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Abstract In this paper, a collocation method for solving high-order linear partial differential
equations (PDEs) with variable coefficients under more general form of conditions is
presented. This method is based on the approximation of the truncated double expo-
nential second kind Chebyshev (ESC) series. The definition of the partial derivative
is presented and derived as new operational matrices of derivatives. All principles
and properties of the ESC functions are derived and introduced by us as a new basis
defined in the whole range. The method transforms the PDEs and conditions into
block matrix equations, which correspond to system of linear algebraic equations
with unknown ESC coefficients, by using ESC collocation points. Combining these
matrix equations and then solving the system yield the ESC coefficients of the solu-
tion function. Numerical examples are included to test the validity and applicability
of the method.
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1. INTRODUCTION

It is well known that the numerical methods have played an important role in
solving PDEs. Some of the well-known numerical methods are finite differences and
finite element methods [6,17]. Recently, various approximate methods were discussed,
such as differential transform method, Adomian decomposition method and Homo-
topy analysis method [3,8,11,13,15,18]. Furthermore, spectral methods are one of the
principal methods for solving differential equations. The main idea of spectral meth-
ods is to approximate the solutions of differential equations by means of truncated
series of orthogonal polynomials. The most used versions of spectral methods are
tau, collocation, and Galerkin methods [1,5,9]. One of the most important orthogo-
nal polynomials is Chebyshev polynomials. The well-known Chebyshev polynomials
of the second kind U,(x) [12] are orthogonal with respect to the weight-function
w(z) = v/1 — 22 on the interval [ — 1,1], and the recurrence relation is

Uo(z) =1, Ui(z) =2z, Upyi(x) = 22Uy (z) — Up—1(z), n>1.

Many studies of Chebyshev polynomials are considered on the first kind 7}, (x). On the
other hand, in [10] and [14] a modified type of Chebyshev polynomials was proposed
as new alternative technique to the solutions of ordinary and partial differential equa-
tions given in whole domain. In their studies, the basis functions called exponential

Chebyshev functions, which are orthogonal on (—oco, 00) and are defined by

e’ —1
En(x) =T, ((:"'D—i—]_) )

where T, () is the first kind Chebyshev polynomials. This kind of extension tackles
the problems over the whole real domain. In this paper we introduce a new type
of Chebyshev polynomials in the whole real range, called exponential second kind
Chebyshev (ESC) functions. The rest of the paper is organized as follows. In section
2, the definition and properties of ESC functions are listed, while in section 3 the form
of high-order linear non-homogeneous partial differential equations is presented. In
section 4, we formulated the fundamental matrix relation based on collocation points.
In section 5, method of solution is presented. Finally, section 6 contains numerical
illustrations and results that are compared with the exact solutions to demonstrate

the applicability and accuracy of the present method.
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2. PROPERTIES OF DOUBLE ESC FUNCTIONS

We introduce the definition of expotennial second kind Chebyshev ESC to be of
the form

Ey (x) = U, (Z;ﬁ) (2.1)

where the corresponding recurrencs relation is

B (@) =1 BV @) =2(557).

et +1

EYate) =2 (557 ) B - B (o)

In Basu [4], the expression T, s(z,y) = T,.(z) - Ts(y) has given which is a form of

Chebyshev polynomials. Mason et al. [12] have also used double Chebyshev polyno-
mials expression for an infinitely differentiable function u(x,y) defined on the square
S(—o00 < x,y < o0), where T,.(z) and Ts(y) are Chebyshev polynomials of the first

kind. Now we employ our new definition EY () to double form.

Definition 2.1. The double ESC functions are in the following form
B (z,y) = E/ () - B/ (), (2.2)

and the recurrence relation takes the form
Bl i(oy) = {2(557) BV @) - EL (@)} - BV @), =1,
BV i(y) = BY (@) {2 (553) BV W) - B, ()}, s =1

(2.3)

2.1. Orthogonality of double ESC functions. The functions Eﬁ{s(z,y) are or-

thogonal with respect to the weight function

3
= (z+1 . _ _
w(z,y) = 4e2" (e 1) (v 1 1)

with the orthognality condition

2
%, i=jand k =1,

|| BBt y)dedy - (24)

0, otherwise.

(e
BE
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Also the product relation of double ESC functions used in the partial derivatives

relations is given by

e’ —1 eV —1 1
< ) < ) ETUn,n(xay) = Z[Erlr]z+l,n+1(xa y) + ETUn+1,n—1(xa y)

e*+1 e +1
+ E%71’n+1(l’, y) + E}v]@fl,nfl(xv y)]

2.2. Function expansion in terms of double ESC functions. A function u(z,y)

well defined over the square S(—oo < z, y < ), can be expanded as

U(J),y) = Zzar,sEgs(xvy)’ (25)

r=0 s=0

where
4 o0 o0 U
Ay s = ) u(x,y)Ens(x,y)w(x,y)dxdy.

