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Abstract The aim of this paper is to present a new numerical method for solving the Bagley-
Torvik equation. This equation has an important role in fractional calculus. The
fractional derivatives are described based on the Caputo sense. Some properties
of the sinc functions required for our subsequent development are given and are
utilized to reduce the computation of solution of the Bagley-Torvik equation to
some algebraic equations. It is well known that the sinc procedure converges to the
solution at an exponential rate. Numerical examples are included to demonstrate
the validity and applicability of the technique.
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1. INTRODUCTION

A history of fractional calculus, i.e. the theory of derivatives and integrals of frac-
tional (non-integer) order, can be found in [11, 14, 16]. Both differential equations
and fractional differential equations have been used to model physical and engineering
processes such as electromagnetic, acoustics, viscoelasticity, electroanalytical chem-
istry, neuron modeling, diffusion processing and material sciences (see for example
[2, 5, 7, 13, 20] and the references therein). The analytic results on existence and
uniqueness of solutions to fractional differential equations have been investigated by
many authors [7, 16]. In general, most of the fractional differential equations do not
have exact solutions. Recently increased attention has turned to comparing numeri-
cal methods for solving fractional differential equations, fractional partial differential
equations, fractional integro-differential equations and dynamic system containing
fractional derivative (see for example [3, 8, 12, 18, 21, 22, 23]).
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In this study, we consider the Bagley-Torvik equation
Ay + ApyB?) 4 Agy = f(x), 2 €[0,1], (1.1)
with the boundary conditions

y(0)=a, y(1) =0, (1.2)

where Ay, Ao, As, a, b are real constants and y(x) is an unknown function. The Bagley-
Torvik equation arises in modeling of the motion of a thin rigid plate immersed in
a Newtonian fluid [6, 16]. This equation has been numericaly solved by using the
hybridizable discontinuous Galerkin methods [6], pseudo-spectral scheme [3], Bessel
collocation method [28], generalized Taylor collocation method [1], Haar wavelet, [17]
and hybrid functions [10].

In the present paper we intend to extend the application of sinc mthods to solve the
Bagley-Torvik equation. Sinc function properties are discussed thoroughly in [9, 26]
and it is widely used for solving a wide range of problems arising from scientific and en-
gineering applications including Hallen’s integral equation [25], third-order boundary
value problems [24], squeezing flow [19], fractional convection-diffusion equations [23],
differential-algebraic equations [27] and Thomas-Fermi equation [15].

Our method consists of reducing the problem to the solution of algebraic equations
by expanding the required approximate solution as the elements of the sinc func-
tions with unknown coefficients. The properties of sinc functions are then utilized to
evaluate the unknown coefficients.

The organization of the rest of this paper is as follows: In Section 2, we introduce
some necessary definitions and mathematical preliminaries of sinc functions, fractional
calculus and Gauss-Jacobi quadrature. In Section 3, the new method proposed in the
current work is presented. As a result a set of algebraic equations is formed and
a solution of the considered problem is introduced. In Section 4, several numerical
results are given to show the efficiency of our methods. In Section 5, we give a brief
conclusion.

2. PRELIMINARIES AND NOTATIONS

2.1. A short overview on sinc functions.

The goal of this section is to recall properties and definition of the sinc function.
These are discussed thoroughly in [9, 26]. The sinc function is defined on the whole
real line, —oo < = < o0, by

sin(wx) T 7& 0
. — TT ) k)
sinc(z) { 1, e O,
For h > 0, and k = 0,41,+£2,..., the translated sinc functions with evenly spaced
nodes are given by
in[E(z—kh)]
z —kh TS w#kh
S(k,h)(x) = si = Rleskh) ’ 2.1
(kim(e) = sine (25 ) {1’ o (2.1)

(el
BE
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The sinc function for the interpolating points x; = jh is given by

. 17 k: .7

If a function f(x) is defined on the real axis, then for h > 0 the series

Cl) = 3 g0 sine ()

k=—o00

is called the Whittaker cardinal expansion of f whenever this series converges. The
properties of Whittaker cardinal expansion have been extensively studied in [9]. These
properties are derived in the infinite strip Dg of the complex w-plane, where for d > 0,

Dsz{w:t—i—is :\s\<d§%}.

Approximations can be constructed for infinite, semi-infinite and finite intervals. To
construct approximations on the interval (0, 1), which is used in this paper, the eye-

shaped domain in the z-plane
z T
_c d< =

is mapped conformally onto the infinite strip Dg via

w:¢(z):1n(1iz).

