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Abstract In the present article, a numerical method is proposed for the numerical solution of
the KdV equation by using a new approach by combining cubic B-spline functions. In
this paper we convert the KdV equation to system of two equations. The method is
shown to be unconditionally stable using von-Neumann technique. To test accuracy
the error norms Lo, Lo are computed. Three invariants of motion are predestined
to determine the preservation properties of the problem and the numerical scheme
leads to careful and active results. Furthermore, interaction of two and three solitary
waves is shown. These results show that the technique introduced here is easy to

apply.
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1. INTRODUCTION

We will solve the KdV equation in this form [9]

Up + € UUg + b Uggy = 0, (1.1)

where €, u are positive parameters and the subscripts = and ¢ denote differentiation.
The boundary conditions of (1.1) are given by.

uia,t)t: fi Ea,t), u(b,t) = {2(;, t), | (1.2)
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And initial conditions of (1.1) are given by

ia(: 2)) (()’)=g(x), a<z<b. (1.3)

KdV equation is prototypical example of exactly solvable mathematical paradigm
of waves on shallow water superficies. It grow for evolution, interaction of waves, and
generation in physics. Due to the term wu, (1.1) is called the evolution equation, the
nonlinear term causes the steepness of the wave, and the dispersive term defines the
spreading of the wave. It is known that the influence of the steepness and spreading
results in soliton solutions for the KdV equation.

The KdV equation is a one-dimensional nonlinear partial differential equation of
third order, which plays a big role in the discussion of nonlinear dispersive waves.
This equation was primarily derived by Korteweg-de Vries [4] to characterize the
action of one dimensional shallow water solitary waves. Solitary waves are wave
packets or pulses which diffuse in nonlinear dispersive media. For stable solitary wave
solutions the nonlinear and dispersive terms in the KdV equation must equilibrium
and in this status the KdV equation has wandering wave solutions called solitons.
A soliton is a very particular type of solitary waves which save its waveform after
inconsistency with other solitons. A small time solutions using a heat balance integral
method to solve the KAV equation was gained by Kutluay et al. [9]. In their article,
comprehensive comparisons with the analytical values over the acquaint interval are
given. Bahadir [1] studied the exponential finite-difference technique to solve the KAV
equation. This method has been shown to supply higher accuracy than the classical
explicit finite difference and the heat balance integral method. Ozer and Kutluay
[13] applied an analytical-numerical method, for solving the KdV equation and the
obtained results are compared with that of the heat balance integral method and
the corresponding analytical solution. Irk et al. [8] studied a second order spline
approximation technique and made comparisons with earlier methods. Ozdes and
Aksan [12] applied the method of lines for solving the KdV equation. A. Ozdes
and E.N. Aksan [11] used a quadratic B-spline Galerkin finite element method and
compared these techniques with the analytical solutions and other numerical solutions
that are obtained earlier using various numerical techniques. O. Ersoy and I. Dag [7]
applied the exponential cubic B-spline algorithm for solving the KdV equation. B.
Saka [15] used cosine expansion-based differential quadrature method for numerical
solution of the KdV equation. Dag and Y. Dereli [3] applied numerical solutions of
KdV equation using radial basis functions. A. Canuvar et al. [2] applied A Taylor-
galerkin finite element method for the KdV equation using cubic B-splines and also
G. Micula and M. Micula [10] used on the numerical approach of Korteweg-de Vries-
Burger equations by spline finite element and collocation methods.

The paper is organized as follows. In section 2, we convert the KdV equation to
system of nonlinear equations. In section 3, we introduced the description of method.
In section 4, we introduced the decoction of the liner combination between cubic
B-spline collocation method, dissection of initial state and stability. In section 5,
numerical results for problem and some related figures are given in order to show
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the efficiency as well as the accuracy of the proposed method and we introduced the
interaction of two and three solitary waves. Finally, conclusions are followed in section
6.