If w(z,y) in expression (2.5) is truncated to n, m < oo in terms of the double ESC

functions then, it will takes the form

Ulz,y) =YY arsEX (z,y), = E(z,y) - A, (2.6)

r=0 s=0

where E(z,y) is 1% (m+1)(n+1) vector with clements EY(z,y) and A is an unknown
coefficient column vector, where

E(z,y) = [E(I){O(x,y) E(I){l(x,y) Egn(x,y) E{{O(m,y) E{{l(z,y)

E{]n(x, Y) e E%yo(x, y) Egyl(x, Y) . E%n(x, Y],
(2.7)

and

A: [(L070 ao’l aO,n al,o al,l al)n ..... am,o am,l am,n]T. (28)

2.3. The partial derivatives of double ESC functions. The operational matrices

of derivatives of the double ESC functions are given in the next proposition

Proposition 2.2. The relation between the row vector E(x,y) and its (i,j)th-order

partial derivative is given as

E9) (z,y) = E(x,y)(D.) (Dy), (2.9)
c[v)
EE
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where, D, and Dy are the (m+ 1)(n+ 1) x (m + 1)(n + 1) operational matrices for

the partial derivatives, and the general form of them is

T
1 —
D, = dlag ((Z + 27&) I7 07 fI> )

(2.10)
0, ifa=0,
a =01, ... m, V4=
1, ifa##0,
and
T
n 0 0
D, = A : ’ndwg(4+2’m’0’4>’
o o (2.11)
0 0 n
0, #6=0,
ﬂ:O, 17 e My Y= Zfﬂ
L, ifB#0,

where I and 0 are (n+1) x (n+1) identity and zero matrices in the block matriz D,
which is (m 4+ 1) x (m+1). Also n is the matriz of (n + 1) X (n + 1) in the block
matriz Dy which is (m + 1) X (m + 1).

Proof. The partial derivatives of the ESC functions can be obtained by differentiating
relation (2.3), first with respect to the variable z, and with the help of (2.6) we get

8% (Ef(z,y)) =0, for all s, (2.12)
oo (B Ge) = Gl BV ) = GBS @)~ {BY @) BV )y

= %E([)J,s(x7y) - iEZs(Zan%
and
9 U 9 U U U
8 (Er+1 e(x y)) a [2E1 s(xay)Er,s( ) Er 1 g(l’,y)]
0,

=§[ 2 (B (1) °>( 2.)) 0 = (B ()]
(Els z,y )( o) ( >)<00> +2(BY (2,9) " (BY, (2,)) """
_( r— )
(2.14)
a0
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by using the relations (2.12)-(2.14) and with the help of product relation for r =
0,1,...,m, the elements of the matrix of dersvatives D, can be obtained from the

following equalities

(E(g{s(ma L0 =0,
(1,0)
(Egs(xay)) = %E(I)J,e(xay) - %Egs(xay)a

(1,0
(Egs(‘r’y)) :Egs(x7y) - %E?[){s(x7y)7

1,0 T r
) ="2E 1 s(2,y) — 2Eqas(z,y), r>1, foralls.

(2.15)

(B, (z,y))"

Similarly, we get the partial derivative with respect to the variable y as

(B (1) =0,

(0,1)
(Eg1(9573/)) :%Ey,o(x,y) - iEgQ(wvyL

0,1
(Erl’JQ(xay))( ) :Evr"{l(xvy) - %Erl’/,v?)(xay%

0,1)

(Egs(x,y))( :%Em,l(w,y) —$Ersq1(z,y), s>1, forallr.

(2.16)

Then, the previous equalities (2.15),(2.16) form (m+1)(n+1) x (m+1)(n+ 1) two

operational matrices D, and D, by our consideration that
(Egs(%y))(l’o) = (Egs(x,y))(o’l) = (Egs(x,y))(o’o) =0, for r >m and s > n.

Thus, to obtain the matrix E®)(z,y) in terms of E(z,y), we can use the relation
(2.15), (2.16) as

E"(z,y) = E(,y)Dy,

E®(z,y) = B (2,y)D, = (E(z,y)D,) D, = E(z,y) (D.)°,
ECO(z,y) = BO(2,y) (D,,)" = B(z,y) (Da)".

