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Abstract

This paper investigates a class of impulsive non-self-adjoint differential operator pencils with complex periodic

and PT-symmetric potentials defined on a semi-infinite domain. The study focuses on the spectral structure
of the considered operators, including the characterization of eigenvalues, continuous spectrum, and spectral

singularities arising from the interaction between non-Hermitian properties and impulsive conditions. Special

solutions adapted to the discontinuous framework are constructed, and their analytical properties are examined
to establish fundamental spectral results. A transfer matrix approach is developed to describe the influence of

impulse conditions on the spectral behavior of the system. Furthermore, an inverse spectral problem is formulated

and solved by reconstructing the potential functions from spectral data and reflection coefficients. The proposed
reconstruction procedure provides a constructive and unique recovery of the operator parameters. The obtained

results extend existing spectral theory for non-self-adjoint operators and contribute to the mathematical analysis
of discontinuous media, wave propagation phenomena, and related inverse problems.
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1. Introduction

The spectral theory of differential operators plays a fundamental role in modern mathematical physics, particularly
in the analysis of wave propagation, quantum mechanics, and inverse problems. In recent decades, increasing attention
has been devoted to non-self-adjoint differential operator pencils, as they arise naturally in non-Hermitian quantum
mechanics, dissipative systems, and media with gain and loss. Unlike classical self-adjoint operators, these operators
exhibit significantly more intricate spectral structures, including complex eigenvalues, continuous spectra, and spectral
singularities, which require refined analytical techniques for their investigation. A particularly important class of such
operators is associated with complex periodic and PT -symmetric potentials, which have attracted considerable interest
due to their ability to produce entirely real spectra despite being non-Hermitian. These models have proven to be
highly relevant in optical physics, crystal theory, and waveguide design, where balanced gain–loss mechanisms are
present. However, the introduction of impulse (discontinuity) conditions into such systems leads to fundamentally
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new mathematical challenges. Impulsive effects naturally arise in models of layered or fractured media, quantum
systems with point interactions, and engineering applications involving abrupt structural changes. While the spectral
analysis of classical Sturm–Liouville problems with periodic or complex potentials is well developed, the corresponding
theory for impulsive non-self-adjoint operator pencils on semi-infinite domains remains far less explored. In particular,
the interplay between non-Hermiticity, periodicity, and impulsive conditions significantly alters the structure of the
spectrum, leading to the emergence of spectral singularities embedded in the continuous spectrum and complicating
the formulation of inverse problems.

The main idea of this research is to develop a comprehensive spectral and inverse spectral framework for a class
of impulsive non-self-adjoint differential operator pencils with complex periodic PT -symmetric potentials defined on
the semi-axis. The novelty of the approach lies in combining methods of spectral analysis with the construction
of Jost-type solutions and transfer matrices adapted to impulse conditions, allowing for a rigorous characterization
of eigenvalues, continuous spectrum, and spectral singularities. A central objective of the study is the solution of
the inverse spectral problem, namely, the reconstruction of the potential functions from given spectral data such as
reflection coefficients and discrete spectral parameters. This problem is of both theoretical and practical importance,
as it provides a mechanism for recovering the internal structure of a system from observable quantities. The presence
of impulse conditions requires the development of new constructive algorithms that extend classical inverse problem
techniques. Thus, the research not only generalizes existing results in the theory of non-self-adjoint operators but
also introduces new analytical tools for studying discontinuous systems with complex potentials. The obtained results
contribute to the advancement of spectral theory and open new perspectives for applications in mathematical physics,
particularly in the study of wave propagation in non-conservative and discontinuous media.

The examination of eigenvalues and spectral singularities is crucial for understanding the behavior of non-self-
adjoint operator pencils, particularly in the context of impulse signals defined on semi-infinite axes. The presence
of continuous spectra across the axes indicates a rich structure where spectral singularities can emerge, leading to
complex dynamical behaviors that are essential for various applications in physics and engineering. This phenomenon
necessitates a careful analysis of the underlying spectral properties to elucidate the conditions under which singularities
arise and their implications for system stability. To address the inverse problem, we begin by formulating the necessary
conditions that connect the spectral data to the original operator pencil. Each eigenvalue’s location and multiplicity,
along with the identified spectral singularities, provide invaluable insights into the potential forms of the corresponding
non-self-adjoint operators. We propose a method that systematically maps the identified spectral attributes back to
the coefficients of the operator pencil, focusing on the reconstruction of the operator from the scattered spectral data.