2. THE KDV EQUATION

Now we can convert the Eq. (1.1) to system of equations as the following process:
We take u, = v in the Eq. (1.1), so we get

Ut + EUUL + P Vgy = 0, 2.1)
Uy =V, ’

where €, u are positive parameters and the subscripts  and ¢ denote differentiation.
The boundary conditions of (2.1) are given by

u(avt) =f (avt)a u(bv t) = f2(ba t)? (2 2)
v(a,t) = g1(a,t), v(b,t) = ga(b,t), 0<t<T. '

And initial conditions of (2.1) are given by

f()

u(z,0) ,
v g(x), a<ax<h.

(2. 0) (2.3)

3. LINER COMBINATION BETWEEN CUBIC B-SPLINE COLLOCATION METHOD
To construct numerical solution, consider nodal points (z;, t,) defined in the region
[a,b] x [0,T], where

a=z0< 2] <..<zxN =0, h=zj41—2;=——, 7=0,1,...,N,

O=th<t1 <..<tp,<..<T, tn, = nAt, n=20,1,.... .

Through this section, linear combination between cubic B-splines (LCCBS) with dif-
ferent basis functions is used to solve (2.1). The approximate solution, U™ (x,1),
VN (x,t) to the analytical solution u(x,t),v(z,t), in the form:

N+1 N+1

UN(z,t) = > ¢;(t) Lj(a), VN(z,t) = > 6;(t) Ly(a), (3.1)

j=—1 j=—1

where ¢;(t) and 0;(t) are time-dependent unknowns to be determined and L;(x) is
(LCCBS) basis functions as

Lj(z) =~ CTBj(z) + (1 =) B;(x),
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where C'T Bj(z) the cubic trigonometric B-spline basis function at knots is given by

w3(zj_2), Tio<wx<xjq,
w(wj-2) (W(Tj-2) ¢(x)) +w(Tj—1) d(T)j41))
1 +w?(zj-1) ¢(zjr2), Tji1 Sx <X
CTBj(z) = 9 w(zj_2) ¢*(xj41) + d(2j42) (w(xj—1) d(xj41) (3.2)
tw(z)) d(@jt2)), wj-1 ST <)
¢*(zj12), Tjit1 S < Tjqo,
0 otherwise,

where w(x;) = sin I;zj), P(z;) = sin <mj;I>, 0 = sin (&) sin (k) sin (32) and

Bj(x) is the exponential cubic B-spline basis functions at knots is are given by

by ((%‘72 —x) — 4 (sinh (p (zj—2 — x)))) » T2 ST ST
ar + bi(z;—x) +c1 exp (p(z; —x))
+dy €xXp (_p (1']‘ - J,‘)) ) Tj—1 <z < Tj,
Bj(x)=¢ a1 + bi(x—x;) +c1exp (p(x—xj))
+di exp (—p(z —5)), Tj ST < Tjya,
by ((96 —j42) — o (sinh (p (z — %‘+2)))) s T ST S T4,
0 otherwise,
(3.3)
where
_ hc _ ¢ (c—1)+s>
ar = p’;b c—s’ by = % |:(phc—s)(1—c):| ’
exp (—=p h) (1—c)+s(exp (—p h)—1
by = 2(p }I:c—s)’ dy = IZ o i )(zghr‘zs)((l—r()')( zt) ):| ’

(phc—s)(1—c)

dy = L [exp (ph) (A=c)+s(exp (p h)—l)}
2 4 )

i b—a
s=sinh(ph), c=cosh (ph), h="°3"

The value of v plays an important role in the (LCCBS) basis function. If v = 0,
the basis function is equal to cubic trigonometric B-spline basis function and if v = 1,
the basis function is equal to exponential cubic B-spline basis functions. Hence, this
work just considers the value of 0 < v < 1.

