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Abstract 
Most structures experience large deformations under applied loads. Due to the deforming of geometry of 

structures, geometrical nonlinear analysis is needed. The co-rotational method is a simple and practical technique 
for nonlinear geometrical analysis. In this technique, unlike other nonlinear methods, is supposed the strain of 
the element to be small. The aim of this research is to develop a new co-rotational method for geometrical 
nonlinear analysis of two-dimensional truss structures based on small strains. A co-rotational method makes the 
separation of rigid body motion and small strains possible for a truss element. Therefore, global and local 
coordinate systems are utilized. Linear stiffness matrix of two-node element is used for small strains in local 
coordinate systems. Then, by writing co-rotational equations, transformation matrix is introduced for this 
element. The transformation matrix is used to calculate tangential stiffness matrix and element node force vector 
in global coordinate systems. At the end, the accuracy of the proposed method is evaluated by numerical tests. 
These tests confirm high accuracy of the proposed element for geometrical nonlinear analysis of two-
dimensional truss structures.  
 
Keywords: Finite Element, Two-Dimensional Truss, Co-rotational Method, Geometrical Nonlinear Analysis. 
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�� N�	��� �B �� �� K��H �0 +����=0��/ :
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 N�	��WWW�P �WWW=0�� ��/ )19( 	!	��WWWL� N�	��WWW� #WWW� �

�� �&�0(P=P2).   N�	��W�I      �W$�� N�	��W� +�W,5 �7W�� 
W � .

@5 1��- 	'�� �8��3�=0�� /�5 /)19( ��=0�� K��H �0 /�5 	W�) 

 8��F������	!:  

)20( = − −  1 1 2 2d d d dA y x y x 
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)27(  = − −
 

T T T
hK E F G G FP E 

 1��-F�=0�� �� � /������ �� _�	F� 	�) K��H �0:��	!  

)28( =   1 2 3 4
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lP f n n n n 

)29( = − −  2 1 4 3F n n n n 
 �8��e,51��-/�51n ��4n  �=0�� )�28 �0 �� 
 � .���

 K�L
M� �� �5	! �9>�� /�5�	�� ���	0 v	% �0 �� K��H 8��0

)  �9:�lf)  	!	��L� N�	��� ���"��	� �� (TP �� 	5 �� (

.��	�! �� ��	R �	
 � �� �"9��- 8�� ���
�5 ^M(�  

) �=0��27%��� ���e�� K�� �:� Z�b�� )� N� ( P�	M
 � �

�� X;	� �� +��� �� �� K��4� K��E7; .��	!]14[  8�� .
J��

/�	0 �=0��  .����� +���� /��
>�  1E��� ���,� 1�9:�

 �=0�� 8�� �+�!������ X;	� )� ��]13[ ���,� k>� I7; /�	0 � ���

���,� ���  ����	> X;	� �� ��	! �� /������ .���]13[  A��

�(>	3 @5 .
 � ��	0 ��� �0 /�
�� 1E��� 1�9:� /�	0 ��  

Z�!@5 A�� �0 �=>�� 1�9:� /�5 	�) ��	R �0 �(>	3

�� :�&�0  

1. �)�  	0 ��0 Q�,-�  

2.  +���� N�	��� �� �:�R �0    K�WL
M� )� 8
W�; �	W"0   �W5	! �

���b0�;) I7; /�5 :�;�� ��  	cWH ���b0�; /��k!��0 
�M� Z�!

��(�&�0 

3.  Q�O
�� N�	��� �� �:�B N�	��� �� �:� �  I7; � �,� �
M 

) �=0�� ��25( 

4.  �� �:� �,��0�;���; �0�; ���	0 /)�  Z�'�"0 � ���W;  � �W5	! 

�� �:� �=> +�7�� 

5.  1$�	� ��	��2  ��4�=> +�7�� �� ����) �� �     ^MW(� +�7W�� �W0

.�0�� B5�� ��& 

6.   

2- �=�6G09�? 0�)  

   1WW�9:� �� /��"�WW(�� I7W; �����WW� BWWM0 8W�� ���WW� �=>

�� ��	R �0��)�� ���� � ��5   +�	W0 ��W�0 �0 ��]�� 8�� /�	0 .�	�!

