
 

 
 

 

 

 �
��

��
 �

��
�	

 
�
��

�

� 

�
�

�
��

� 
��

�
�

8
0


 
 �

��
47

 �
��

�	
 


3
 
�

��
��

 

13

96
 �

!
"#

 

3

1
-

40
 

*  :�����	
��� 
�� ���� ������ ������ �������mbayani@um.ac.ir 
 :
 ���� !����02/11/94  

 :(	�)� !����15/02/95 

 ��	 %��&'����()  �!*�������  +�,-�. �/0��() �-1�2 �*3 (�4  56
7�  

  

8�94�: �9-��  �	
�� +�,-��� � �.����� �/��0� ��	1�0-� ��0-� �/��	  ��2-���3�	�� �  

����; (<�: ��!�*   ��	1 ������
/�3�	�� ��0-� ��0-� �/��	  ��2-��� �.����� �/��0�  

  

���
=    

 �� 4���5 �6��7�  8�9
�� ����� :;+��	1 ���6� ��< �����	1 ��)1 �=7/ ���> 
 �5 .� �� �� 4��6���< :��? >� 
 �5 ����	; @��A .����	1 �����/� �

 � 3�A 3C�� 	�D�E� ��< F	  ��� >� �65�� G��H �5 I����5�
� 8�9
�� ����� .� ����� �,�
� �� .���+��	1 �� J��=� �7A 	�K ���6� 8�� >� .��<

 8�9
��+��	1  +�L,� (�� �� >� .
/� ��< ���M
/� 
 �5 3��� ����	; ��
 � +>����� ��N�� �5 O�� �
��> ��	PE �5 Q��L� 3����	1 � R5�� ����
� 4�PS�

 �?�=�� ����� ��< 4��6� ������	1  8�T� �� �5 .
/� ��< �
 	1 .P� 8�0,� �=7/ 
?�����9� � ��< �5��>�� ���6� :;J��U 4�5 +�5 +�E� ���� 
/�

.
/� �
 	�)� V�,�� (�� �� >� 3��5 W��
� ��< 4�PS� �� (�� �� 	E 
?� 	1����	1 ���� +�	5 8�0,��� X�?� +�E .�<�5�>���� +�7A 	Y� ����� ��; �+	�1

�� 3��� ��>���� 3�-� W��
� .
/� ��< �6��7� ���6� :; 
?� 	5 +	�1�E� ��  ���6� :;>�  	���P
Z� :5�? ����	� (�� �5 
��� Q��L� 3����	1 (��

�>���� +�7A [��L � �5 (�� �� 	E 
?� 8�; 4�Z �� .
/��� [E�� +	�1�� ��E�-� .�5�� ��< �� ��<����	1 �� �� 8�0,������ ��; �5 3���+ ���S�� 

�>���� 3��� �5 Q��L� 3����	1 (�� 	
-�5 
�/��; ���E� 3�-� W��
� 4��\PE .�> 4�PS�.
/� ��� +	�1  

�>.?@�0���A 0:  8�9
��+��	1  ��< �	�]
� @��A �Q��L� 3����	1 (�� �R5�� ����
� 4�PS� (�� ����6� �
��>����	1 ��)1 �=7/.  

  

Estimation of Time-dependent Surface Heat Flux in a Nonlinear Inverse Bio-heat Transfer Problem 
 

M. Baghban Department of Mechanical Engineering, Ferdowsi University of Mashhad, Mashhad, Iran 

M. B. Ayani Department of Mechanical Engineering, Ferdowsi University of Mashhad, Mashhad, Iran 

 
Abstract 
This study deals with the solution of an inverse problem in a living tissue to estimate the time-dependent heat flux. The thermal 
properties such as thermal conductivity, blood perfusion and metabolic heat generation are considered temperature dependent. The 
Pennes bioheat model is applied to simulate thermal behavior. The Sequential Function Specification Method (SFSM) and Conjugate 
Gradient Method (CGM) with adjoint problem are applied to obtain the unknown surface heat flux. Two examples are considered to 
examine the accuracy and ability of the inverse analysis. A comparison of two methods in the solution of the nonlinear inverse bio-
heat transfer problem is done. Results confirm the accuracy of both methods in estimating unknown surface heat flux for exact data. 
The effects of measurement error, initial guess and measurement location upon the precision of the estimated results are evaluated. 
Results demonstrate that the accuracy of conjugate gradient method is more than the sequential method .However, in both methods; 
the precision of the inverse solutions decrease by increasing measurement error. Results show the time-dependent surface heat flux 
can be obtained by any arbitrary initial guess. In addition, the conjugate gradient method is more sensitive to measurement location 
than the sequential method. 
Keywords: Inverse bio-heat conduction problem, Sequential function specification method, Conjugate gradient method, Variables 
properties, Transient surface heat flux.  
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�_;	� 	E �� 4��	5��5 .
/� +��	�� I
���2�� .� � 	�> |?�� ���6� >�

�� ���M
/�:��<  

)15(  M(�"= − �"=NOP)�"= M < 0.0001 

 O���o�5 ��RSH 3��5 ��< �M��� 	1����	1 .
/� :�? ��	�� ��  

  

3 -1-1- G���1L M�.(N �9��!�  

     �5 
��� 
�/��; O�	��� k��	u	�]
�  8�0,��"= X
-� �5 -

) I��; Go��6� >� +	�11-8 �5 
��� (�"=   �5:�<  ��/�=� 	�>

��:���<  

)16(  �� �I�� = �;��; (	(�)I) + �H�H� + H��H� � I					 
)17(  I(�, 0) = 	0 

)18(  − �(	(�)I)�� M67� = T 0			� < �=1				� ≥ �= 

)19(  I(� = 9) = 0 

3 -1-2- �9�'(' K?� �/ ��	 %��&' D-��6OE.  

    ) ����> V�1 .� F	  �5A �M��� �4�6� (@  ��< V�����	1  �5 8�0,�

�� ��/�=� 	�> V�1 W�� >� ���M
/�:��<  

1.  +�	5 ����� ��;�∗  J�S
�� k/��� ��; .��< J�S
��

 ��<����	1 ) :�? ����> V�1 ���"=-/.
/� ( 

2.  ��< 3��5 V�_6� �5����	1�  �� ��� R�>�� �I�9
�� :; >�

�>���� �79�.��< ��/�=� +	�1 

3.  
�/��; O�	��� k��	u) Go��6� �516 -19 ��/�=� (

.���	1 

4. ) �75�� >� ���M
/� �514.��< 4��6� 8�0,� ��< ( 

5. ) ����6�) ���	2PE q	<15 ��5 ��	?	5 	1� .��< �/�	5 (( �"=  ��< +�65 �M��� � �
 � 8�� V�1 �5 � �
 	�)� ��

)�"=>/.��< ��> 4�PS� ( 4�� 	�K �� ��< G��H����	1 

��0a V�1 >� ���� 
/�5 � �
 	�)� ����� ��; 3���Z �5 �� V

.�5�� ����� :; V�� V�1 >� 

 

3 -2- ���./ P��' K?�  

    (�� 4�	��	5���	� >� ��� Q��L� 3����	1 (�� �� ����� V�P� +�E

 8�9
�� :^��� :;+��	1  �5 v�E R5�� (�� 4�� �� .
/� ���6�

 4�PS� +��� vt
A� G�65	� ~�P,� G��H��> ��< �>���� +��� � -

�1+	 ��< �� 3��5 :; ��;�� :� ��.��<   

)20(  D(�"(�)) = V ��(��, �) − F(�)�;H�WX

W7�  

 �75�� 4�� �� ���Y �>���� ������ 3��>IE .
/� ��� +	�1 4��a �(��, �) 3��5 4�PS� +��� 	1��> ��<  ����/ 3��� ��)�� � 
/� (

 >� �65���"(�) �� .�<�5(�� 4�� ��/� 	5  .� �� +>�/���PE :PZ

 � ��< V�,�� +��	�� I
���2��
0U >� ���M
/� �5  V�1 �>���� � Q��L�

 k/����� ���05 v�E R5����< ]33[ . 3����	1 (�� +��	�� ����	 

�5 v�E R5�� 3�	� ���P� +�	5 Q��L�
/� 	�> G��H ]30[:  

)21(  �"Z>/(�) = �"Z(�) − [ZHZ(�) 
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 3� �� ��[Z  � 
/� �,
�U V�1 �>����HZ  O���o�5 � [E�� 
0U	 
 �v�E R5�� 3����	1 
0U k�; 	5 [E�� 
0U .
/� ��	�� ���P<∇D(�")��_�? ��	�� �� [E�� 
0U � �HZ-/5 ���� 
/����]30[:  

