  �5 s5�V� ���Q� �4��<

 8�+2 P	� �� ��J ���M�� ����	, . ����Q� >�� ��o���4 p�K+ @�<

���.
��ρ �60�  � �G �o���4 J�	� >�5�<a�
 	, 	N� �� ��+ �C ����

A	� ��M��0θ J�� 8�+ s5�V�3  ���M�4����+.  ����C 	��q� �5

 ����C �� ���+ @�
4��@��(,��5βO��	� � @��(,��5 C� ����/
� @�<

 ��M�� P�� � L�� ��� H��� ��+ .�5 PC\ 4� 	�~ �� ��5 �� ����C

 ���
��C��Q��  L�Q7� ���+��	,)0( =β ��� X��	+ �� 8�+	��q� �

                                                           
1Maximum Principle Stress (MPS) 
2Maximum Principle Strain (MPE) 
3Maximum Nominal Stress (MNS) 
4Maximum Nominal Strain (MNE)   
5Quadratic Nominal Stress (QNS)   
6Quadratic Nominal Strain (QNE)  

) r��E 3�q���8�+	  L�Q7� ���+ �5 (�22��	,�� � � F��J � �5

 ��� ��U �5 r��E 3� ��� ��U C� @��(,��5 X��	+ �@��(,��5 ����C

�� 8���� ����	��+.� �H/0 -��� � �����
4� p�� C� @��(,��5 	5 @�

���+ @��-�Q�� C� 8�2
� @� @�<�4 �K5 @ �
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