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Abstract This paper deals with the boundary value problem involving the differential equation

by = —y" +qy =Xy,
subject to the eigenparameter dependent boundary conditions along with the fol-
lowing discontinuity conditions

y(d+0) =ay(d—0), ' (d+0)=ay’(d—0)+by(d—0).
In this problem q(z), d, a, b are real, ¢ € L?(0,7), d € (0,7) and X is a parameter
independent of z. By defining a new Hilbert space and using spectral data of a
kind, it is developed the Hochestadt’s result based on transformation operator for
inverse Sturm-Liouville problem with parameter dependent boundary and discon-
tinuous conditions. Furthermore, it is established a formula for g(z) — ¢(x) in the
finite interval, where ¢(z) is an analogous function with g(x).

Keywords. Inverse Sturm-Liouville problem; Jump conditions; Green’s function; Eigenparameter depen-
dent condition; Transformation operator.

2010 Mathematics Subject Classification. 34B24, 34B20, 47A05, 47A10.

1. INTRODUCTION

We consider the boundary value problem

bty = —y" +qy = Ny, (1.1)
subject to the parameter dependent boundary conditions

U(y) := Ay'(0) + hiy(0)) — hay'(0) — hay(0) = 0,
V(y) := Ay () + Hiy(r)) — Hay'(7) — Hay(m) = 0, (1.2)
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and the jump conditions

Ui(y) == y(d +0) — ay(d — 0) = 0,
Us(y) ==y (d+0) —ay'(d — 0) — by(d — 0) =0, (1.3)

where g(x) is real function in € L2[0, 7], hs, H;, (i =1,2,3), a, b, and d are real with
d € (0,7). 1 :== hg — hihe > 0 and ry := HyHy — H3 > 0. For simplicity we use
the notation L = L(q; h;; H;;d) for the problem (1.1)—(1.3). Here A is the spectral
parameter.

In this paper, we study the inverse Sturm-Liouville problems. The inverse Sturm-
Liouville problems can be regarded as three aspects, e.g., existence, uniqueness and
reconstruction of the potential function ¢ from given spectral data. These problems
originated in the work of Ambarzumian(1929) [3], were continued by Borg(1945) [7],
and have been gradually elucidated over the past seventy years. Here we want to
look at the question of uniqueness for the above problem using two set of spectra,
or one spectrum plus part of a set of value of eigenfunctions at some interior point.
Such kind of problems have a long tradition and we refer the reader to [3-7], [9—
16], [18-22], [25, 27,29, 31, 32], [34-38], and the references therein. In particular,
the operator ¢ plays an important role as the one-dimensional Schrodinger operator
in quantum mechanics and our transmission conditions include the case of point
interactions (see e.g. the monographs [2,33]). In this manuscript, we generalize the
Hochstadt’s result [13], refining the approach of Levinson [25] for eigenparameter
dependent boundary conditions for Sturm-Liouville operator to show that precisely
how much ¢ has freedom where the A/, and all but finitely many of the )\,, are specified.
Note that the eigenvalues X/ is obtained with replacing H; by $; in (1.2). There
are many papers concerning problems with discontinuous conditions. One can find
the similar works for discontinuous conditions in [4, 12,17, 18, 32, 34-36, 38]. The
similar works for Hochstadt’s result in [6, 20,21, 30]. Nowadays there are several
number of papers devoted to inverse problems for the Sturm-Liouville operator with
eigenparameter dependent boundary conditions in [5,11,17,30, 36, 37].