Due to local support properties of B-spline basis function, there are only three
nonzero basis functions; namely, L;j_1, L; and Lj;yi. Thus, the approximate values
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of UN(x), VN (x) and its two derivatives at the knots/nodes are determined in terms
of the time parameters c;, d; as follows:

1 ) J
U, = (U (a:J) = ascj_1 — ascji1,
"), = U")(xj) = ascj—1 + ascj + ascjtr

3.4
V), = (V) (1) = 1851 + a2, + a1 641, (3.4)
V/ j = (V/) (Z‘J) = a35 —_1 — as 5J+1,
V"), = (V") (zj) = asdj—1 + asd; + as 011,
where
ar=var+ (1 =y)m1, az=vas+(1-7),
=(1—=vy)mz —vas, ag=yas+(1—y)ms,
=vyas—2(1—y)ms, .
_ _(s=ph) _ p(d=0) _ s
my = 2(1)2hpc—s)’ m2 - 2(phc—s 3= 2(p1;L c—s)?
oy =sin® (%) csc(h) cse (3), ap = 1++05(h)’ a3 =3 cse (),
o 3((1+SCOS (h)) csc? (%)) o SCotQ(%)
Qa4 = 16(2cos (%)—&-cos (%)) Q5 = ~ 51 4cos (h)’
4. SOLUTION OF KDV EQUATION
To apply the proposed method, we rewrite (2.1) as
(rﬂu((9 t) Yeu (.73 t) au(m t) +u 92 v(ac t) =0, (4 1)

ou (:I,’ t) (I t)

ox
We take the approximations u(x,t) = U}* and v(z,t) = V}*, then from famous Cranck-
Nicolson scheme and forward finite difference approximation for the derivative ¢ [5],
we get

urti_ynr UU)" T +(UU)? Ve T (V)™
i | L;()W+MF>J;UJ}Q

+1 1
U'I‘:;L +U.7; ;L _ ijn+ +ijn
2 - 2 ’

(4.2)

where k = At is the time step.
The nonlinear terms in (4.2) is linearized using the form given by Rubin and Graves
[14] as: we take linearization of the nonlinear term as follows:

(U, )n+1 Urv, n+1 i U;HlUx? — U, (4.3)

Using (3.4) and (4.3) in (4.2), we get a system of ordinary differential equations of
the form:

A"“+A&“+&§E+MW + A0 + Ay =

ay _1 + GQC + a303+1 A45 j—1 A55 - A45;L+1’
[c ][]
BE
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(4.4)

asci ) —asc] ]l — a7 — apdit — g7 =

—azc]_y +ascj+ a1<5;‘_1 + agéy + a15§‘+1,
(4.5)
where
Ay :al(l—l—%ng)—i—agzl, As :ag(l—i-%ng),
Az = ay (14 £t2) — azz, Ay =12y, As= %as-
The system thus obtained on simplifying (4.4) and (4.5) consists of (2N + 2) lin-

ear equations in the (2N + 2) unknowns (co,....... yen) T (80 e ,0n)T, which is the
tridiagonal system that can be solved by any algorithm.

4.1. Initial values. The initial vectors ¢,d? can be obtained from the initial con-
dition and boundary values of the derivatives of the initial condition as the following
expressions:

U™ (z0,0) = f1(0), forj =0,
UN(x;,0) = f(x;), forj=1,2,...,N—1,
UN(xn,0) = f2(0), Jorj=N, (4.6)
VN(IOaO) :gl(o)ﬂ fOT‘j :07
VN (2,0) = g(z;), forj=1,2,...,N—1,
VN (xn,0) = g2(0), forj=N.
This yields a (2N + 2) x (2N + 2) system equations of the form
fl(xo)
as 2a7 0 0--- 0 0 0 08 f(zo)
a1 as as 0 --- 0 0 0 c(l)
0 0O 0 O a1 as as CN_1 :
0 0 0 0 0 21 ay &, flzn)
fn (o)
91(1’0)
a 2a; 0 0--- 0 0 0 (58 g(z0)
ai az a3 0 --- 0 0 0 59 .
0 0 0 0 -+ a1 a2 as s )
0 0 0 0-- 0 2 a 89 9(zn)
gn (o)
(4.7)

The solution of (4.7) can be solved by any algorithm.
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4.2. Stability analysis of the method. The stability analysis of nonlinear partial
differential equations is not easy task to undertake. Most researchers copy with the
problem by linearizing the partial differential equation. Our stability analysis will be
based on the Von-Neumann concept in which the growth factor of a typical Fourier
mode defined as

¢ = AC explif).
0% = B(" exp(ij¢),
Cn+1

(4.8)