Therefore, by induction we can write

B0 (z,y) = Bz, y) (D)’ (2.17)
similarly
E(O)j)(xa y) = E(xa y) (Dy)] ) (218)

2D
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hence, by using (2.17), (2.18) we get finally
EC)(2,y) = B(z,y) (D.)' (D,)’ (2.19)

which end the proof. O

3. APPLICATION OF THE INTRODUCED PARTIAL DERIVATIVES FOR HIGH-ORDER
PDEs

The forms of high-order linear non-homogeneous partial differential equations with

variable coefficients in unbounded domains are

YD ai(@y)ul (@, y) = fl2,y), —00 <a,y < oo, (3.1)

i=0 j=0

with the non-local conditions [7], [16]

zp: zp: bt a7 (wy,me) = A,

Z . ¢t (@)™ (z,7,) = g(x), (3.2)

where the u®0(z,y) = u(x,y), w9 (z,y) = FZosu(z,y) and g ;(x,y), f(z,y),
ci j(x), g(x), d} ;(y) and h(y) are known functions on the square S (—oo < , y < o0, ),
and wg, Ny, V¢, €¢ are constants € (—o00,00) and may be one or more of them tends to
infinity. Now, we consider that the approximate solution U (z,y) to the exact solution
u(z,y) of Eq. (3.1) defined by expression (2.6) and its (4, j)-th partial derivatives
defined by Eq. (2.19) as

U(z,y) = ZZ arsErs(z,y) =E(z,y) - A, (3.3)
r=0 s=0
and
U9 (2,) = [E(z,y)(D,) (D, )] A (34)

(e
BE
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4. FUNDAMENTAL MATRIX RELATIONS

Let us define the collocation points [10,14], so that —oo < x;, y; < 00, as

_ 1+cos(%‘) - 1+cos(l,,—7;)
w=in(Z2E) . we (), (11)
k=1, ....m—-1,1=1, .., n—1)

and at the boundaries
(k=0,k=m) g = 00, Ty, = —00, (1 =0,l =n) yo = 00, Yy — —00.

Since the double ESC functions are convergent at both boundaries oo, then the
appearance of infinity in the collocation points does not cause a loss or divergence in

the method. Now, we substitute the collocation points (4.1) into Eq. (3.1) to obtain

P r
Zz%,j(wkayl)u(i’j)(xlwyl) = f(zr,m), (4.2)

i=0 j=0

the system (4.2) can be written in the matrix form

P T
Z Z QZJ U(z,j) = F7 p S m, 7 S n, (43)

i=0 j=0
where Q, ; denotes the diagonal matrix with inner elements are g¢; ; (zk,y1) where,
(k=0,1,2,....,m;1l=0,1,2, ..., n) and F denotes the column matrix with the
elements f(xy,y;) where, (k=0,1,2,...,m;1=0,1,2, .. n), by substituting the

collocation points (4.1) into derivatives of the unknown function as in Eq. (3.4) yields
U@ (0, yo)

UO’J) (x07 Z/n)

(@) (1
Ulid) — v (:1’3’0) = [E(D,) (D,)]A , (4.4)

U(’L’J) (xlv yn)

U(ivj)(xn’ Ym) |
where

E = [E(20,%) E(zo0,%1) - E(z0,yn) E(21,%) E(21,%1) ... E(1,yn)
 E@m,v0) E@m,y1) - E(@m,yn)]”,

2D
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therefore, from Eq. (4.3), we get a system of matrix equation ”fundamental matrix”
for the PDE in the following form

V4 T
> Qi {E@y)D.)' (D)} | A =F, (4.5)
i=0 j=0
which corresponds to a system of (m + 1)(n + 1) linear algebraic equations with
(m—+1)(n+1) double ESC coefficients a, s unknowns. By substituting the collocation
points (4.1) in the condition (3.2) by same procedure before we get the fundamental

matrices for conditions as

f:l f:o E;:O bg,j {E (weyme) (Dm)i(Dy)j} A=A,
Z;’:1 Zf:o Z;:O Ci;(ffk) {E (@k, ve) (Dx)i(Dy)j} A = g(zy), (4.6)
S X0 Yo dh () {B (6, 3) (D2)'(Dy) } A = hiyi).
It is also noted that the structure of matrices Q; ; and F vary according to the number
of collocation points and the structure of the problem. However, E, D, and D, do
not change their nature for fixed values of m and n which are truncation limits of the
ESC series. In the other words, the changes in E, D, and D, are only dependent on

the number of collocation points.