In section 2 we define a new Hilbert space for the eigenparameter dependent bound-
ary conditions for the Sturm-Liouville operator by using similar techniques as in [1,28],
to obtain the asymptotic form of solutions and eigenvalues. In section 3 we formulate

a novel inverse Sturm-Liouville problem based on transformation operator.
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2. THE HILBERT SPACE FORMULATION AND ASYMPTOTIC FORM OF SOLUTIONS

AND EIGENVALUES

In this section, we introduce the special inner product in the Hilbert space (L2 (0, d)®
Ly(d, 7)) ®C? and we define a linear operator A in it such that the problem (1.1)—(1.3)
can be interpreted as the eigenvalue problem of A. So, we define a new Hilbert space
inner product on H := (L2(0,d) & La(d, 7)) & C? by

d—0 - 1 ™ - |G;‘ - 1 -
(F,G)3 = |a fg+— fg+ —rfig1 + ——f290,
0 |al 1 T

2.1
d+0 r |al @1
f(x) 9()
where F(z) = fi and G(z) = g1 € H and we let
f2 92
Ry (u) :=u/(0) + hyu(0), R (u) := hau(0) + hsu'(0),
Ro(u) :=u/(7) + Hyu(w),  R4y(u) := Hau(rw) + Hau/(7).
In this Hilbert space we construct the operator
AH—H, (2.2)
with domain
f(x)
F= fi f(x), f'(z) € ACI0,d) U (d, 7] and,
D(A) = f2 ; (2:3)
f(d+0), f(d+0)is defined, £f € L*[(0,d) U (d, )]
U(f) =Ui(f) =U2(f) =0, fr = Ra(f), f2 = Ra(f)
by action law
tf f(x)
AF = | Ri(f) with F = | Ry(f) | € D(A),
Ry(f) Ry(f)
thus, we can change the boundary value problem (1.1)-(1.3) as following form
y(z)
AY =)Y, Y :=| Ri(y) | € D(4), (2.4)
Ry (y)

in the Hilbert space H. It is easy to verify that the eigenvalues of the operator A
coincide with those of the problem (1.1)-(1.3).

(e
BE
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Theorem 2.1. The operator A is self-adjoint.
Proof. We omit the proof, since the arguments are the same as in [1,28]. O

Suppose that the functions ¢(z,A) and ¥ (x,\) are solutions of (1.1) under the

initial conditions

©(0,A) = hy — A, ¢’ (0,\) = Ahq — ha, (2.5)
and

(m,A\) = Hy — N\, '(m,\) = AH; — Hs, (2.6)

and the jump conditions (1.3). By attaching a subscript 1 or 2 to the functions ¢
and 1, we mean to refer to the first subinterval [0,d) or to the second subinterval
(d,m]. By virtue of [1] problem (1.1) under the initial conditions (2.5) or (2.6) has
a unique solution ¢;(x, \) or 92(x, ), which is an entire function of A € C for each
fixed point x € [0,d) or x € (d,n]. From the linear differential equations we obtain
the Wronskians

A1(>‘) = W(@l(xaA)awl(xa )‘))a (27)

and

AQ(A) = W(@Q(xaA)aqu(mv )‘))a (28)

are independent on z € [0,d) U (d,n]. By using the jump conditions we obtain
As(\) = a®?Aq(N), for each X € C.

Corollary 2.2. The zeros of A(N) := Az(N\) = a?A1()\) coincide, and the eigenvalues
of the problem with the zeros (1.1)—~(1.3) coincide with the zeros of the function A(X).

Corollary 2.3. By self-adjointness of A and Corollary 2.2, all eigenvalues of the
problem (1.1)—(1.3) are real and simple.

Theorem 2.4. Let A = p? and 7 := Imp. For equation (1.1) with spectral parameter
dependent boundary conditions (1.2) and jump conditions (1.3) as |\ — oo, the
following asymptotic formulas hold:

p? cos px + p(—h1 + 3 [ q(t)dt) sin px + O(exp(|7|x)), =z <d,

wlz ) = ap® cos pz + p(f1(x) sin pz + f2(x) sin p(2d — x))
+O0(exp(|7|z)), z > d,

(2.9)
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—p°sin px + p*(—h1 + 5 [ q(t)dt) cos px
+O0(pexp(|7|z)), r<d (910