9= CT,
where A and B are the harmonics amplitude, ¢ = kh , k is the mode number,
i = v/—1 and g is the amplification factor of the schemes. We will be applied the
stability of the schemes by assuming the nonlinear term as a constants A. System
(4.4) and (4.5) can be written as

n+1 n+1 n+1 Aka n+1 n+1
S R
"
2 (a 4057 4 a505 T + a45?+1) =a1c)_| + asc) + arcfy — (4.9)
A ke k n
(agc]_ aL;cJ_H) (a45 '+ a55 + a4(5]+1) ,
n+l n+1l n+1 n+1l n+1
azciy —agc) [y —a16;7) — asd; a10;] = (4.10)

— 0,36] 1 +asciyy +a10f_y +a0] +ardl,.

Substituting (4.8) into the difference (4.9), we get

¢t [A (2a; cos(¢) + az) + Bk“ (2a4 cos(¢p) + as) —iA ke Aagzsin (¢)
=(" [A (2ay cos(@) + az) — BT]“‘ (2a4 cos(¢p) + as) +iAkeAagsin (¢)| ,

(4.11)

¢t [A (2a; cos(d) + as) — T (2a4 cos(¢) + a5) + i ke Aagsin (qi))]
o [A (2a; cos(¢) + az) + Tk (2a4 cos(¢) + as) — iA ke Aagsin (d))] ’
(4.12)
g= 0 Kt (4.13)

" Xg—iY’
where
X1 = A (2a1 cos(9) + az) — # (2a4 cos(¢) + as

+
Xo = A (2a1 cos(®) + a2) + ZEE (2a4 cos(¢) + a5
Y =XkeAassin (¢).

NaPRa
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Substituting (4.8) into the difference (4.10), we get

("M [=B (2a1 cos(¢) + az) — 2i A az sin ()]

= (" [B (2a; cos(¢) + az) + 2i A azsin ()] , (4.14)

¢! _ [B (201 cos(9) + ag) + 2i A agsin (¢)] )
(" [-B (2a1cos(9) + az) — 2i Aagsin ()]’ .

= Y Xs+iZ )

o Xy —iZ’
where

X3 = B (2a; cos(¢) + as),
X4 = —B (2a1 cos(9) + az),
Z = 2A azsin (¢).

From (4.13) and (4.16) we get |g| < 1, hence the schemes are unconditionally stable.
It means that there is no restriction on the grid size, i.e. on h and At, but we should
choose them in such a way that the accuracy of the scheme is not degraded.

5. NUMERICAL TESTES AND RESULTS OF KDV EQUATION

In this section, we present numerical example to test validity of our scheme for
solving KdV equation.

The norms Lo-norm and Ls.-norm are used to compare the numerical solution
with the analytical solution [6].

_ WVl = N —ud)?
Ly = ||u? —uV|| = {hzl o(uf — ) (5.1)

Lo —max‘u —uit|,j=0,1,--- N,

where u? is the exact solution « and u” is the approximation solution Uy, and the
quantities I, Is and I3 are shown to measure conservation for the schemes.

fooooumtdx—hzj 0( )n
== (u(= )dw—hZ]o( %)
P [l = s ) o 5 [(@9)) - 2 2)7)]

(5.2)

Now we consider this test problem.
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TEST PROBLEM

We assume that the solution of the KdV equation is negligible outside the interval
[a,b] , together with all its « derivatives tend to zero at the boundaries. Therefore, in
our numerical study we replace Eq. (1.1) as shown in section 2 by

U + EUUg + f Vg = 0,
Uy = VU,

(5.3)

where €, u are positive parameters and the subscripts  and ¢ denote differentiation.
The boundary conditions of (5.3) are given by

u(a,t) =0, u(b,t) =0,

wa ) =0, o(bt)=0, 0<t<T. (5.4)
And initial conditions of (5.3) are given by
u(z,0) = f(z),
v(z,0) = g(x), a<z<b. (5.5)
Then the exact solutions of system (5.5) is
u(z,t) = 3¢ sech® (Ax — Bt + D), (5.6)

where A = %’/?;f’ B=cecA.