B& /��"�(�� I7; �)�   1W�9:� �/�F0 �� ����	> / �W=>	�? 

�� � ��5     �W���O� +�	'W(5�C� 	��W  /�W5I7; p��
� �0 � ��	!

��.��&  

  

3 -1- �=�6G(�* :0=H? ,9 0��13 

 �0 �� /��,- ��0 	4� 	�) /�i- �� /��	> #� +��)� 8�� ��

 �=O�) +� �x� �� 8����B�� 1�9:� (�0�; � ��	! /��,- ���;

�� v��$ +� 1�& .��&2 �)�  8�� ��	,5 �0 ����	> /

�LM(��� +�(� �� +�	0 ���� ��0 � � ��5 /�5 .�5�G�	% 

�� 	5 X=O� y=  � ����(� > �i-G��	� �0 ��	= 206E GPa �

= 20.0169A m ��.��&�0  �+� z�> � ��5 1��� �0 �)�  8��

 � 
 � �������� K�& �0 /��
J� /���� +� �� B"; �����

���"!��1 �� {� 1�9:� /�	0 �8��	0��0 .�5��=>	�?  ��)�  8��

�� ��� �0 ��R Q�Y A��8�� 1�9:� �0 .���  ����,� ��)� 

��0 �0�; �=O� /��,- ���;B  1�& ��3  /��"�(�� I7; /�	0

@5 .
 � ��& @ �3 1�& �� 7�� +� �9�9:� | �� �8��3  +�(�

 K��H �0 �)�  8�� �9�9:� | �� .
 � ��& �����=0�� /30  �E���
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/��2 - /�i- �� /��	>  

  

  
/��3 - ��0 ����,�-�0�;�=O� /��,- ���;B (@�� +��)�)  

  

)30( ( )
− 

     = − + − −       

1

2 2

2

2 2
1 1

EA u uh
P h u

L L L
 

 ��=0�� 8�� ��u �0�; �=O�) �)�  �x� /��,- ���;B �(h  s�c���

 � �)�  �x�L �� ��	> �i- )� #� Q�Y  1�W& � �	0 �0 .�&�03 

�� ��5�(�  .�W0 ����0 /��"�(�� A�� 
R� �� ��& 
W �   	W0 �

�� t�=�� �9�9:� | ��.�&�0  

  

3 -2-0=H? ��
4 0��13 :I,9 �=�6G 

 1�9:� @E�R ��0 #� 	4� 	�) /�i- ��"3 /��	> #� +��)� 8�� ��

����� ��	> 8�� .��	! ��! ���� #� /�G9H    Z	W� ��W! ���� #� �

�� �W��� s�� 1��� �0 .�&�0 ��W!     ��W
J� /���� �)�W  8W�� �+� /�W5

	�?���e�� � ��5 �=>�� /� 1�& .�&�04 �)�  8�� ����	> /

�� +�(� +� 	0 ���� ��0 ��	,5 �0 ���)�  8�� /�i-� �
c  .�5� /

����	>= × 4
9 10EA N �� .�&�0�0�; ��)�  1�9:� �0   @E�WR ���W;

 �	!2 �� v��$ 1�& �� .��	!5 ��0 ����,�-�0�;  �	W! @E�R ���;

2 @5 � /��"�(�� I7; /�	0�=0�� 8��3  @W � 1��� C��	!. /)� 

    1W�9:� p��W
� ���W& �� ��5�(� ����,� 8�� � �	0 �0 .
 � ��&

  �W��� 	W0 �� 1��� C��	!. A�� �0 /��"�(�� A�� B�	W� / �W5 /

�� +���� �
 � ���
 � 8�	! /.�0 ���	�.�&�0  

  

3 -3-  0=H? J2) 0��13 :I=� �=�6G 

 /��	> #� �Z�� +��)� ��8 �� 1�9:� /�i- 1�& .��	!6  8��

   �W� +�W(� +� �W ��5 K�LM(� ��	,5 �0 �� ��	>   �
cW  .�W5�

��	> /�5�i-= × 5
3 10EA N ��    �W=>	�? ��W
J� 1W��� �0 .�&�0

��&���& 
R� Bb�  /�	0 +�	'(5�C� )� /����0 ���	> 8�� � /

�
>��	� �)�  8�� 1�9:� �0 ���> /��"�(��@5 .���  �W>	0 �8��3

���! 7������ ��	R � �	0 ���� �� �)�  8�� )� /	'�� /�5 �W��]15 ,

16[  �W0 � 1�9:� ��	> 8�� �/��"�(�� A�� +�	0 ���0 �0 ����� �� .