)22(  HZ = ∇D(�"Z) + ]ZHZ-/ 

 Q��L� k�	u]Z  �5 	�> G��H�� ��/�=���<]30[:  

)23(  ]Z = ^ 0																																										 = 0_ `∇Da�"Z(�)bc;H�WXW7�_ `∇Da�"Z-/(�)bc;H�WXW7� 							 = 1,2, . . 
 ) ����6� +��)2��U �521) ����6� �� (20 �5 v�E R5�� �(:�<  	�>

�� �����>�5:��<  

)24(  D(�"Z>/) = V `�a�"Z(�) − [ZHZ(�)b − F(�)c;H�WX

W7�  

 G���Z 	1��(�"Z(�) − [ZHZ(�))  ��_�� +	/ >� ���M
/� �5

 
/�5 	�> G��H �5 �,
�U ����> V�1 �>���� ��5�� z�5 8�� ���	�

�� :��� ]30[:  

  

)25(  
[Z = _ `∆�aHZ(�)bc`�a�"Z(�) − [ZHZ(�)b − F(�)cH�WXW7� _ `∆�aHZ(�)bc;H�WXW7�  

 ��75�� 4�� ��∆� �� ��/�=� 
�/��; ����6� :; >�.��<  

  

3 -2-1- G���1L �E/�7�  

    �-� +�	5) Go��6� �� �
�/��; ����6� :�1-8 ��< +�U �5 (

����	1 )�") ��� � (T G���Z �(�" + ∆�"  �� + ∆� �� 4�L2��U -

5 G���Z >� 	1� 8�; .��<�) Go��6�) I��; z5��� ���� 
/�1-8 I� ((

��<  8�� ���	� ��_�� z�5 >� O�/ ���< ���M
/�  k��	� GtPU >� �

3� +o�5 v	H 	N���<3� � � ����� z��	< ��	PE �5 
�/��; ����6� ��1

 �5 +>	�:�< �� 3��5 	�>:��<  

)26(  �� �∆��� = �;��; (	(�)∆�) + �H�H� + H��H� � ∆� 

)27(  ∆�(�, � = 0) = 	0 

)28(  − �(	(�)∆�)�� M67� = ∆�"(�) 

)29(  ∆�(� = 9, �) = 	0 

4�� �5 �U�� �5 �}�  z5��� �� ��< >� �65�� ��� R�>�� ������	1 

�� �
/� 8�0,� 
�P� �5 
�/��; ����6� �� 
 	1 �,�
� 3���

 .
/� �7A 	�K ���6� ����� 	2�� G���Z �5 � ���5 �
�5�� 8�0,�  

  

3 -2-2- �<�!E. �E/�7�  

     ) ����6� ��?�=�� ����6� 4
 �� +�	51) y��	1o k�	u �� (e(�, �) (

�� J	u � ��< >�5 G���Z� 8�	2
�� 3��� � 3��> �>�; �� ���� 
/�

�� �
 	1) ����6� 
/�� 
P/ �5 ���� 
/�5 �,�
� O�/ .��<20( 

 � ��< � �u� �����>�5 	�> :�< �5 v�E R5����:��<  

  

)30(  
D(�"(�)) = V V ��(�, �) − F(�)�;f(� − ��)H�H�WX

W7�
:

67�  

	+ V V e(�, �) g ��� �	(�) ����� + �����(�)(�� − �)WX

W7�
:

67� + ��(�) − �� ���� h H�H� 

 �75�� 4�� �� ��f ) ����6� �� .
/� p�	�� R5��30 3��L � �5 (∆�  � ∆�"  �5�  ��" ) ����6� >� ��< ��/�=� G���Z 3�	� I� O�/ �30 (

 v�E R5�� G�	��]�D(�"(�)) �� ��/�=� 	�> G��H �5:��<  

  

  

)31(  

∆D(�"(�)) = 

						 V V 2��(�, �) − F(�)�∆�f(� − ��)H�H�WX

W7�
:

67�  

+ V V e(�, �) i �;��; (	(�)∆�) + �H�H� + H��H� � ∆�WX

W7�
:

67� − �� �∆��� j H�H� 

8�	2
�� �5���/ }�  ����6� V�� 8�	2
�� �{LU �5 {LU +	�1�� 	� -

 ����6� �
�/��; ����6� ����� � +>	� z��	< 8�PZ� �5 O�/ .��<

 �5 �?�=��:�< �� �
<�� 	�>:��<  

)32(  	(�) �;e��; + �H�H� + H��H� � e + �� �e��  										+2��(�, �) − F(�)�f(� − ��) = 0 

)33(  ea�, � = �Yb = 	0 

)34(  − �e��567� = 0 

)35(  e(� = 9, �) = 	0 

3�PE ��`�� ��E�-� �� ����� ���9� ����� .� �?�=�� ����6� ���<

 .
���4�� >� ��� �5���6  	�]
�k = �Y − � ��5 �?�=�� ����6�  .�

�� :���� ����� ���9� ����6� ��/�=� +�	5 	�> �_PU 
��0� �� .��	1 ∆D(�"(�)) �� �?�5:����  

)36(  ∆D(�"(�)) = V e(0, �)∆�"H�WX
W7�  

	2�� v	` >�� 
/� 	�> G��H �5 v�E R5�� G�	��]� ]28[:  

)37(  ∆D(�"(�)) = V ∇D(�"(�))∆�"H�WX
W7�  

) �75�� ����9� �536) � (37 	�> G��H �5 v�E R5�� 3����	1 ( 3��5

����<:  

)38(  ∇D(�"(�)) = e(0, �) 

3 -2-3-��.(O�@ Q(	  

     Q��L� 3����	1 (�� ���	2PE ���6��>���� �� �
��; �� +	�1

���� �� 3��5 	�> G��H �5 ��<�5 �7A 3��5 ����� +�E :��<  

)39(  D(�"(�)) < l 

 ��l ���� �� �
��; �� .
/� 
�T� � .a�� ��Z +�7A :��< �E

�>����4�� F	  �5 ���<�5 +	�1 ���(��, �) − F(�) = m q	< �

) ����6� >� ���M
/� �5 ���	2PE20 �5 (:�< �>�� ��/�=� 	:��<  

)40(  l = V m;H� = m;WX
W7� �Y 

 �75�� 4�� ��m �>���� +�7A >� ������
/� v�	=��.
/� +	�1  

  

  

3 -2-4 - R?/�� 8��/.() K?� �/ ��	 %��&' D-��6OE.  

     �� �� ��< 4�PS� :;�	� �Q��L� 3����	1 (�� ���5 3��� 	�> G��H

:�	� �HtA  

1.  � J�S
�� ��< +�	5 ����� ��; .�	 = 0  �
 	1 	N� ��

.��< 

2. ) I��; Go��6� :; �51-8.��< ��/�=� ��� R�>�� ( 
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3.  ��< Q��A :; >� ��<�5 ��	?	5 	1� .��< .a ���	2PE q	<

4�� 	�K ��.���	5 �65 �_;	� �5 G��H 

4.  3��5 V�_6� �5	�(��, �)  �F(��, �) :; �?�=�� ����6� �

 3����	1 � ��<) ����6� >� v�E R5��38.��< ��/�=� ( 

5. ) Go��6� .P� �5 Q��L� k�	u � [E�� 
0U22 � (

)23 .��< ��/�=� ( 

6.  >� �,
�U ����> V�1 �
�/��; ����6� �� +��)2��U �5

) ����6�25.��< ��/�=� ( 

7. ) ����6� >�21 �5 �;�� .� .��< ��/�=� ��< (	  ��< � �u�

�  >� V�� V�1.�5�� ����� :; 

  