This solution represents propagation of single soliton, having velocity ec and am-
plitude 3c.

To investigate the performance of the proposed schemes we consider solving the
following problem.

5.1. Single soliton. In previous section, we have provided modified exponential cu-
bic B-spline schemes for the KdV equation, and we can take the following initial
condition.

u(z,0) = 3¢ sech? (Az + D), (5.7)
1 /3¢
2 w’

The norms Ly and L, are used to compare the numerical results with the analytical
values and the quantities I1, I and I3 are shown to measure conservation for the
schemes.

Now, for comparison, we consider a test problem where, k = 0.005, D = —6, ¢ =
03,e=1, p=4.84x10"% p=1.64x10"% a =0, b= 2. The invariant I;, I and I3
changed by less than 1.62 x 10™%, 4 x 107% and 1.471 x 10~* respectively. Errors, also,
at time 2 are satisfactorily small Ly-error =3 x 1073 and Loo-error = 9 x 1072 in the
computer program for the scheme at v = 0.9 . The invariant Iy, I and I3 changed by
less than 9.8 x 107>, 1.3 x 1076 and 6.23 x 10" respectively. Errors, also, at time 2
are satisfactorily small Lo-error =1 x 1072 and Lc-error = 5 x 1072 in the computer

(e
BE

where A =
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program for the scheme at v = 0.5. The invariant I; changed by less than 5.8 x 107, I5
approach to zero and I3 changed by less than 2.05 x 10~? in the computer program for
the scheme at v = 0.001. Our results are recorded in Table 1. The motion of solitary
wave using our scheme is plotted at times ¢t = 0, 1, 1.5, 2, 2.5, 3 in Figure 1. These
results illustrate that the scheme has a highest accuracy and best conservation at
~v = 0.001 than other scheme at v = 0.9, v = 0.5. So we use the scheme aty = 0.001
to study the motion of single solitary waves and interaction between two and three
solitons.

TABLE 1. Invariants and errors for single solitary wave k =
0.005, D= —6,p=1.64x10"° e=1,¢c=0.3, p = 4.84x107% a =

0,b=2.
Y T Il IQ 13 LQ-I’]OI‘III Loo'
norm
v=0.9 0.0 0.144598 | 0.0867593 | 0.0624667 | 0.000 0.000
0.5 0.144559 | 0.0867604 | 0.0623538 | 0.001 0.005
1.0 0.144721 | 0.0867633 | 0.0623423 | 0.002 0.007
1.5 0.144702 | 0.0867623 | 0.0623254 | 0.003 0.009
2.0 0.144661 | 0.0867614 | 0.0623196 | 0.003 0.009
v=0.5 0.0 0.144598 | 0.0867593 | 0.0624667 | 0.000 0.000
0.5 0.144567 | 0.0867599 | 0.0624142 | 0.001 0.002
1.0 0.144665 | 0.0867606 | 0.0624148 | 0.001 0.003
1.5 0.144656 | 0.0867602 | 0.0624055 | 0.001 0.004
2.0 0.144644 | 0.0867600 | 0.0624044 | 0.001 0.005
v =0.001 0.0 0.144598 | 0.0867593 | 0.0624667 | 0.0000 0.0000
0.5 0.144575 | 0.0867593 | 0.0624669 | 0.0004 0.0009
1.0 0.144617 | 0.0867593 | 0.0624786 | 0.0004 0.0009
1.5 0.144614 | 0.0867593 | 0.0624758 | 0.0004 0.0009
2.0 0.144627 | 0.0867593 | 0.0624785 | 0.0004 0.0009
2.5 0.144618 | 0.0867593 | 0.0624872 | 0.0004 0.0009
3.0 0.144633 | 0.0867593 | 0.0624826 | 0.0004 0.0009

In the next table we make comparison between the results of our scheme and the
results have been published in [15], [2], [3] and [7].

The results of our scheme are accurate than the results in [15], [3]b, [3]c and [3]d
and related with the results in [3]a, [3]e and [7] and not better than the results in [2].