 X;	� p��
�]12[   �W� �W���O�      ����W,� ��W]�� 8W�� /�	W0 .��	W!

�0�;��0 �	! �� /�	0 �OJ� ���;1  �7   ��W& ^M(� �)�  �� ��)

�� @ � (
 � 1�& .��	!7��0 ����,� �-�0�;    /�	W0 ��WOJ� ���W;

 �	!1  1�& �8/�	0 �  �	!7   �W� +�W(� ��     8W�� �W �	0 �W0 .�W5�

�� ��5�(� ��5����,�    1W�9:� �� /��"�W(�� A�� 
WR� �� ��&

 �W� .�0 ����0 � ��5 �=>	�?    �W
J�� �W0 +� p��W
� � �W&�0  /�W5

X;	�]12[.
 � +���� �  

  

3 -4 -  E,�� �1K L1� :I��
4 �=�6G1  

      +���W�,5 � Q��W� `W �� ��W& ��"�W(�� �	Y P	0 +��)� 8�� ��

�� 1�9:���	!]17[   � �WOJ� /�W5��0 )� ����	� 	4� 	�) �)�  8�� .

    1�W& .
W � ���W����� �
��$ /���� � ���� ��	R @E�R9   K�WLM(�

   �W� +�W(� �+� �W0 ���� /�5��0 ��	,5 �0 �� P	0 8�� � ��5 W5� .�

 �)�W  8�� /�i-� �
c  ���W�	> /= × 5
3 10EA N  �W�   �W0 .�W&�0

��0 ����,� �P	0 8�� 1�9:�-�0�;  1�W& �� #� �	! �OJ� ���;10 

�� +�(� ����,� 8�� � �	0 .
 � ��& @ �   A�� 
WR� �W� �5�

���! �0 .
 � .�0 ����0 /��"�(��  �W0 /��"�(�� I7; p��
� �� /�

�
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/��5 -��0 ����,�-�0�; �	! @E�R ���;2 (Z�� +��)�)  

 

 
/��6- /��	>8 /�i- 

  

  
 /��7 - ��0 ����,�-�0�; ���; �	! �OJ�1 (Z�  +��)�)  

 

  
/��8-��0 ����,�-�0�; ���; �	! �OJ�7 (Z�  +��)�)  

  
 /��9- Q��� P	0  

  

3 -5-  �=�N��  0��13 :(�	� �=�6G -J��)1  

   �W �	0 /�	W0 
��5 � +��a��� ` �� ��0 8�
�M� ��)�  8��

���& /�5��	> B��,� /�� 	0 ^O� 	4�/� +�
  � /�F0 �  /�5


J	! ��	R 1�9:� ���� �����	>]18[.    	W4� 
�,W � � +)�� �5�F0

     ��	WR �W �	0 ���W� ��)�W  8�� �9� ��
J� /�� 	0 �� �F%�� ^O�

�����]19[ @W5 .    �W=0�� /�*W�� � ��W��� �8�W�3   B��W,� 8�W0 /

����� ��	R �F��=� ���� �� �)�  8�� �9� /������ � �F%��]20[.  

 1�& ��11  +�W�a��� /��	>-     K�WLM(� ��	W,5 �W0 
W��5

 /���� �)�  8�� .
 � ��& ���� +�(� +� � ��535   � �Wi-19 

�� �	!@5 .�&�0�	��� �F=O� y=  /���� �5�i- ���,� 8��3 /�

 � ��
�5G�	% 	0�	0 7�� �"�� ����(�=68.964E GPa ��.�&�0 

 /�5�i- X=O� y= 1  ��21 	0�	0− = 2
1 21 54.84A cm  y=W  �

 /�5�i- X=O�22  ��35 	0�	0 7��− = 2
22 35 51.61A cm  .
 �  

  /��W(J �OJ� ��0 #� 	4� 	�) �)�  �9� /������ �+��)� 8�� ��

 �	! ��19 �� ��	R � �	0 ������ /������ .�	�!   8W�� �W� ��	!