4 -  S��-�  

�5 Q��L� 3����	1 (�� � ����	� (�� �6��7� 4�� �� �< �
 	1 ���

 ��< ������	1  ��� �5 �
�5�� ����	; @��A �5 
 �5 .� +�� 8�0,�

 �5 �?�=�� ����6� � 
�/��; Go��6� �I�9
�� :; .��< ��> 4�PS�

���=� vt
A� (�� >� ���M
/� ��Pu �� :;.���<  :�<2  
=H

 �6��7� �5 ����9� �5 �� I�9
�� :;]٢٤[  � �/��E z��	< +�>� �5

 �3���� ���L� �� ����� .��� +�	5 ����� ��; ����6� (�� �� 	E ��

 8�T� �� >� ���M
/� �5 ���6� (�� �� 
?� .
/� ��< J�S
�� 	MH ��<

�� ����9� 	2���� �5 � �5��>�� ������
/� .��< ���0� 3��>90  �5 ����Y

 ����> V�11  
 �5 8�` � ����Y9 = 0.01208	m  ���	1 J�S
��

]17[�>���� �79� .�79� ���� +	�1 �� � 
 �5 3��� +��� = 2	mm  ��

 .
/� ��< �
 	1 	N����6� V	U >� L�E	� +�	5 ]34[ � >� ����> V�1

	
�a�� �>���� +��� 4
 �� ��� +	�1.
/� ��< ���M
/  

) X�?� +��� �5 �7A 3��P� � �u� �5Fo6 +�7A �	�> :�< �5 (

�>�������< +	�1�� +>�/ :��<  

)41(  F = Fo6 + pm 

 ��75�� 4�� ��	p  � 	MH z/�
� ���9� � 8��	� R�>�� �5 � ���� ��Z .�

�� .� ���6� v�	=�� +�7A |�	6� �5 ���6� :; 	
05 �5��>�� .�<�5

3���� 	�> :�< �5 4�PS�:
/� 	�)�  

)42(  qC�r = s∑ (�"o6(�G) − �"or(�G));?G7/ t  

	�> �o�5 �75�� �� O����x  ��u �	� �53��5 k� X�?� ��< 	1 ��< �

� ���PS� t �>���� ���6�.
/� ����> +	�1  +��� �� 4�� �5 �U�� �5

�>����) ����6� .P�  �5 +	�141���< (�� +>�/ ����9� +�	5 ���<

W��
� 	
05�  �����
��5 ���	�  	E �� � :;���	�  +�7A ���9�

�>���� �� ��/�=� +	�1 ��< .��<����	1  4�	
-�5 +�>� �5 ���� 
/�5

 ��< 3���Z �5 4�PS� +�7A����	1  4�PS���> ��<  �
 	1 	N� ��

�� .��<  

 F
	2- ��9-T. �D�,-1� FL ���  

  

 +�U�1 . ��< 8�T� 4�� �����	1� �� 3��5 	�> R5�� G��H �5 X�?�-

:��<  

)43(  �"o6(�) = v500														0 ≤ � ≤ 20,70 ≤ � ≤ 90	20� + 10																										20 ≤ � ≤ 45−20� + 1900																		45 ≤ � ≤ 70  

 ��< 4�PS� �� ����	� (�� W��
� ��
5� ������	1 �� �/�	5 .��<

 :�<3  ��<+��	1 4�PS���> ��<  ����> V�1 G��M
� 	���9� +�>� �5 ��

�>���� +�7A �� �
��; �� �������� 3�-� �
/� 	MH +	�1 ��tZ .�E�

 8��U �� W��
� 4�� 	51 �� ��E�-� .
/� ��< �^��� �� ��< 
��; ��

�>���� +�7A	MH +	�1 �A = 2  k�/ �� 4�PS� +�7A ���9� 4�	
P�

�� ��< 4�PS� �� (�� +o�5 
?� >� ���; W��
� .��<����	1  8�0,�

���� +�	5IE .
/� X�?� +�E �5 4�PS� +�7A G�	��]� ��=�� 4��a

 +�>� �5 ����� ����> V�1m = 0.002��y6  �m = 0.005��y6 

 :�< ��4  ����> V�1 [��L � �5 �����P� 4�� X5�7� .
/� ��< ���� 3�-�

 :?��; ���9� .� �� 4�PS� +�7A ������ �
 �� [E�� 3� >� O� �

�� [��L ��� ��E�-� .�5��A +�	5 �� ��<�>���� +�7 +	�1m = 0.002��y6  �m = 0.005��y6 ����> V�1 �A = 8  �A = 10 

�5 k��	�P��� ��,�� �� 4�PS� +�7A 4�	
�� 4��	5��5 .���� 3���

���� 	1� ��� 
 	1 �,�
��>���� +�7A �5 �E ���6� ����< �
-K� +	�1

+	
-�5 ����> V�1 o J�_7� 
?� �5 3��/� +�	5 :�< .
/� V>5  	Y�

�>���� +�7A+	�1 �� < 4�PS� 	5 ������	1  3�-� ����	� (�� ��

�� �� ��E�-� .�E��>���� +�7A [��L � �5 �� ��< 4�PS� 
?� �+	�1

 ��<����	1 �� [E��.�5��  

  