5. METHOD OF SOLUTION

The fundamental matrix (4.5) for Eq. (3.1) corresponding to a system of (m+1)(n+
1) algebraic equations for the (m+1)(n+1) unknown ESC coefficients ag 9, @01, - - , Go,n,
41.0,01.10, @l > Qom0 Gands G-

We can write the matrix (4.5) as

WA=F, or [W;F], (5.1)
and we can obtain the matrix form for the conditions by means of (4.6) in a compact
form as

VA =R, or [V;R], (5.2)

where Vis a h x (m+ 1)(n+ 1) matrix and R is a h x 1 matrix, so that h is the rank
of the all row matrices as in (4.6) belong to the given conditions. Then (5.1) together

with (5.2) can be written in the following compact form:
WA =F", or [W'F. (5.3)

Furthermore, the system (5.3) can be formed by appending the rows (5.2) on condi-

tions to the system (5.1). Then the size of the system of algebraic equations increases
[c]v)
BEE
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and therefore W* becomes a rectangular matrix. To solve this new system, the gen-
eralized inverse of W* can be used [7], and so the double ESC coefficients can be

found as
A = geninv(W™*) - F*.

The method procedure can be summarized by the following algorithm:
1. Calculating the matrix W;
2. Forming the matrix W* by adding V;
3. Solving the system of algebraic equations and finding ESC coefficients.

6. TEST EXAMPLES

We consider here some test examples that will be numerically treated by the above
proposed method. The numerical computations are carried out by the Mathematica.
7.0.

Example: 6.1

Consider the following partial differential equation

1
2,1 1,0
u®Y + ﬁu( ) — f(ffay)a T,y € ( 00, oo), (6~1)

to be the first test problem, with exact solution
u(z,y) = (—5 + 3 Coshy) Sech? (%) (Tcmh%) ,

where, the function f(z,y) takes the form

B Sech? (ﬁ) (—5 + 3 Coshy — 8(—1+ e*)Tanh (E))
f(z,y) = : (=14 e®)(1 + Coshy) =

and the subjected conditions are

u(x,y)zGTanh(%), at y — oo,
u(z,y) =6 at z — oo and at y — —o0,
u(0,0) = 0,

(2,0

u(z,0) =2 at x = —o0 .

The fundamental matrix takes the form
{Quo[EMD,)'] +Qu, [EM@,)’D,)'|}A=F,
we take m = n = 8, where, the approximate solution given by

U($7y) = GO,OEg,o(ffyy) + a0,1E6{1($7y) +- 4+ GS,SEgg(iU»y)~
[c ]
EE
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Then, after the augmented matrix of the system and conditions are computed, we

obtain the coefficients solution as:

ap,0 = ap,1 = ... = ap8 = O,
a10=0,a11=0,a12=1, ..., a18 =0,
a0 = 2,1 = ... = A28 = 0,
ago = ag1 = ...= agg =0,

and the solution is given as: U(z,y) = Ey(x,y),

Ulw,y) =2 (55) (_1 +d (2311)2>

— (=5 +3Coshy) Sech? () Tanh (%),

which represent the exact solution of the problem.
Example: 6.2
Consider the following differential equation [10]
2 4eY
Yoy = T e = (1+e®)2(1+e¥)2’

with conditions

x,y € (—o0, 00), (6.2)

uy(0,y) =0, u(z,0) = 0.
The fundamental matrix takes the form

{Q.[ED,)'|+Q., [ED,)' D)} A=F,
we take m = n = 4, where the approximate solution given by

U(z,y) = aooESo(x,y) + a0 ESy (x,y) + -+ + asa EY 4 (2, ),
then, after the augmented matrix of the system and conditions are computed, we
obtain the coefficients:

CLO’O = a071 = ... = a074 = 0,

1
aio0 = 0, a1 = 7> Q1,2 =013 =0Aa14 = 0,

)

a0 = A21 = ... = Q44 = 0,

and the solution is given by: U(z,y) = 1EY{,(z,y), or

o3P () - ()
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which represent the exact solution of Eq (6.2). On the other hand, the approximate
solution given in [10] at n = m = 15 the approximate solution doesn’t give the exact
solution.