The basis functions on (0,1) are taken to be the composite translated sinc functions,

DE{szriy :

Sk(z) = S(k,h) o ¢(x) = sinc (d)(x)hkh) , (2.2)
where S(k, h) o ¢(x) is defined by S(k,h)(¢p(x)). The inverse map of w = ¢(z) is
iy exp(w)
z=em (W) 1+ exp(w)’

Thus we may define the inverse images of the real line and of the evenly spaced nodes
{kh}2 _ . as

I'={y(t) € Dg : —c0o <t < oo} =(0,1),
and

ekh

-1

= kh) = —— k=0,£1,4+2,... 2.3

T =¢ ( ) 1+ ekh , &, L4, ( )
respectively.

The class of functions such that the known exponential error estimates exist for

sinc interpolation is denoted by B(Dpg) and is defined in the following.

Definition 2.1. Let B(Dg) be the class of functions F' which are analytic in Dg,
satisfy

/ IF(2)dz| — 0,  t—> +oo,
P(t+L)

c [ ]
(0] €]
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where L = {iv :|v] <d < %}, and on the boundary of Dg, (denoted dDp), satisfy
N(F) = / |F(z)dz| < oo.
ODEg

Interpolation for function in B(Dpg) are defined in the following theorem whose
proof can be found in [26].

Theorem 2.2. If ¢'F € B(Dg) then for allz €T

F(z)= Y Flap)S(k,h)o ()| < mﬂ%
k=—o0
< IN(EQ) s
- wd

Moreover, if |F(x)| < Ce= 1@ 2 € T for some positive constants C' and o, and if
the selection h = \/wd/aN < 2wd/In2, then

N

F@) = S Fon)Shh) o o)

k=—N

< CQ\/NeXp(—\/WdaN), x el

where Cy depends only on F, d and «.

The above expressions show sinc interpolation on B(Dg) converge exponentially [26].
We also require derivatives of composite sinc functions evaluated at the nodes. The
expressions required for the present discussion are [23].

1, k=j,
60 = [S(kh) 0 6(@)lama, = {O o (2.4)
d 0 k=j
6D — RISk h weps = T ’ 2.5
k,j qu[ (k,h) o ¢()]|o=z, {(jl_)kk’ — (2.5)
d2 77&'27 k= j,
52 = W2 [S(k,h) o d(2)]|ee, =3 o0 10 2.6

2.2. The fractional derivative in the Caputo sense.

There are various definitions of fractional integration and differentiation of order
v > 0, and not necessarily equivalent to each other [11, 14]. We recall here some
classical definitions which will be useful in the sequel.

Definition 2.3. Caputo’s definition of the fractional-order derivative is defined as

z (n)
F(nl_B) fo (zft)ﬁgrtl)—n dta n—1< 6 <n, nec N7
DPf() = (2.7)
4’ f(x), B=neN.

dx™
where 8 > 0 is the order of the derivative, I'(.) is the Gamma function and n = [5]+1,
with [3] denoting the integer part of §.
B
BE
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For the Caputo’s derivative we have [14],

DAC =0, (C is a constant),
(2.8)

DPY — {0 for vy € NU{0} and v < [3], (2.9)

e’ % fory € NU{0} and y > [5].

We use the ceiling function [/3] to denote the smallest integer greater than or equal
to 8. Similar to integer-order differentiation, Caputo’s fractional differentiation is a
linear operator:

DP(c1f(z) + c2g(z)) = 1 DP f(2) + 2D g(x), (2.10)

where ¢; and ¢y are constants.

2.3. Gauss-Jacobi quadrature.

Let A, > —1. The Jacobi polynomials P,gf"“)(x),m =0,1,2,.., x € (—1,1) are
defined by

i) (o = A _p dm

PR = A

They have the following orthogonality relation

(1 —2)M™ (1 )™ (2.11)

1 oAtutl  T(A+n+1)I(u+n+1)
/ P()\7M) (x)P()\,u) (CU)(]. _ l’)/\(]. + .’E)Mdl' — ) Mpt+2n+1 nID(A+p+n+l) 0
4" " 0, n # m.

n =m,

As a result, all the zeros of P;"") (x) are simple and belong to the interval (—1,1).
For a given positive integer m, we denote the Gauss-Jacobi points with parameters A
and p, by {51-()"“)}}21 which is the set of m roots of Py(n)"“)(m).

