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1. INTRODUCTION

The study of exact solutions of nonlinear evolution equations plays an important role
in soliton theory and explicit formulas of NPDEs. Also, explicit formulas may pro-
vide physical information and help us to understand the mechanism of related physical
models. A large number of such equations have been studied in these contexts, and
numerous analytic and computational effective techniques have been proposed to in-
vestigate these types of equations.

Phenomena in physics and other fields are often described by nonlinear evolution
equations. Nonlinear partial differential equations (NPDEs) are widely used to de-
scribe complex phenomena in various fields of sciences, especially in physics. Some of
these nonlinear wave solutions are the cnoidal waves, solitons, solitary waves, shock
waves, compactons, stumpons, covatons, cuspons, peakons propeller solitons and sev-
eral many others. These solutions are all indeed very useful in various areas of Applied
Mathematics and Theoretical Physics. Therefore solving nonlinear problems plays an
important role in nonlinear sciences.

Some of these methods that have been recently developed are exponential func-
tion method [4,5], Fan’s F-expansion method [6,7], the tanh-sech method [8-10],
extended tanh method [11-13], sine-cosine method [14-16], homogeneous balance
method [17,18], first integral method [19-21] and so on [1-3, 23-29].

In this paper we consider the (3+1) Jimbo-Miwa equation [22],

Upze T SUpUzy + SUylaze + 2Uyr — 3Ug, = 0. (1.1)

115



116 M. ESLAMI

This work is organized as follows. In the next section we give brief description of the
Homogeneous balance method. In the Sections 3 we construct soliton solutions for
the (341) Jimbo-Miwa equation. In the last section we summarize our results.

2. ALGORITHM OF THE HOMOGENEOUS BALANCE METHOD
For a given partial differential equation
G (U, Ugy Uty Uy Uity o) = 0, (2.1)

Our method mainly consists of four steps:
Step 1: We seek complex solutions of Eq.(2.1) as the following form:

u = u(&), & =ik(x — ct), (2.2)

Where k and ¢ are real constants. Under the transformation (2.2), Eq.(2.1) becomes
an ordinary differential equation

N (u, ik, —ikeu', —k*u”, .....) = 0, (2.3)

Whereu' = ‘;—g.
Step 2: We assume that the solution of Eq.(2.3) is of the form

u(§) = Zamﬁi(& (2.4)

Where a;(i = 1,2,..,n) are real constants to be determined later and ¢ satisfy the
Riccati equation

¢ = ag® +bop+ c. (2.5)
Eq.(2.5) admits the following solutions:

n .

Casel: Let ¢ = Y b; tanh® ¢, Balancing ¢'with ¢? in Eq.(2.5) gives m = 1so
i=0

¢ = by + by tanh &, (2.6)

Substituting Eq. (2.6)into Eq.(2.5), we obtain the following solution of Eq.(2.5)

1 b2
gf)f*%(bJeranhf), acfzfl. (2.7)

Case2: when a = 1,b = 0,the Riccati Eq.(2.5) has the following solutions
¢ = —y/—ctanh (v/=c€) , c<0,
¢ = —%, c<0 (2.8)
¢ =ctan(Vcf),  c¢>0.

Case3: We suppose that the Riccati Eq.(2.5) have the following solutions of the
form:

n
o =Ay+ Z sinh' ! (A; sinhw + B; coshw) , (2.9)
i=1
[c [v)
BE
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Where ‘fi—‘g = sinhw orfi—zj = coshw. It is easy to find that m = 1by Balancing
¢'with¢?. So we choose
¢ = Ap + Ay sinhw + By coshw, (2.10)

Where fli—‘g = sinhw, we substitute (2.10) and fli—‘g = sinhw, into (2.5) and set the coef-

ficients of sinh’w, cosh’ w (i =0,1,2) to zero. We obtain a set of algebraic equations
and solving these equations we have the following solutions

b 1
Ay=——,A,=0,B; = — 2.11
0 20/’ 1 07 1 2@7 ( )
where ¢ = 171—:1 and
b 1 1
A= —— A1 =+4/—, B, = — 2.12
0 2a" ! Voo "V 24 ( )
where ¢ = Ii—gl. To fli—“g = sinhw we have
sinhw = — csch€, coshw = — coth&. (2.13)
From (2.11)-(2.13), we obtain
b+ 2coth&
= 2.14
¢ 2a ’ ( )
where ¢ = b24—;4 and
+ h
¢:_b csc h€ + cot 5, (2.15)
2a
b2—1
where ¢ = >—

Step3. Subgtituting (2.6-2.15) into (2.3) along with (2.5), then the left hand side
of Eq.(2.3) is converted into a polynomial inF (§); equating each coefficient of the
polynomial to zero yields a set of algebraic equations.