This research examines the operator pencil L that is derived from the differential expression

L

(
d

dξ
, γ

)
= − d2

dξ2
+ 2γp(ξ) + q(ξ), (1.1)

in the space L2[0,∞), where γ represents the spectral parameter, while p(ξ) and q(ξ) are functions that meet the
subsequent conditions

p(ξ) =
∞∑

n=1

pne
inξ;

∞∑
n=1

n |pn| <∞, (1.2)

q(ξ) =
∞∑

n=1

qne
inξ;

∞∑
n=1

|qn| <∞, (1.3)

Additionally, we refer to the functions p(ξ) and q(ξ) as the potentials associated with the equation

−η′′ + 2γp(ξ)η + q(ξ)η = γ2η. (1.4)

In multiple domains of mathematical physics, specifically in non-Hermitian quantum mechanics and crystal theory,
it is essential to examine differential operators with complex-valued and periodic coefficients.

The core concept of non-Hermitian quantum mechanics is that experimentally measured quantities are always real,
not complex. Consequently, each observable is represented by an operator in the space of state vectors, whose eigen-
values correspond to measurement results. To ensure this, operators must have real eigenvalues. In this framework,
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non-Hermitian quantum mechanics is realized by replacing Hermitian conjugation with PT -symmetry transformation.
The P -symmetry transformation (reflection of spatial coordinates) consists, for example, in changing the sign in front
of the coordinate operator, and the T -symmetry transformation (time reversal) consists in changing the sign of the
impulse (but not the coordinate), as well as replacing i by −i. The potentials considered in the work are of the form

q(ξ) =
∞∑

n=1

qne
inξ,

where certain conditions are fulfilled for numbers qn and are PT -symmetric for qn = qn, i.e. ... q(ξ) = q(−ξ).
It is widely recognized that the behavior of waves travelling through a one-dimensional non-conservative medium

can be characterized by the Schrödinger equation (1.4) when analyzed in the frequency domain.
In this context, γ denotes the wave number, which is equivalent to momentum, while γ2 signifies the energy. The

function p(ξ) reflects the overall impact of energy absorption and generation, whereas q(ξ) pertains to the renewal of
force density.

Impulse problems typically relate to the discontinuous and non-smooth characteristics of a medium (See, for instance
[22, 29–32]). In various fields like mathematics, mechanics, and technology, inverse problems featuring a discontinuity
condition within an interval are common. Several works, including [5, 14, 15], have examined these kinds of discontin-
uous inverse problems. In [8–11], the focus was placed on spectral analysis issues. Initially, M.G. Gasymov explored
potential (1.2) in [8]. The study of both direct and inverse problems involving pencils with complex, periodic potentials
is presented in [11]. Boundary value problems that exhibit jump conditions emerge due to the discontinuous properties
of materials; see references [25, 26]. Impulse issues are often linked to the non-smooth and discontinuous aspects of a
medium (for instance, refer to [2, 25]).