Pl@sd) = —ap®sin pr + p?(f1(z) cos px
— a(z) cos p(2d — 2)) + O(pexp(irla)), @ > d,
and
12 cos p(m — ) + p (g1 () sin p(r — )
+g2(z)sinp(2d + x — m)) + O(exp |T|(7w — z)), = <d,
P(a;A) =
p*cosp(m —z) + p(Hy + % [T, a(x)dz)sin p(m — x)
+O(exp |7|(7 — x)), x> d,
(2.11)
L% sin p(m — 2) + p(—g1 (x) cos p(r — )
+g2(x) cos p(2d + 7 — 1)) + Olpexp(lrln —2)), = < d,
¥ () =
p*sinp(m —x) — p*(Hi + 3 [T q(x)dz) cos p(m — x)
+O(pexp |T|(7 — z)), x> d,
(2.12)
where
1 [ b b
nw =a (=t g o)+ 3 fw =3,
1 1 (7 b b
gi(x) = p (Hl + 5/7T_$ Q(t)dt> EYR 92(w) = a2
The characteristic function is
AN) = — ap® sin prr + p*[(f1(7) + aHy) cos pr — fa(7) cos p(2d — )]
(2.13)

+0(p” exp(|7|m)).

Proof. Suppose C(x,A) and S(z, A) are the solutions of (1.1) with the initial condi-

tions

C(0,\) =1, C'(0,\) =0 and S(0,\) =0, S'(0,)) =1,
and the jump conditions (1.3). Clearly
oz, \) = (A= ha)C(x, ) + (hg — Mh1)S(z, A).
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The arguments for obtaining the asymptotic formulas of S(x,\) and C(z, A) are sim-
ilar to that of [38]. Note that by changing x to 7 — x one can obtain the asymptotic
form of ¥ (z, \) and ¢’ (z, A). O

By applying the similar calculations of [1,38], we find that

0"1 n
pn:n72+n_2+%, (2.14)
where
(1))
kn=0(1), 6, = 5 (w1 4+ wa cos2d(n —2)),
and

1 (" b b
w1:a<H1+h1—2/ q(t)dt)—Q, wy = —3.
0

3. MAIN RESULTS

In this section the uniqueness theorem for Eqs. (1.1)—(1.3) is given. We need
some lemma and technical notation to prove our main result. The boundary value
problem L = L(q;h;; H;;d) is defined with the operator A : H — H. We now
consider boundary value problems L := L(§; hy; H;; d), Ly := L(q; hi; 9i;d), and Ly :=
L(q; hi; 94;d), for i = 1,2,3, by the same approach with operators A, Ay, and A,
respectively, where $; # H;. Suppose that 6(z, \) is the solution of (1.1) satisfying
in the initial conditions 8(mw, A) = $H2— A, 0'(7,\) = AH1 —H3 and the jump conditions
(1'3)' Define ¢7()‘) = W(@j(x))‘)’ej(xv/\)), and é]()‘) = W(‘)Z)j(x’ )‘)’éj(x7)‘))a for
j=1,2.

Lemma 3.1. If L(q; hi; 9i;d) and L(q; hi; 9i;d), (i = 1,2,3), have the same eigen-
values, then ¢;(\) = ¢;(N\), for j =1,2.

1
2
quently, using Hadamard’s factorization theorem [23] are determined up to a multi-
¢ (N
- BN
Using the asymptotic form of ¢;(\) and ¢;(\) as a similar form of (2.13) with H;
replaced by $);, we obtain k = 1 + O(%). Letting p — oo, we obtain k = 1 and so

¢ (A) = &5 (N). -

If Y (z) := ¥ (x, A\, is another eigenfunction of L satisfying in the initial conditions

Proof. From [8] it follows that ¢ and ¢ are entire functions of order 1, and conse-

plicative constant by their zeros. Hence there is a constant k£ such that k& =

(2.6), then ¢, (z) and v, (z) are linearly dependent for n € N. So, we have

Y (x) = kppn(x), x€0,d)U(d,n], (3.1)
[c[v]
(0] €]
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where k,, is a real number. Define ¢, (z), ¥n(z) and k, in a similar manner. From

this on, we assume that Ag C N is a finite set and A = N\ Ay.