Step4. Solving the algebraic equations obtained in step 3, and substituting the results
into (2.4), then we obtain the exact traveling wave solutions for Eq. (2.1).

Remark 1: If ¢ = 0, then the Riccati Eq. (2.5) reduces to the Bernoulli equation

¢ = ag? + bo, (2.16)
The solution of the Bernoulli Eq. (2.16) can be written in the following form [23]:

cosh [b (€ + &)] + sinh [b (€ + &)]
1 —acosh[b(§+&)] —asinh[b(§+&)] |

where £ is integration constant.
Remark 2: 1f b =0, then the Riccati Eq. (2.5) reduces to the Riccati equation

¢/ = a¢2 + ¢

which the equation above is the special case of the Riccati Eq. (2.5).

b=b

(2.17)
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Remark 3: Also, the Riccati Eq.(2.5) admits the following exact solution [23]:

b 0 [ sec h (5¢)
=5 % (3) Gt e

(2.18)

where 02 = b2 — 4ac and C is a constant of integration.

3. METHODOLOGY TO THE (3+1) JIMBO—MIWA EQUATION
Using the wave transformation
u(z,y,z,t) =U(£),§ =kx +ly+mz+ wt (3.1)
Eq. (1.1) is carried out to the following ODE:
U + 6k2U'U" + (2lw — 3km) U"” = 0. (3.2)

After integrating with respect to £ they obtained the nonlinear ordinary differential
equation in the form

I + 3621 (U + (2lw — 3km)U’ = C.

Here C is the constant of integration. Denoting U’ =V (£ ) in Eq. above we have the
following equation

E3V" + 3k%1V? + (21w — 3km)V = C. (3.3)

For the solutions of Eq. (3.3), with the aid of Homogeneous balance method we make
the following ansatz

V() = aid'(©), (3.4)
1=0

where a;are all real constants to be determined, n is a positive integer which can
be determined by balancing the highest order derivative term with the highest order
nonlinear term, then givesn = 2. Therefore, we may choose

V(€) = as¢® + a1¢ + ag. (3.5)

Substituting (3.5) along with (2.5) in Eq.(3.3) and then setting the coefficients of
#(j = 0,1,2,3,4,5)to zero in the resultant expression, we obtain a set of algebraic
equations and solving these equations with the aid of Maple we have

1 —2lw + 3km £ VAP2w? — 12lwkm + 9k2m?2 + 48k61a2c? — 24kSlab2c

“w=5% k20 ’
ay = 2kab,
ag = —2k:a2.
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By substituting (3.6) in (3.5) along with (3.7) and (3.1) we have solution of the Eq.
(1.1) as follows

1

V(€)= —§ka2 (b+ 2tanh &)® — kb (b+ 2 tanh &) +
—2lw + 3km £+ VA412w2 — 12lwkm + 9k2m?2 + 48kS1a2c2 — 24kSlab2c
6k21 :

So
1
U=/ (—kaaQ (b+2tanh&)® — kb (b+ 2tanh§)) dé+
<—21w + 3km + V412w2 — 12lwkm + 9k2m2 + 48kSla2c2 — 24k6lab20> ¢

6k21

The solution of the (3+1) Jimbo-Miwa equation (1.1) when ¢ < 0 will obtain by
substituting (3.5),(3.6) along with (2.8) and (3.1) as follows

V(€) = 2ka?ctanh? (\/fcf) — 2kab (\/fctanh (\/fcf)) +
1 —2lw + 3km £ VA42w? — 12lwkm + 9k2m?2 + 48k6la2c? — 24k6lab3c