To reconstruct differential operators, spectral data consists of familiar eigenvalues and eigenfunction information
at a point within the specified interval. In [5], a similar analysis concerning Sturm-Liouville operators with impulses
is discussed. The presence of discontinuous conditions complicates this analysis. Regarding impulsive differential
equations, Bainov [4] and collaborators have investigated their spectral theory. Similar topics have garnered attention
from numerous authors in [2, 16, 25, 26]. Recent developments in the spectral theory of non-self-adjoint operator
pencils and inverse problems with impulsive effects have been significantly advanced in the literature. In particular,
Annaghili et al. [3] investigated the spectral analysis of almost periodic quadratic pencils with impulse conditions,
highlighting the role of discontinuities in shaping the spectral structure. Complementing this, Gasimov [13] addressed
optimization aspects in spectral functionals, providing foundational insights into the relationship between spectral data
and operator characteristics. Furthermore, Fayziyev et al. [12] studied inverse problems involving fractional derivatives,
focusing on the determination of unknown source functions and demonstrating the applicability of analytical and
numerical techniques in recovering hidden parameters. Together, these works establish a comprehensive framework for
analyzing spectral properties and solving inverse problems in complex differential systems, especially those involving
non-classical conditions such as impulses and fractional operators. Recent advances in the theory of ill-posed problems
and inverse boundary value problems have significantly contributed to the development of modern mathematical
physics, particularly in the study of the Cauchy problem for elliptic and Helmholtz-type equations. In this context,
the work of Juraev et al. [17] provides important insights into approximate solutions of the Cauchy problem in
multidimensional unbounded domains, establishing constructive methods that ensure stability under perturbations.
Further investigations by Juraev [18] extend these ideas to matrix factorizations of the Helmholtz equation in bounded
domains, where the ill-posedness is addressed through analytical techniques. The regularization framework proposed
in [19] introduces effective strategies for stabilizing solutions in two-dimensional settings, highlighting the role of
boundary conditions and functional transformations. In addition, the study by Juraev, Noeiaghdam, and Agarwal
[20] develops refined regularization procedures that improve convergence and accuracy for inverse problems associated
with Helmholtz-type operators. Complementing these results, Niyozov et al. [23] examine the Cauchy problem within
the theory of elasticity, demonstrating the applicability of similar analytical and regularization techniques to systems
of partial differential equations arising in continuum mechanics. Collectively, these works form a solid theoretical
foundation for the investigation of inverse and ill-posed problems, motivating the present study and providing essential
tools for the analysis of stability, uniqueness, and reconstruction of solutions in complex differential models.
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In particular, the integral representations involving special functions, such as those studied by Choi and Agar-
wal [7], provide essential analytical tools for handling complex differential equations and operator-related problems.
These integral formulations are especially useful in the spectral analysis of non-self-adjoint operators, where explicit
representations of solutions play a crucial role. Furthermore, modern numerical techniques have been developed to
approximate solutions of nonlinear equations with high accuracy. For instance, Kumar et al. [21] proposed an opti-
mal fourth-order derivative-free algorithm, which is particularly effective in determining multiple roots of nonlinear
equations. Such iterative methods are highly relevant in spectral problems where eigenvalues may exhibit multiplicity
or clustering behavior. In addition, computational approaches based on collocation methods have gained attention
for solving nonlinear differential equations. Abd El Salam et al. [1] introduced a matrix-based collocation technique
using rational Chebyshev functions, demonstrating high efficiency and accuracy in approximating solutions. This
approach is particularly suitable for problems defined on unbounded domains or involving singularities, which often
arise in operator theory and wave propagation models. Moreover, recent developments in inequality theory, such as
the generalized fractal Jensen and Jensen–Mercer inequalities investigated by Butt et al. [6], provide important theo-
retical foundations for stability analysis and error estimation in numerical and analytical methods. These inequalities
have applications in convex analysis and can be utilized to establish bounds for solutions of differential equations and
inverse problems.

Oraby et al. [24] developed the theoretical framework of the k-Beta logarithmic function, including its fractional
derivative and a corresponding spectral numerical method. Their study demonstrates how generalized special functions
and fractional-calculus concepts can be incorporated into spectral computational schemes for the effective treatment
of complex mathematical problems. Recent developments in artificial intelligence and neural-network-based symbolic
computation provide a useful methodological background for the present study. Zhao and Zhang [36] demonstrated
how artificial intelligence can enhance mathematical derivation and facilitate the construction of exact solutions for
nonlinear partial differential equations. This direction is closely related to the present work, where analytical spectral
properties and computational procedures are combined to obtain reliable solutions for a class of impulsive non-self-
adjoint differential operator pencils. The fractional sub-equation neural network approach proposed by Wang et al.
[27] further illustrates the applicability of neural architectures to complex differential equations, particularly when
classical analytical techniques become difficult to implement. Similarly, Zhang and Bilige [33] developed a bilinear
neural-network framework for obtaining exact analytical solutions of nonlinear PDEs. These studies motivate the
integration of advanced computational strategies with rigorous operator-theoretic analysis. The neurosymbolic rea-
soning framework of Zhang et al. [34] is especially relevant because it combines symbolic mathematical reasoning with
intelligent computational mechanisms. Zhang and Li [35] and Xie and Zhang [36] further established neural-network
and symbolic approaches for nonlinear evolution equations, demonstrating the potential of data-driven methods for
reconstructing mathematically meaningful solutions. In contrast to these AI-oriented approaches, the present article
focuses on the spectral analysis, Jost solutions, transfer matrices, inverse spectral reconstruction, and matrix-free
Legendre collocation of impulsive non-self-adjoint operator pencils. Thus, references [27, 28, 33–36] provide a mod-
ern computational perspective that complements the analytical framework developed here and suggests a promising
direction for future integration of artificial intelligence with spectral and inverse problem methods.