Lemma 3.2. If L, and L, have the same eigenvalues and, as well as, A, = A for
alln € A, where \,, and A\, are the eigenvalues of L and L, respectively, then k, = kn
for allm € A.

Proof. Define §;(X) :== W(9;(z, ), 0;(x, X)). It is easy to see that d;(\) is independent
of z. From definition of ¢, 6 and 1 it follows that

{ W (psn (@), () = O, 33)
W(gjn(z),0in(2)) = ¢5(An),
for j = 1,2. The above linear system has a unique solution

QOjn(JC) - 6]()\71) ) Sajn(x) - 6](>\n) (33)
Similarly we obtain

= _ 1#]”(33)(5](;\71) 5 () = %n(iﬂ)&j(j\n)

@]n(x) = S](S\n) ) jn( ) S](S\n) (3'4)

From A\, = A, for all n € A and Lemma 3.1, we have ¢; = qgj. From definition of
9;(A) it follows that

d2(Apn) = 52()\71)|;c=7r = A2(Hy — 91) + M (Ha$H1 — H2Hy + H3 — Hz) + H3H2 — HaH3.

Thus
- A2 (Hy — $1) + M (Ha$1 — H2Hy + 93 — H3) + H3Hy — Ha$Hs
" $2(An)
for all n € A. d

o

ki =

Assume that A is not in the spectrum of (1.1)—(1.3) and let
Sy = (A= X)"Yp.

Replace A by A and define Sy analogously.
We consider the following spaces

K := D(A) © {®, : m € Ao}, (3.5)

K :=D(A) & {®,, : m € Ag}. (3.6)
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Define the transformation operator T': K — K by

T®, = o, (3.7)
on(2) y @n(2)

where ®,, = Ri(pn) and ®, = Ri(pn) for n € A. By using the as-
R2(<pn) Rz(@”)

ymptotic form of solutions (2.11) and (2.12), it is easy to verify that T is a bounded

operator. From (2.4) we have
M = AP, = (A= \p) Py,

thus we obtain
d,, B
()‘ - )‘n) B

A similar relation is obviously valid for ®

—S)\®,,.

Lemma 3.3. The relation S\T = T'Sy holds for X #£ Ay, A, and n € N.

Proof. Let I' € K, then we can expand F' in terms of the set ®,,

f(@)
Ra(f) A
for n € A, where f, = %. Let A be in complex plane which is not an eigenvalue
of A(g; hs; Hy; d), then the operator Sy exists and can be written as
—S\F(x) = Lén(m) (3.9)
A—An
A
If we apply T to the above relation, we obtain
—TS\F(z) = In én(w)
A=A
A
If we apply Sy and T to (3.8) respectively, we obtain
—S\TF(zx) = fi"&)n(x).
A=A
A
Then we get
S\T = TS,.

(&)
EE
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In a general case when the operator L have spectral parameter dependent bound-
ary conditions and discontinuous conditions, we generalize the well-known result of
Hochstadt [13]. We construct the Green’s function for the operator A by using its
solutions p(z,\) and ¥(z,A). By applying the Green’s function we now prove our

main theorem.

Theorem 3.4. If A(q; hi; 9i;d) and A(q; hi; Hi;d) have the same spectrum and A, =
A for alln € A, then

EAO (?jln(plny(x), T < d,
ofe) — dlx) = 510)
> ao (T2np2n)' (), x>d,

a.e. on [0,d)U(d, ], where §i, and @i, fori = 1,2 are suitable solutions of l~y =AYy
and ly = A\py, respectively.