6 k21 ’
So

U = [ (2ka®ctanh® (v/=c) — 2kab (y/—ctanh (v/=c£))) dé+

1 —2lw + 3km + V412w2 — 12lwkm + 9k2m2 + 48kSla2c2 — 24kSlab2c

6 k21 ’
Soliton solution of (1.1) when ¢ =0 is

2

V(E) = 72?;1 - 2kab

1 —2lw + 3km + V412w2 — 12lwkm + 9k2m2 + 48kS1a2c2 — 24kSlab2c

6 k21 ’
and

2

U=k okablnet

1 —2lw + 3km £+ V412w? — 12lwkm + 9k2m2 + 48kSla2c? — 24kSlab2c

6 k21 ’
when ¢ > 0

V(€) = —2ka’ctan? (\/c€) + 2kab (y/ctan (1/c€)) +

1 —2lw + 3km + V412w2 — 12lwkm + 9k2m2 + 48kS1a2c2 — 24kSlab2c

6 k21 ’
and

U = [ (—2ka?ctan? (y/c€) + 2kab (y/ctan (/c€))) dé+
1 —2lw + 3km £ VA2w? — 12lwkm + 9k2m?2 + 48k6la2c2 — 24kzﬁlab20§

6 k2l
From (3.6) in (3.5) along with (2.14) and (3.1) we have solution of the Eq.(1.1) as
follows

[0 ]
B



120 M. ESLAMI

V() = —%k (b+2coth€)? — kb (b+ 2 coth &) +

1 —2lw + 3km £ VAPRw? — 12lwkm + 9k2m?2 + 48k61a2c? — 24kSlab2c
6 k21 ’

SO

U= [ (%k (b4 2coth&)® — kb (b + 2coth§)) dé+

1 —2lw + 3km + V412w? — 12lwkm + 9k2m?2 + 48k6la2c? — 24kSlab3c
6 k2] ’
b? —4
where ¢ = and
a
1
V(€)= — 5k (bEesche + coth &) — kb (b =+ csc hé + coth &) +
1 —2lw + 3km + V412w? — 12lwkm + 9k2m?2 + 48kSla2c? — 24kSlab3c
6 k2]
and
1
U=/ <_§k (bt csché + cothf)2 — kb (b=+csché + cothf)) dé+
1 —2lw + 3km £ VA42w? — 12lwkm + 9k2m?2 + 48k6la2c2 — 24k6lab3c
6 k21 ’
2 —1
where ¢ =

—
In this section we will obtain the solution of Eq. (1.1) from (3.5), (3.6) along with
(2.17) and (2.19)

cosh [b (£ 4 &o)] + sinh [b (€ + &o)] ] ’ I
b(§+ &)

V(&) = —2kb%*a?

1 —acosh[b(+&)] — asinh

okab? [ cosh [b (£ + &)] + sinh [b (€ + &)]

1—acosh[b(&+ &)] — asinh [b (€ + &)]
1 —2lw + 3km £+ V412w? — 12lwkm + 9k2m2 + 48kSla2c? — 24kSlab2c
6 k21 :

and
o oz a [ coshb(€+&)] +sinh [b (€ + &)] }

U=J| -2k [1 T acosh[b (€ + &) —asimh b (e + &) | | T

2 cosh [b (§ + &o)] + sinh [b (§ + &o)] D
/ (%ab L —acosh[b(§+&)] — asinh [b (£ + &) et
1 —2lw + 3km £ VAPRw? — 12lwkm + 9k2m?2 + 48k61a2c? — 24k61ab205
6 k21 '
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From (3.5),(3.6) along with (2.18) and (3.1), we set

0 2
sech <—§>
V(€) = —2ka? L itanh <Q§> + 2 +
2a  2a 2 0 2a 0
C cosh (55) — 7 sinh (55)

sech <g§>

2kab L i tanh Q{ + +
20 2a 2 C cosh Qf _a sinh gf
2 0 2
—2lw + 3km £+ VA42w? — 12lwkm + 9k2m?2 + 48kS1a2c2 — 24kSlab3c

1
6 k21
So
2
) N sec h (gf)
C cosh (95) _a sinh <Q§)

2 9 2

sec h (gf)

U= [|—2ka? b itaunh (95 dé+

2a 2a 2

b 0 0
[ | 2kab 5. 2—atanh (55) + — Qg R Q€ dé+
cosh | 3 75 5
1 —2lw + 3km £ VAPRw? — 12lwkm + 9k2m?2 + 48kS1a2c? — 24kSlab2c
6 k21 ’

Where 62 = b? — 4ac and C' is a constant of integration.

4. CONCLUSION

In this paper, the homogeneous balance method has been applied to obtain the new
exact solutions of the (3+1) Jimbo-Miwa equation. This method has the advantages
of being direct and concise. The method proposed in this paper can also be extended
to solve some nonlinear evolution equations in mathematical physics.
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