2. Regular and Jost solutions of Lη = γ2η

Our primary objective here is to explore potential answers to the problem at hand

−η
′′
+ 2γp(ξ)η + q(ξ)η = γ2η, ξ ∈ [0, ξ0) ∪ (ξ0,∞). (2.1)

To achieve this goal, we examine the operator L that adheres to the specified boundary condition

η(0) = 0, (2.2)

and impulse condition[
η(ξ+0 )

η
′
(ξ+0 )

]
= B

[
η(ξ−0 )

η
′
(ξ−0 )

]
, B =

[
α1 α2

α3 α4

]
, detB ̸= 0, (2.3)

for complex numbers αi, i = 1, 4.
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The point ξ = ξ0 called as impulse point of the problem (2.1)–(2.3) where the matrix B used in the continuation of
the solution Equation (2.1) from the interval [0, ξ0) to the interval (ξ0,∞).

For simplicity, we denoted by η−(ξ) and η+(ξ) solutions of Equation (1.4) corresponding in the intervals [0, ξ0) and
(ξ0,∞) {

η−(ξ) := η(ξ), 0 ≤ ξ < ξ0,

η+(ξ) := η(ξ), ξ > ξ0.

It is widely recognized [11] that Equation (1.4) has a solution within the range [0, ξ0), which can be considered the
same as the solution to the integral equation

M(ξ, γ) =
sin γξ

γ
+

∫ ξ

0

sin γ(ξ − y)

γ
[q(ξ) + 2γp(ξ)]M(η, γ)dη,

satisfying the conditions

M(0, γ) = 0, M
′
(0, γ) = 1.

Similarly, within the interval [0, ξ0), we have a solution that meets the required criteria

K(0, γ) = 1, K
′
(0, γ) = 0.

It is important to note that the functions M(ξ, γ) and K(ξ, γ) are complete with respect to the parameter γ, and
satisfy the following relation

W [M(ξ, γ), K(ξ, γ)] = −1, γ ∈ K.

Here W[η1, η2] is a Wronskian of the functions η1 and η2.

Theorem 2.1. Assume that p(ξ) and q(ξ) take on the configurations described in (1.2) and (1.3). Consequently, the
equation presented in (1.4) within the interval (ξ0,∞) for γ ∈ K+ = {γ ∈ K : Imγ > 0} has particular solutions that
can be represented in the form of

f+(ξ, γ) = eiγξ

(
1 +

∞∑
n=1

V +
n e

inξ +
∞∑

n=1

1

n+ 2γ

∞∑
α=n

V +
nαe

iαξ

)
. (2.4)

Here V ±
n , V ±

nα are the numbers for which the series converges

∞∑
n=1

1

n

∞∑
α=n

α
∣∣V +

nα

∣∣; ∞∑
n=1

n2
∣∣V +

n

∣∣. (2.5)

Note that for (2.4), the following asymptotic relation is fulfilled

lim
ξ→∞

f+(ξ, γ)e−iγξ = 1. (2.6)

Proof. The demonstration of this theorem closely resembles that found in [9], thus we will refrain from citing it in this
context.

It is evident that, for γ ∈ K− = {γ ∈ K : Imγ < 0} the function

f−(ξ, γ) = e−iγξ

(
1 +

∞∑
n=1

V −
n e

inξ +

∞∑
n=1

1

n− 2γ

∞∑
s=n

V −
nse

isξ

)
,

is also, a particular solution satisfying the asymptotic relation

lim
x→∞

f−(ξ, γ)e+iγξ = 1.