 +?��1-  ��	 %��&' 0�*3����() �2.��. 0�*3 0.2. �: ? 0(�)

 +�U� �/ W?�"-� ����; ����2 P�)1 (�9�'(' K?�) 

����� ����> V�1 m = 0 m = 0.002	��y6  m = 0.005	��y6 A = 2 4.176 101.182 154.677 A = 4 7.861 55.0795 106.023 A = 6 16.400 37.499 65.335 A = 8 22.254 33.848 49.895 A = 10 32.637 37.274 46.216 A = 12 39.5,3  44.299 49.439 A = 14 44.,1, 52.771 56.,59 

  

t

T

0 500 1000 1500 2000 2500 3000
34
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42

44

Present study, x=0
Ref. [24], x=0

Present study, x=0.0525 m

Ref. [24], x=0.0525 m
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 F
	3-  ��	 �1��,�����() %��&' ? Z�</�/2 ��	  0.2. �: ����2 P�)

 W?�"-� ����; �/ +�U�1
 z = { (�9�'(' K?�)  

  

 F
	4-  ��	 %��&' G</ (: ����; ����2 P�) ([.����()  �/ +�U�1 

(�9�'(' K?�)  

  

 �^��� Q��L� 3����	1 (�� �5 q�5	� W��
� ����� ���� :�< .��<6 

 ��<����	1  4�PS���> ��< �>���� +�7A �/ +�>� �5 �� G��M
� +	�1

�� 3�-��>���� +�7A �� �
��; �� |?�� ���6� .�E� �
/� 	MH +	�1 l = 0.001  ��< 4�PS� +�7A .
/� ��< J�S
������	1  �� L��

 8��U2 �� ��E�-� .
/� ��< �^��� +�7A [��L � �5 �� ��<

�>����  ��< 4�PS� +�7A �+	�1����	1 �� [��L � .�5��  

 8���U �� ��< (��L1 4�PS� +�7A ����9� �51  �2 �� 3���

 ��< 4�PS� �� Q��L� 3����	1 (�� 
?� �� 
 	1 �,�
�����	1  >�

 .
/� 	
-�5 ����	� (�� 
?� �� :�<7  �5 ����/ 3��� �� ��� R�>��

+�7A ���; �� |_
S� ���6� (�� �� +�>� �>���� +	�1m = 0.005��y6  ��< ���� 3�-�.
/�   

  

  

  
 F
	5-  ��	 �1��,�����()  %��&' ? Z�</�/2 ��	  0�*3 0.2. �:

�2.��. W?�"-� 0(�) �/ +�U�1 (�9�'(' K?�)  

  

 +?��2-  ��	 %��&' 0�*3����() �2.��. 0�*3 0.2. �: 0(�)

 W?�"-� �/  +�U�1 (R?/�� 8��/.() K?�)  m = 0 m = 0.002	��y6  m = 0.005	��y6 
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 +�U�2 . ��< 8�T� 4�� ������	1  3��5 	�> �_� R5�� G��H �5 X�?�

��:��<  

)44(  �"o6(�) = �500								0 ≤ � ≤ 30, 60 ≤ � ≤ 901000																						30 ≤ � ≤ 60															 
 :�<8 ���� +�	5 ����	� (�� 
?� 	5 �� ����� ����> V�1 	Y� +�E

�� 3�-� �7A 3��5 8��U �� �7A ���9� 4��\PE .�E�3  ��< �^���

 :�< .
/�9 4�PS� +�7A G�	��]� ��  +�	5 ����� ����> V�1 k�; 	5

�� �>���� +�7A+	�1m = 0.002��y6  �m = 0.005��y6  3�-�

�� .�E�3�-� W��
� ���E�  +�	5m = 0 ����� ����> V�1 �2 I� 4�	�

�� ����� �� 4�PS� +�7A .����� ���; +�	5 ��m = 0.002��y6  � m = 0.005��y6  k��	� �5 >��� ���� ����� ����> V�1 ���6�4  �6 