The Gauss-Jacobi quadrature rule, with parameters A\ and pu, is based on Gauss-
Jacobi points {59’“)}?;1 and can be used to approximate the integral of a function
over the range [—1, 1] with weight (1 — 2)(1 + z)* as

/_ 11 fl@)(1 = 2) 1+ 2) de ~ iwﬁw FEMM, (2.12)

i=1

MM)}

where the Gauss-Jacobi weights {%( m, are given by [4]

o) TA+m 4Dl (p+m+1) oA+l
P Ot ptmt1 > , -
( o ) (1 B (gi(A,u)) ) [BSL/\,M) (gi(,\,p))}

(2.13)

Gauss-Jacobi quadrature can be used to approximate integrals with singularities at
the end points. Also it is well known that Gauss-Jacobi quadrature is exact for all
polynomials of degree 2m — 1.

(<)
EE



CMDE Vol. 5, No. 1, 2017, pp. 56-66 61

3. DESCRIPTION OF THE METHOD

First of all, we reformulate the problem (1.1)-(1.2) by applying the following trans-
formation that makes the boundary conditions become homogeneous

u(z) =y(z) + (a — bz — a.

Therefore, we consider the following Bagley-Torvik equation

Aru® 4+ AuB? 4 Agu = g(z), z€]0,1], (3.1)
with homogeneous boundary conditions
w(0) =0, wu(l)=0, (3.2)
\(zvhe;re g(x) = f(z) + A3((a — b)x — a). Now, we approximate solution for u(z), in Eq.
3.1) as

N

u(z) = up(x) = Z ugpSk(x), (3.3)

k=—N

where u = u(zg) and M = 2N + 1. Tt is worth pointing out that ups(x) = 0 when x
tends to 0 or 1. The first derivative of Eq. (2.2) is given by

d Ld
7 Sk h) 0 d(2)] = ¢ (m)% [S(k, h) o ¢(x)].
Thus, using Eq. (7) we get
2 u() - ()0 (3.9

Similarly by taking the second derivative from Eq. (2.2) and using Egs.(7) and (8)
we obtain
d2

S| = 36 @)l + 16 ). (35)

h h?

T=Tj

Therefore, the approximations of the first and second derivatives at the sinc nodes x;
take the form

al 1
o) = 3w { o)}, (35
k=—N
al 1 1
o) = 3w {0 eol) + 5 o} (37)
k=—N

The approximations (3.6) and (3.7) are more conveniently recorded by defining the
vector U = [u_n, ..., un]T. Then define the M x M Toeplitz matrices I'9 = [5,(;;)]7 q=
0,1,2. i.e., the matrix whose kj-entry is given by 6,&3). Also define the diagonal matrix
E(p) = diag[p(z_n), ..., p(zn)]. The matrix I is an identity matrix. Note that the
[c]v)
EE
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matrix I? is a symmetric matrix, i.e., I;fj) = Iﬁ) and the matrix IV is a skew-
symmetric matrix, i.e., I,(clj) = —Ig?. They take the form
_qyM-1
0 -1 ( I\/I)—l
1 = 1 ’
: -1
=M
- cee 0 M XM
2 —2(—1)M-1
1 2 ... T
I — 2
72(7]._)1\4—1 a2
W e e T MXM
Then approximations (3.6) and (3.7) can be written as
1
U~ {hI(l)E(qﬁ’)} u =DM, (3.8)
1 1
U~ {h1<1>E(¢”) + hQI(g)E(q’)Q)} u=D?7. (3.9)
Also, the fractional derivative of order § for Si(z) at the sinc nodes x; is given by
1 i
B — _ n\1-8g(2)

In order to use the Gauss-Jacobi quadrature formula for Eq. (3.10), we transfer the
t-interval [0, x;] into T-interval [—1,1] by means of the transformation

2
T=—t—1.
Lj

Eq. (3.10), may then be restated as

DA(S(2))| _ = Wfl 1-7)"s? (ﬁ(l +T)) dr. (3.11)
=z;  T(2-0) /) 2
Using the Gauss-Jacobi quadrature rule (2.13), with parameters A = 1— and pu =0,
we obtain
DA (Sk(x)]._ ~ (377 5 a0 602 (Fa+e"M). (12
= STy 2 (R
Thus, the approximation of the fractional derivative of order 3 at the sinc nodes z;
takes the form
N
)= 3w {5,2@’,)} , (3.13)
k=—N
c[v)
EBE
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where 5,25) is given by
2 B

5 - 30
ki T T2 - p)

SwlO8E (T +el)). (3.14)
i=1
Now, define the M x M matrix D¥) = [5,&?)}, i.e., the matrix whose kj-entry is given

by (5,(5). Then, the approximation of the fractional derivative of order 8 can be written
as

U ~ DAY, (3.15)

Applying Egs. (3.9) and (3.15) in Eq. (3.1), the vector of unknowns U is related to
the known vector ¢ = [g(z_n), ..., g(zn)]T by

(A D@ + 4,DC/? 4 A, 1N = 7. (3.16)

Eq. (3.16) gives M linear algebraic equations. Therefore these M algebraic equations
can be solved for the unknown vector @. Consequently up/(x) given in Eq. (3.3) can
be calculated.