Proof. By using the same techniques of [1] for —S\®,, = G,,, where G, (x) = (gn(z),
R1(gn), Ra(gn))T € H, by simple calculation we can show that the relation

9n(2) + (A = q(2))gn(z) = ¢n(z), € (0,d)U(d, ), (3.11)

A(97,(0) + h19n(0)) = h2g,,(0) — h3gn(0) = 0,
Mg (m) + Hign (7)) — Hag,,(7) — H3gn(m) = 0, (3.12)
and

Ui(gn) =0, Uz(gn) =0 (3.13)

are satisfied. The equation (3.11) with (3.12) and (3.13) has the unique solution (i.e.
gn(x)), which can be represented as

wAli?AA)) J§ e1(t, N (t)dt + WAli?S) (ff D1 (6, N (t)dt
+25 [T w2(t, N p2n(t)dt), 0<z<d,
gn(z) = "pﬁ;g(gi))\) (a2 T e1(t, N1n (t)dt + [T pa(t, A)vzn(t)dt) (3.14)
+¢A2‘2(1(’AA)) ST ¥2(t, Npan(t)dt, d<z <.
By considering
Pz, ) p(t,\)
A=A 0<t<z<m,
G(x, t, )\> = | |<P(w,§)(1>/\;)(t,,\) (3.15)
lal =5 0<z<t<m,

(e
BE
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where x # d and ¢ # d the formula (3.14) reduces to

Gn () \a\fo (z,t, N p1n (t)dt + o ST Gz, t, N)pan (t)dt
Gu(@)=| Rilgn) | = Hilen) (3.16)

Ra(gn) San

and the function G(z,¢, ) is as defined in (3.15). Using the asymptotic form of
oz, A), ¥z, N), A(N) for sufficiently large p and p # p,, we deduce that the Green’s
function G(xz,t, ) is bounded. G(zx,t, \) is a meromorphic function with the eigen-
values Ay, as its poles [1]. Let C), be a sequence of circles about the origin intersecting
the positive A-axis between A,, and A\, 1. We have

lim G(xﬂt7#’)

L S dp=0, Meint C,. (3.17)

From residue integration, it follows that

1 Gz, t, 1) wi(x <)hi(x >)
%/C ﬁdu— —G(z,t,\) +Zm (3.18)

n

where A()\;) = %A()\)b\:;\i. From (3.17), (3.18) and the Mittag-Leffler expansion
for G(z,t,\) we obtain

501 iz >)
G(z,t, ) 3.19
Z )’ (3.19)
where for simplicity = <:= min{a:,t} and x >:= max{z,t} and p;(z <), ¥;(x >) are
eigenfunctions corresponding to the eigenvalues \;, therefore for (f(z), Ry (f), R2(f))" €
K, from (3.5), (3.15), (3.16), and Lemma 3.2 we have

2D
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(y(z), R1(y), R2(y))"
= Sx (f(=), B1(f), R2(/)T

= SxF(I)
a? KL [ o1 (8) f (D)t + S2E (a2 [ un(8) F(D)dt + [T va(D) (1)) ,
0<z<d,
255 (@ [ or(DF (R)dt + [T a() F(1)dt) + K255 [T ga(t) F()dt,
- d<z<m,
Ri(y)
Ra(y)
0210 (@) [§ 010 (OF O dt+e1n (@) (a2 [ w10 (O FOdt+ [T Pon () (D)dt)
A An)(A=Xn) ’
0<z<d,
> Yo () (a2 [§ 10 (DS (DA @20 (D (D)dt)+pon (@) [T wan (D) (Ddt
- A A (A =xn) ’
d<z<m,
Z fan(wn)
F B3 ()
Z X 2Ai
knein (@) (a2 [§ 010 (0 F () A+ [T o2n (8)f(£)dt)
2a ( L AG G )’ 0sz<d,
knean (@) (a? [ e1n (O F O dt+ [T pon () f(H)dt
- 2a A=) , d<z s,