�� 4��	5��5 .
/� �� 
 	1 �,�
� 3����>���� +�7A �
?� �� +	�1

���� [�5 ����� ����> V�1 ���6� ��<�5 �
<�� ��U� �E �� 
/� V>o +	�

 .�5�� ���05 4�PS� 
?� ��<����	1  4�PS���> ��<  +�7A ���; ��

�>����  :�< �� +	�110 �� ��E�-� .
/� ��< I/� +�	5 �� ��<

k/��� 4�PS� ��< 	�����	1�� ��>���� +�7A 
���5���� �� +	�1 +�E

.��< I� +����  

 F
	8-  ��	 �1��,�����() %��&' ? Z�</�/2 ��	  0.2. �: ����2 P�)

 W?�"-� ����; �/+�U�2
 z = { (�9�'(' K?�)  

  

 F
	9-  ��	 %��&' G</ (: ����; ����2 P�) ([.����()  �/ +�U�2 

(�9�'(' K?�)  

  

 +?��3-  ��	 %��&' 0�*3����() �2.��. 0�*3 0.2. �: ? 0(�)

 W?�"-� ����; ����2 P�)�/  +�U�2 (�9�'(' K?�)  

 ����> V�1

����� 
m = 0 m = 0.002	��y6  m= 0.005	��y6  A = 2 42.818 97.901 142.267 A = 4 58.140 6۵.434 101.067 A = 6 69.009 72.386 84.932 A = 8 78.337 83.150 88.684 A = 10 92.978  94.517  98.226  A = 12 105.09  104.657  107.047  A = 14 110.42  115.254  117.507 
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�2.��. ]�-&� 0(�) �/+�U� 2  K?�)�9�'('(  
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�>���� +�7A +�>� �5 �� Q��L� +	�1m = 0 �m = 0.005��y6  � m = 0.01��y6 �� 3�-� ��< 4�PS� +�7A .�E�����	1  �� L��

 8��U4  ��E�-� .
/� ��< �^����� +�7A [��L � �5 �� ��<

�>����  ��< 4�PS� +�7A �+	�1����	1 �� [��L �.�5��  

 ��< 4�PS� �� ���6� (�� �� ����9�����	1  +�7A �/�	5 �5 qC�r  8���U �� ��< (��L13  �4 3���� �8�T� 3���Z �5 .
/� 	�)� ��

�>�����?� +	�1X ��� ��E�-� (�� �� �� 4�PS� +�7A �� ��<

 ����	�)A = 2 ( k��	� �5 Q��L� 3����	1 �818/42  �096/34  .
/�

�>���� +�7A ���; �� �7A 4�� 4��\PE  +	�1	 m = 0.002	��y6����	� (�� �� � )A = 4(434/65   (�� �� �

 Q��L� 3����	1625/63 3��5 W��
� .
/� 3����	1 (�� 	
-�5 
?� 	1

 ��< 4�PS� �� ����	� (�� �5 ����9� �� Q��L�����	1  .� �� 8�0,�

 8�9
�� �����+��	1  .
/� �7A 	�K �
��> 4�PS� +��� R�>��

��> ��< (�� .P� �5 :�< �� ���6� +�E12 .
/� ��< I/�  +���
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 �5 +��� R�>�� 4�PS� �� .�
�E ��P����  

t

q" (t
)

0 30 60 90
400

600

800

1000

1200
Exact
Estimated,
Estimated,
Estimated,

(W
/m

2 )

(s)

r=2
r=4
r=6

r

E
rm

s

2 4 6 8 10 12 14
60

80

100

120

140

160
σ=0.002Tmax
σ=0.005Tmax

(W
/m

2 )

(s)

t

q" (t
)

0 30 60 90
400

600

800

1000

1200

Exact
Estimated,
Estimated,
Estimated,

(W
/m

2 )

(s)

σ=0.005Tmax,, r=6

σ=0, r=2
σ=0.002Tmax,, r=4



  

 

 

 

4
�P

S
�

 
��

<
 

�
���

	1
 

�
=

7
/

 
���

���
 

�� 
8

�9

��

 
+

��
	1

 
�


�
�>

 ...
 