4. NUMERICAL RESULTS

In this section, we present some examples to show the efficiency of method for
solving the Bagley-Torvik equation. In all examples we choose o = 1/2 and d = /2
which leads to h = /v N. Also, we choose m = 10.

Example 1. In this example, we consider the Bagley-Torvik equation [28]
Yy 4By =142, zel01],

with the boundary conditions y(0) = 1 and y(1) = 2. By using the sinc method with
N =2 we obtain y(z) = « 4+ 1, which is the exact solution of this problem.

Example 2. Let us solve the following Bagley-Torvik equation [10]

8 (3/2) 13 1'71/2

@, 8 Lo Ty 1
v+ v =Y 89250\/%( 8p(z) + Tv/mzq(z)), x€[0,1],

where p(x) = 16000x* — 324802 + 2128022 — 47462 + 189 and ¢(z) = 325025 —
9425z* + 26488023 — 4481072 + 233262 — 34578. Here, the boundary conditions are

y(0) = 0 and y(1) = 0. It can be easily verified that the exact solution is
s 294 76, 339, 2T
y(w) =" = [T T 5T " 5507 T

The absolute errors are obtained in Table 1 for different values of N using the pre-
sented method. Also, Figure 1 shows the plot of absolute error with N = 40, 50.

Example 3. In our third example, we consider the equation [6]

y P 4y y =24 a/r+a?, we(01],
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FIGURE 1. Plot of the absolute error with N = 40 (left) and N = 50

(right) for Example 2.
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with the boundary conditions y(0) = 0 and y(1) = 1. The exact solution of this
problem is given by y(z) = 2%. Figure 2 shows the plot of absolute error with N = 32
and N = 64 using the presented method. Of course the accuracy of our method can
be improved by increasing N.

TABLE 1. Absolute errors for different values of N for Example 2.

x N =38 N =16 N =232 N =64

0.1 290x1073 296x10"% 1.36x10 % 3.92x107°
0.2 9.92x107% 4.78x107* 4.17x1076 4.59 x 107?
0.3 2.18x107% 6.26x10™% 1.36x107% 4.16 x 107°
0.4 3.83x107% 9.04x10™% 530x 1076 4.12x107°
0.5 1.36x 1073 1.13x 1073 3.41x107% 3.87x 1077
06 1.88x1073 1.18x107™% 3.19x 1077 3.82x107°
0.7 1.83x1072 1.03x1073 2.17x 1076 4.54x107°
0.8 1.32x1073 744 x10™% 274 x 1076 4.78 x 10~°
09 6.17x107% 3.79x10™% 1.65x 1076 3.16 x 107

5. CONCLUSION

In this work, we employed the sinc method for solving the Bagley-Torvik equation.
Properties of the sinc function are utilized to reduce the computation of this problem
to some algebraic equations. The method is computationally attractive and applica-
tions are demonstrated through illustrative examples. The obtained results showed
that this approach can solve the problem effectively.

(<)
EE
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FIGURE 2. Plot of the absolute error with N = 32 (left) and N = 64
(right) for Example 3.

0.00010-
3.x 1077
0.00005
0] 2.x 1077
-0.00005-
1.x 10774
-0.00010-
-0.00015-
T T T T T T 07 T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
ACKNOWLEDGMENT

The authors are very thankful to reviewers for carefully reading the paper and for

their comments and suggestions.

(1]
2]

(3]

(4]

(5]

[6]
(7]

(8]

(9]