��� +��O
� �OJ� ��:� /�
 �� �� �)�   ���W�� ����> ��:� � 
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W � ��W& @W �

 1�& �� �8��e,513 ��0 ����,� 7��- �W0�;    �	W! �WOJ� ���W;19 
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  �W� +�W(� �5����,� 8�� � �	0  ���W& �W5�  �� /��"�W(�� /

      �W� ��.�W0 ���W�0 
WR� /���� �W ��5 �W=>	�? 1�9:�  .�W&�0
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3-6-  ��=O 0��13 :(2� �=�6G  

 1�&14  �0 � �R ����� /��	>35 �� +�(� �� �i- 8�� .�5�

     	W4� �W �	0 ��W]�� �W0 
�, � � +)�� ` �� ��0 8�
�M� ��)� 

^WWO�  ��	WWR �WW �	0 ���WW� ��)�WW  ��WW
J� /�� 	WW0 �WW ��5 /�WW5


J	!]19-21[@5 .     � �FW%�� ^WO� 	W4� /�*W�� � ����� �8��3

     �W���� ��	WR �W �	0 ���W� ��)�W  8�� ��
J� /�� 	0 ��  �9�]20[. 

 �	W��� X=O� y=  �0 ��	> /�5�i- ���,�� /�   ���W�(� G�	W%

=68.964E GPa �L
M� .��
�5	5 /�5 19    y=W  � �W�	> �	!

�� �5 �i- X=O� Q��; /�51  �2  .
 � ��& P��  

 8�� ��^O� )� 	]� D	H �)�  �9� ��
J� �+��)� �F%�� /�5

/��,- ��0 #� 	4� 	�) ��9� �    �	W! �� /��W(J10    �W �	0 ���W�

�� ��	R.�	�!       �	W! @E�WR ���Wb0�; ��)�W  1W�9:� �010   ��W �:�

��  1�& �� .��	!15 �,����0 ��-�0�;     �	W! /�	W0 @E�WR ���W;10 

  ��W
� 	W0 ��*- �����,� 8�� �� .
 � ��& @ �   �/��"�W(�� I7W; p
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 � ��& ����� 7�� 	'�� +�	'(5�C� p��
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  ����W,� 8�� � �	0   �W� +�W(�  ���W& �W5�  �� /��"�W(�� /

      �W� ��.�W0 ���W�0 
WR� /���� �W ��5 �W=>	�? 1�9:�  .�W&�0

@5 �� ��5�(� �8��3      p��W
� �W0 /��"�W(�� I7W; p��W
� �� ��&

 X;	�]20[ �� #��7� ����0.�&�0  

  

  
 /��10- ��0 ����,�-�0�;�OJ� ���; �	! 1 (Z��"3 +��)�)  

  

  

  
/��11- +��a��� /��	>- 
��5  

  

  
/��12-��0 ����,�-�0�; ���; �	! @E�R10 (@b�� +��)�)  

  

  
/��13- ��0 ����,�-�0�; �	! �OJ� ���;19 (@b�� +��)�)  

  

  
 /��14- � �R /��	>  

  

E,�� 1- � �R /��	> �5	! /�5 �=O� /�5 �L
M�  

�	! ���,& 
K�L
M� 

X 

K�L
M� 

y 

1�19 ± 0/3429  00/0  

2�18 ± 0/3048  65/50  

3�17 ± 0/2667  75/34  

4�16 ± 0/2286  82/83  

5�15 ± 0/1905  30/65  

6�14 ± 0/1524  85/110  

7�13 ± 0/1143  99/87  

8�12 ± 0/762  50/128  

9�11 ± 0/381  65/100  

10 0/0  60/134  
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E,��2- � �R /��	> /�5�i- X=O� y=   

�i- ���,& 

 y=  
$���

X=O� 

(cm2) 

10�35 �1  61/51  

11�12 52/64  

16 �13  87/83  

17�18 77/96  

22 �19  23/103  

23�24 29/161  

25�26 55/193  

27�28 06/258  

32 �29  32/290  

33�34 68/309  
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