Z fn Rl (%’n)
f'n.R («Pn)
D ver

By applying T to both sides of (3.20), we see that

kn@1n (@) (a® f§ @1n () f @ dt+ [T an(t)f(t)dt)
2

Ao —xn) , 0s2<d,
kn@2n (@) (a® [§ @1n (O F @ dt+[] an()f()dt) <
TS\F(w) = 2 003 » ASEST
Ry (Pn)
T
nR2(Pn
D e ¥
Define
a1 (2) [§ o1 (D F () dt+@1 (@) (o [§ w1 () F () dt+ [T va(D)f(H)dt)
AN ’
0<z<d,
P2(@)(a® J§ 1 (O F(DAt+[F 0a(DF (1)dt)+E2 (@) [T wa(t)F(t)dt
U(x) := Y@V ?
d<z<m,
Ri1(y)
Ra(y)

133

(3.20)

(3.21)

(3.22)
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By the Mittag-Leffler expansion for U(x), we have

a1 (@) J§ 10 (W F (W dy+E10 (@) (a2 [F $10 (O F O dt+[T von () F()dt)

EAO AAn)(A=2p)
a2 P15 (@) J§ e1n (O F (D) dt4+E1n (@) (a? [ d1n () F (O dt+[T ban (D) (H)dt)
+2a An)(A=2n) ’
0<x<d,
o (2) (a2 [§ e1n (D F O at+ [ @on () F (D) dt) 422, (@) [T ¥ (B F (1)dt
U(:D) — ZAO _ A(_)WL)()\—)\TL)
Bon (@) (a2 J§ e1n (D F O at+ [ 0on (I (0)dL) +Pop (@) [F don (D (D)dt
+2a An)(A=2n) ’
d<z<m,
5,y In1(#n)

n
> fnR2(én)
nEN  A=An

The second term of the above expression is T'S\F', as given in (3.21), in the first
term, W, (x) represents ¥ (x) and Z,(x) represents ¢(x) evaluated at A,,. Hence

S\TF(z) = U(z)—

a2@15(2) [§ @10 (O F () dt+215 (@) (a2 [F 010 (W) F @) dy+ [T ban (1) F(2)dt)

20 A (3 =An) ’
0<z<d,
wan (@) (a? J§ 010 O F O dt+ [T eon (DF(D)dt)+20n (@) [T ban (D F(B)dt
2no AQn)(A=2n) ’
d<z<m,

ZAO InR1(én)

—n
FnRo(Bn)
e e v

(3.23)

The right and left hand side of (3.23) is in the domain Sy. Therefore, both sides of
(3.23) are continuous. By using (3.20) and differentiation of the right-hand side of
(3.23), for 0 < z < d we obtain

[a%;m I 1@ F(®dt+ & @) (a? [2 (DS ©dt + [T va(t) f(Ddt)
A%

@%@}, (@) [5 ern@F(Odt + 2, (@) (a® [ b1n(OF (Ot + [T Yan (D F(D)d2)
R An)(A = An)

Ao

P1 (@)1 (x) — Ga(x)y (x) W10 (€)1 () + Z10 (@) P10 (@)
+ - . .
[ A0 S G e W }f(x)

An inspection of the term in the second set of braces shows that it vanishes identically.
To do that, one merely computes the residue at each A,, and observes that it becomes
zero. One can differentiate the expression in the braces in the last expression and

2D
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then from (3.23) we obtain

_ | ti@ei(@) = g1@)vi(z) Din(@)ein (@) + Zin (@)1 (@)
e = A0 2T A0 - A

f(z)

a2 w10 (2) [ o1 (D) (£)dt + Z1n () ( T8 1 (O F (£)dt + [T b2n (1) f(t)dt)
A(An)
Ao

(3.24)

The operator T is independent of X\. To compute the value of the expression in the
braces in (3.24) we let A — oo. Using the asymptotic formulas, we see that the term
in the braces reduces to unity. To simplify the second term in (3.24) we recall that

Uin = kn@1n, Yon = knwa, and from (2.1),

a|/0d¢1n(t) )t + —/ 0

L e ‘lelnml( )+ —— Ro(thon)Ra(f) = 0.