5.2. Interaction of two solitary waves. The interaction of two solitary waves
having different amplitudes and traveling in the same direction is illustrated. We
consider KdV equation with initial conditions given by the linear sum of two well
separated solitary waves of various amplitudes

u(x,0) = 3¢; sech® (Azx + Dy), (5.8)
B
EE
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FIGURE 1. Single solitary wave with k£ = 0.005, D = —-6,e=1,c=
0.3, 4 = 484 x 1074, v =0.001, 0 <z < 2,t =0,1,1.5,2,2.5,3

respectively.

T T T T T ]
08 b

t=0
06 L — =] ]

t=1.5

= -—-t=2
04 t=25 -

- =t=3
02 b
D[}-I-------- ‘-------I-
0.0 20

TABLE 2. Invariants and errors for single solitary wavek
0.005, D = —6,e =1,¢c= 03, p= 164 x 1072, v = 0.001, &
484x1074, 0<zx <2 t=3.

Method I I Lo-norm Lo-norm

Analytical 0.144598 | 0.0867593 | 0.0000 0.00000

Our scheme 0.144633 | 0.0867593 | 0.0004 0.0009

[15] 0.014460 | 0.08675 - 0.001

2] 0.144597 | 0.086761 | - 0.00004

[Bla (G) 0.144601 | 0.086760 | 0.00004 0.0001

[3]b (TPS) 0.144261 | 0.086762 | 0.002 0.006

[B]c (IQ) 0.144598 | 0.086759 | 0.001 0.002

[3]d (IMQ) 0.144623 | 0.086765 | 0.002 0.005

[3le (MQ) 0.144606 | 0.086759 | 0.00006 0.0001

[7] 0.144597 | 0.0867593 | - 0.0007
where A = %\/%,j = 1,2, 3, ¢; and D, are arbitrary constants. In our com-
putational work. Now, we choose ¢; = 0.9, co = 0.3, D; = —6, Dy = =8, u =

4.84 x 1074, e =1, h = 0.01, k = 0.005 with interval [0, 2]. In Figure 3, the interac-
tions of these solitary waves are plotted at different time levels.

5.3. Interaction of three solitary waves. The interaction of three solitary waves

having different amplitudes and traveling in the same direction is illustrated. We

consider the KdV equation with initial conditions given by the linear sum of three
[c]v)
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FIGURE 2. Interaction two solitary waves with ¢; = 0.9, co =
03, Dy = —6, Dy = —8 pu = 484 x 1074, ¢ = 1, h = 0.01,
k=0.005, 0 <2 <2 at time t =0, 0.5, 0.75, 1 respectively.
u
LS L.ﬂ
La
15
(a) (&)
15 T
u k3
LS [
La La -
15 15
a5 La L5 4 a5 La LS 21
(c) (d)

well separated solitary waves of various amplitudes

u(x,0) = 3¢; sech?® (Ax + D;), (5.9)

where A = %1/%, j=1,2,3, —¢; and Dj are arbitrary constants. In our com-
putational work. Now, we choose ¢; = 0.9, ¢ = 0.6, ¢c3 = 0.3, D; = =8, Dy =
—10, D3 = —14, e =1, h=0.01, u = 4.84 x 107%, k = 0.005 with interval [0, 2]. In
Figure 4 the interactions of these solitary waves are plotted at different time levels.

6. CONCLUSION

In this paper, we applied the linear combination between exponential cubic B-spline
method and trigonometric cubic B-spline to develop a numerical method for solving
KdV equation and shown that the scheme is unconditionally stable. We tested our
schemes through a single solitary wave in which the analytic solution is known, then
extend it to study the interaction of solitons where no analytic solution is known
during the interaction and its accuracy was shown by calculating error norms Lo and
L.
oo
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(1]
2]
(3]
8

[6]

[7]
(8]

(9]

FIGURE 3. Interaction three solitary waves with ¢; = 0.9, co =
0.6, C3 = 03, D1 = 78, D2 = 710, D3 = 714, g = 1, h
0.01, p = 4.84 x 107*, k = 0.005, 0 < x < 2 at times t =
0, 1, 1.25, 1.5 respectively.
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