Example: 6.3

The Cauchy problem [16], for the one-dimensional homogeneous wave equation is
given by

Uyy — Uz =0, —oo<z<oo, yEI[0, o),

u(z,0) = f(z), uy(z,0)=g(x), —oo <z < o0. (6.3)

The solution of this problem can be interpreted as the amplitude of a sound wave
propagating in very long and narrow pipe, which in practice can be considered as
one-dimensional infinite medium. The initial conditions f, g are given functions that
represent the amplitude u(x,y) and the velocity u, of the string at time y = 0. The
exact solution of (6.3) is given by DAlemberts formula
1 1 z+cy
u(z,y) = 5 [fle+ey) + flz —ey)] + 5 /1 g(s)ds.

ey
Thus, if we take f(x) = Sech(z) and g(z) = 0, and applying our present method
to solve (6.3), at n = m = 8, and 10 by using double ESC collocation points, we
obtain the approximate solution U(z,y). In Table 1, the exact and approximate

solutions are listed according to different values of x,y. The calculation of Lo norm

<L2 = \/h Zf:o (u? — Ui)2> presented in Table 2, shows that the grater n,m give

us good accuracy at step size h = 0.1,z € [-2, 2],y € [0, 1]. In Figure 1 we seek
contour plots of the exact and approximate solutions (n = m = 8,10), such that
x € [-2, 2],y € [0, 1]. Also the error functions for n = m = 8 and 10 are plotted in
Figure 2.

2D
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FIGURE 1. The contour plots of the exact and approximate solutions

(A) contour plot of the exact solution (B) contour plot n =m =8

10y

08

06

04

02

00F; n L n n L L L L
2 -1 0 1 2 -2 -1 0 1 2

(¢) contour plot n =m = 10

08

02

0.0

FIGURE 2. The error function of exact and approximate solutions

(B) Error functions for n =m = 10
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Table. 1 comparing the approximate and exact solution

T Y Exact Our method  Abs error  Our method  Abs error
solution n=m=38 n=m=10
0 1 0.648054  0.64752  5.34x10~*  0.647913  1.41x10~*
0.1 0.9 0.697877 0.697663  2.13x10™*  0.697525  4.94x10~*
0.2 0.5 0.876667 0.877628 9.60x10~%  0.874907 8.92x10~*
0.3 0.7 0.786531  0.787771 1.23x107%  0.786684  1.52x10~*
0.4 0.6 0.814191 0.816115 1.92x10~2  0.815118 9.27x10~*
0.5 0.5 0.824027 0.826211 2.18x1073  0.825253  1.22x1073
0.6 0.3 0.827211  0.828661 1.44x1073 0.82791 6.98x107%
0.7 0.4 0.777981 0.77964 1.65x1073  0.778372  3.90x107*
0.8 0.7 0.710058  0.710421  3.62x10~*  0.710033  2.50x1075
0.9 0.2 0.69802 0.697939  8.03x107°  0.697525  4.94x10~*
1 1 0.632901 0.631296 1.60x1073 0.63639 3.48x1073
Table 2. Comparing the Lo-norm

our method
n=m=238 1.04597x10~3
n=m=10 4.16219x10~*

Example: 6.4

Let us consider the Poisson equation [2,16]
Viu=f(z,y), 0<z y<L (6.4)

Poisson equation arises in steady state heat problems with time independent heat

sources, where the Dirichlet boundary conditions in general form is

U(O’y) = fl(:‘/)» u(x,O) = gl(.’L‘),
U(].,y) = fQ(y)7 u(ac, 1) = 92(1.)'

If we chose the exact solution to be as
1

u(e,y) = (1 +e) " (1+er) ™,
then, we find
A =50 e) ™ g =g (e
) =0+e) " 1+, ga)=(1+e) " (1+e") 7.
Appling our present method to solve (6.4), at n = m = 8 by using double ESC

collocation points, we obtain the approximate solution

2D



CMDE Vol. 3, No. 3, 2015, pp. 147-162 161

U(z,y) = 0.25E5 o (2,y) — 0.125E§ (z,y) — 0.125E{(z,y) + 0.0625EY (z,y).
By simplifying the previous relation we reach to
Ulz,y) = (1+e) 7 (L+e)7",

which represent the exact solution of Poisson equation (6.4) with the connected con-

ditions.

7. CONCLUSION

In this paper, a collocation method for solving high-order linear partial differential
equations with variable coefficients under more general form of conditions is investi-
gated. The method is based on the approximation by truncated double exponential
second kind Chebyshev (ESC) series, and the definition of the partial derivatives is
presented. All principles and properties of this type are derived and introduced by
us as new definitions. The definition of the partial derivatives of ESC functions is
presented and derived as new operational matrices of derivatives. The PDEs and
conditions are transformed into block matrix equations, which correspond to system
of linear algebraic equations with unknown ESC coefficients, by using ESC colloca-
tion points. The generalized invers is used to solve this linear system and to find the
ESC coefficients. Ilustrative examples are used to demonstrate the applicability and
the effectiveness of the proposed technique. In addition, an interesting feature of this
method is to find the analytical exact solution if the equation has an exact solution
of rational exponential form. The method can also be extended to high-order nonlin-
ear partial differential equation with variable coefficients, but some modifications are

required.
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