1
T2|al

Then from (3.8), for 0 < z < d we get

i) =1(2) - %ngm [ e

frnknZin ZE) \a|
+%0: AGw) <r Ry (¢Y1n)Ri(e1n) + rala |R2(w2n)R2(ap2n)) (3.25)
where . ) (o)
~ Win(T) — Bp21in (@
*ym(a:) _ a2 1in i n<ln .
2 A(An)

By applying the similar computation for d < x < m we obtain

Tf@) =1(@)+ 5 3 t2n(@) [ oan(®F (01t
Ao @

30 228l (s s ) +

otay 2 (W2n) Ra(p2n)
- AOw) 2(P2 2(p2 >

where ) o (2) — oo (2)
~ _ Won\T) — Kp2oan T

Now, from Lemma 3.3, we conclude that

ATF = TAF. (3.26)



136 M. SHAHRIARI

Suppose that F' = ®,, (n € A) then we get f,, = % =0, for m € Ay. For left
and right side of (3.26) we get

Pin = 5 Xag T1m Jg P1m(De1a(t)dt, 0 <z <d,
Pan + 5 Xp, T2m (@) [] p2m (B)pan(t)dt, d <z <,

AT®,, = 7
Ry (n)
R2 (San)
—@ + @010 = 3 pg L im [ o1mBe1n(t)dt),  0< 2 <d,
— @l + apan + 3 T ay L (G2m (@) [T @2m (Dp2n(t)dt), d <z <,
R (@n)
Ry (¢n)
¢V + @010 — 5 Xpy Wrm J§ prm (D1 (t)d
+3 X g 201m (P1m@1n) + Gim(P1me1n), 0Lz <d,
— Yy + @20 + 3 X, Lzm [T 2m () p2n (t)dt
= +3 ZAO(*2)@§m(<sz892n) + Jom (Pampan)’, d<z<m,
Ry (¢n)
Ry (¢n)
(3.27)
and
— @ 4910 — 5 Xpy Tim Jg P1mloin, 0Lz <d,
_‘P/2,n + qp2n + % ZAO Y2m f: Yamlpon, d<zxz<m,
TA®,, =
Ry(@n)
Ry (¢n)
-V +ap1n — ZAO Jim [y P1nlpim
=3 Xag Tm (L1l — P1m@l,), 0Lz <d,
_cpl2ln + qpan + % EAO Y2m f; SDZnZLPZWL
- +% ZAO g%n(‘PZnLP,Qm - <P2m,80,2n), d<az<m,
R (&n)
R5(¢n)
(3.28)
Note that
xr xr
E glm / (pln&plm - E glm / Am‘plm‘pln
0 0
Ao Ao

T
:Z)‘mglm/ P1mP1in
Ao 0
_ T
:Zgglm/ P1mP1in
Ao 0

2D
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and . .
Z g2m/ S02n€¢2m = ZEng/ PomP2an-
Ao x Ao x

Using (3.26) we find that

~ Y one Timp1m), 0 <2 <d,
o) — (x) = i)
ZAO (Joampam)', d<zx <.

O

Corollary 3.5. If Ay is empty, then T is a unitary operator and A = A. Hence ¢ = §
in L2(0, ).

4. CONCLUSION

In this paper, the inverse Sturm—Liouville problems with a transmission and pa-
rameter dependent boundary conditions was studied. For this purpose, a new Hilbert
space by defining a new inner product for obtaining a self-adjoint operator was de-
fined. So, the asymptotic form of solutions, eigenvalues and eigenfunctions of this
problem was obtained. Finally, we formulated the Hochestadt’s result based on trans-

formation operator for inverse Sturm-Liouville problems.
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