REFERENCES

Y. Cenesiz, Y. Keskin, and A. Kurnaz, The solution of the Bagley-Torvik equation with the
generalized Taylor collocation method, J. Franklin Inst., 347 (2010), 452-466.
S. Das, Functional Fractional Calculus for System Identification and Controls, Springer, New
York, 2008.
S. Esmaeili, M. Shamsi, and Y. Luchko, A pseudo-spectral scheme for the approzrimate solution
of a family of fractional differential equations, Commun. Nonlinear Sci. Numer. Simulat., 16
(2011), 3646-3654.
N. Hale and A. Townsend, Fast and accurate computation of Gauss-Legendre and Gauss-Jacobi
quadrature nodes and weights, SIAM J. Sci. Comput., 35 (2013), A652-A674.
S. Irandoust-pakchin, H. Kheiri, and S. Abdi-mazraeh, Efficient computational algorithms for
solving one class of fractional boundary value problems, Comput. Math. and Math. Phys., 53
(2013), 920-932.
M. F. Karaaslan, F. Celiker, and M. Kurulay, Approximate solution of the Bagley-Torvik equa-
tion by hybridizable discontinuous Galerkin methods, Appl. Math. Comput., 285 (2016), 51-58.
A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Dif-
ferential Equations, Elsevier, San Diego, 2006.
M. Lakestani, M. Dehghan, and S. Irandoust-pakchin, The construction of operational matriz
of fractional derivatives using B-spline functions, Commun. Nonlinear Sci. Numer. Simulat., 17
(2012), 1149-1162.
J. Lund and K. Bowers, Sinc Methods for Quadrature and Differential Equations, SIAM,
Philadelphia, 1992.

a0



66

(10]
(11]
(12]
(13]
[14]
(15]
[16]
(17]
(18]

(19]

20]

(21]
(22]

(23]

(24]
(25]
(26]

27]

(28]

=

M. R. AZIZI AND A. KHANI

S. Mashayekhi and M. Razzaghi, Numerical solution of the fractional Bagley-Torvik equation
by using hybrid functions approzimation, Math. Meth. Appl. Sci., 39 (2016), 353-365.

K. S. Miller and B. Ross, An Introduction to The Fractional Calculus and Fractional Differential
Equations, Wiley, New York, 1993.

A. Mohebbi, M. Abbaszadeh, and M. Dehghan, Compact finite difference scheme and RBF
meshless approach for solving 2D Rayleigh-Stokes problem for a heated generalized second grade
fluid with fractional derivatives, Comput. Methods Appl. Mech. Engrg., 264 (2013), 163-177.
A. A. Neamaty, B. Agheli, and M. A. Firozja, Numerical solution for boundary value problem
of fractional order with approximate integral and derivative, Comput. Methods Differential
Equations, 2 (2014), 195-204.

K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.

K. Parand, M. Dehghan, and A. Pirkhedri, The Sinc-collocation method for solving the Thomas-
Fermi equation, J. Comput. Appl. Math., 237 (2013), 244-252.

1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

S. S. Ray, On Haar wavelet operational matriz of general order and its application for the
numerical solution of fractional Bagley-Torvik equation, Appl. Math. Comput., 218 (2012),
5239-5248.

A. Saadatmandi, Bernstein operational matriz of fractional derivatives and its applications,
Appl. Math. Modelling, 38 (2014), 1365-1372.

A. Saadatmandi, A. Asadi, and A. Eftekhari, Collocation method using quintic B-spline and
sinc functions for solving a model of squeezing flow between two infinite plates, Int. J. Comput.
Math., 93 (2016), 1921-1936.

A. Saadatmandi and M. Dehghan, Numerical solution of a mathematical model for capillary
formation in tumor angiogenesis via the tau method, Commun. Number. Math. Eng., 24 (2008),
1467-1474.

A. Saadatmandi and M. Dehghan, A new operational matriz for solving fractional-order differ-
ential equations, Comput. Math. Appl., 59 (2010), 1326-1336.

A. Saadatmandi and M. Dehghan, A tau approach for solution of the space fractional diffusion
equation, Comput. Math. Appl., 62 (2011), 1135-1142.

A. Saadatmandi, M. Dehghan, and M. R. Azizi, The Sinc-Legendre collocation method for a
class of fractional convection-diffusion equations with variable coefficients, Commun. Nonlinear
Sci. Numer. Simulat., 17 (2012), 4125-4136.

A. Saadatmandi and M. Razzaghi, The numerical solution of third-order boundary value prob-
lems using Sinc-collocation method, Commun. Numer. Meth. Engng, 23 (2007), 681-689.

A. Saadatmandi, M. Razzaghi, and M. Dehghan, Sinc-collocation methods for the solution of
Hallen’s integral equation, J. of Electromagan. Waves and Appl., 19 (2005), 245-256.

F. Stenger, Numerical Methods Based on Sinc and Analytic Functions , Springer-Verlag, New
York, 1993.

S. Yeganeh, A. Saadatmandi, F. Soltanian, and M. Dehghan, The numerical solution of
differential-algebraic equations by sinc-collocation method, Comput. Appl. Math., 32 (2013),
343-354.

S. Yiizbasi, Numerical solution of the Bagley-Torvik equation by the Bessel collocation method,
Math. Meth. Appl. Sci., 36 (2013), 300-312.