38 

 ��< 4�PS� 
?� 	5 ����� ��; 	Y�����	1  8��U ��5  (��L1

�� ��E�-� .
/� ��< ��< �(�� �� 	E �� �� ��<����	1 ���5 ����� 

.��< ��> 4�PS� ���S�� ����� ��; �5 �5�A 

�>���� 3��� 	Y� �6��7� ��N�� �5 ����6� (�� 
?� +�� 	5 +	�1

�� �
 	1 	N� �� |_
S� 3��� �/ ��< 4�PS� +�7A .��<����	1  ��

 8��U6 �>���� +�7A F	  �5 (�� �� 	E +�	5 �_� R5�� +�	5 	MH +	�1

3�PE .
/� ��< �^����� ��N
�� �� ��` 8�PZ� :=� >� 3�< ��� �5 ���

 ���<�� [E�� ���6� (�� �� 	E >� :H�; W��
� 
?� 4�Z �� .�5��

�� ��E�-� 8�;� 
�/��; �� ��< 3��� �5 Q��L� 3����	1 (�

�>���� [�5 ����	� (�� �5 
��� �+	�1.
/� 	�  

  

 F
	11-  ��	 �1��,�����()  %��&' ? Z�</�/2 ��	  0�*3 0.2. �:

�2.��. ]�-&� 0(�) �/ +�U�2   K?�)(R?/�� 8��/.()  

  

 +?��4-  ��	 %��&' 0�*3����() �2.��. 0�*3 0.2. �: 0(�)

 W?�"-� �/  +�U�2 (R?/�� 8��/.() K?�)  m = 0 m = 0.002	��y6  m = 0.005	��y6 

34.069 6٣.625 79.227 

  

 

F
	 12-  %��&' ? Z�</ 0��/�/2 ��	  �/ 56
7� K?� ?/ ��A �:

+�U�2 
z = {. {{|}~��  

 
 +?��5-  ��< 4�PS� +�7A����	1 �5  G��M
� ����� ��; +�>�

 �� 8�T�2 ����>�� m = 0  )Q��L� 3����	1 � ����	� (��(  

 
�"(�) = 0 
(W/m2) �"(�) = 500 �"(�) = 1000 

����	� (��  42.818 46.905 46.905 

 3����	1 (��

Q��L�  
34.069 28.406 30.530 

  

 +?��6-  ��	 %��&' 0�*3����() �: �2.��. 8�
� 0.2. 0(�)

?�"-� +�U� �/ W2 ����2�A z = {  )R?/�� 8��/.() ? �9�'(' K?�( 

 
�� = 0 (mm) �� = 2 �� = 3 

����	� (��  34.503 42.818 44.814 

Q��L� 3����	1 (��  7.828 34.069 40.501 

  

5- ���-�0(�)  

 �� 
�9 �� �5 Q��L� 3����	1 (�� � ����	� (�� �6��7� 4�� ��

 ��< 4�PS�����	1  @��A �5 ���> 
 �5 .� s7/ +�� 	5����	1  	�]
�

 ��
 � .���< �
 	1 ��� �5����	1  8�9
�� 8�� .P� �5 
 �5+��	1 

���< O�� �
��> :; �5��>�� +�	5 ������
/� 8�T� �� .�< +>�/


 	1 	N� �� ���6�����9� � �< � 4�5 +�W��
�  �� >� ���� 
/�5

>���� +�7A 	Y� .
 	�)� V�,�� (��� 3��� � ����� ��; �+	�1

�>���� 1 �� ��� 3�-� W��
� .�< �/�	5 ���6� (�� �� 	E 
?� 	5 +	�

�>���� +�7A �� �
��; ����? :5�? 
?� �5 (�� �� 	E �
/� 	MH +	�1

 ��<����	1 �� 4��6� �� 8�0,���>���� +�7A [��L � �5 ��� b��� +	�1

�� [E�� ���6� :; �� 	E 
?� .�5�� G��H 4�PS� ��U� 4�� �5

 	���P
Z� :5�? ����	� (�� �5 ����9� �� Q��L� 3����	1 (�� �� �
 	1

 .
/� ��< �� �< ��E�-� 4��\PE����	1 �� 8�0,� ��; �5 �����

�� 3�-� W��
� .��< ��> 4�PS� ���S�� ����� Q��L� 3����	1 (�� �� �

�>���� 3��� �5 
��� ����	� (�� �5 ����9� �����; ��� +	�1 	�

.
/�  

  

6 - D^_T G�(�H 
C  �y�� ����	1 
� 	f Jkg-K-/ 

D  [E�� 
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J v�E R5��  
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L 
 �5 8�` m  

N �>���� ���6�����> +	�1  

q ��	1 ����� D�E� Wm-)  
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