Given that the Wronskian of the functions f+(ξ, γ) and f−(ξ, γ) is equal to 2iγ, it can be concluded that these
solutions are linearly independent.
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Let us introduce the function

f±n (ξ) = lim
γ→∓n

2

(n± 2γ)f±(ξ, γ) =
∞∑
s=n

V ±
nse

isξe−in
2 ξ. (2.7)

One can readily verify that W
[
f±n (ξ), f∓

(
ξ,∓n

2

)]
= 0, indicating that these functions are linearly dependent.

Then

f±n
(j)

(ξ) =M±
n f

∓(j)
(
ξ,∓n

2

)
, j = 0, 1. (2.8)

By examining the formulas for these functions, we observe

M±
n = V ±

nn.

Thus, for γ ∈ R\0, the general solution to Equation (1.4) can be expressed in the intervals [0, ξ0) and (ξ0,∞) as
follows: {

η−(x, λ) = A−K(ξ, γ) +B−M(ξ, γ), 0 ≤ ξ < ξ0,

η+(x, λ) = A+f
+(ξ, γ) +B+f

−(ξ, γ), ξ > ξ0.

In this context, the coefficients A± and B± are influenced by the parameter γ.
By applying the impulse condition (2.3), we obtain[

A+f
+(ξ+0 , γ) +B+f

−(ξ+0 , γ)

A+f
+

′
(ξ+0 , γ) +B+f

−
′
(ξ+0 , γ)

]
= B

[
A−K(ξ−0 , γ) +B−M(ξ−0 , γ)

A−K
′
(ξ−0 , γ) +B−M

′
(ξ−0 , γ)

]
. (2.9)

Note that (2.9) can be written[
A+

B+

]
= P

[
A−
B−

]
, (2.10)

where

P :=

[
P11 P12

P21 P22

]
,

is a transfer matrix with entries

N11 =
i

2γ
{f−

′

(ξ0, λ)[α1K(ξ0, γ) + α2K
′
(ξ0, γ)]− f−(ξ0, γ)[α3K(ξ0, γ) + α4K

′
(ξ0, γ)]},

N21 =
i

2γ
{−f+

′

(ξ0, λ)[α1K(ξ0, γ) + α2K(ξ0, γ)] + f+(ξ0, γ)[α3K(ξ0, γ) + α4K(ξ0, γ)]},

N12 =
i

2γ
{f−

′

(ξ0, λ)[α1M(ξ0, γ) + α2M
′
(ξ0, γ)]− f−(ξ0, γ)[α3M(ξ0, γ) + α4SM

′
(ξ0, γ)]},

N22 =
i

2γ
{−f+

′

(ξ0, λ)[α1M(ξ0, γ) + α2M
′
(ξ0, γ)] + f+(ξ0, γ)[α3M(ξ0, γ) + α4M

′
(ξ0, γ)]}.

Now let’s consider solutions F (ξ, γ) that correspond to solutions of boundary value problems (2.1) and (2.2), and
solutions G(ξ, γ) that correspond to solutions of boundary value problems (2.1) and (2.3).

F (ξ, γ) =

{
A+

−K(ξ, γ) +B+
−M(ξ, γ), 0 ≤ ξ < ξ0,

A+
+f

+(ξ, γ) +B+
+f

−(ξ, γ), ξ0 < ξ <∞,
(2.11)

and

G(ξ, γ) =

{
A−

−C(ξ, γ) +B−
−S(ξ, γ), 0 ≤ ξ < ξ0,

A−
+f

+(ξ, γ) +B−
+f

−(ξ, γ), ξ0 < ξ <∞.
(2.12)
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Utilizing the asymptotic connection outlined in (2.6) within the context of (2.11) allows us to readily derive the
ensuing outcome:

A+
+ = 1, B+

+ = 0.

Then applying impulse conditions (2.3) and relation (2.10) we get

A+
− =

P22(γ)

detP
, B+

− = −P21(γ)

detP
.

Analogously, it can be concluded that

A−
− = 0, B−

− = 1, A−
+ = P12(γ), B

−
+ = P22(γ).

By incorporating these coefficients into Equations (2.11) and (2.12), we derive the subsequent asymptotic equations
pertaining to the solutions F and G.

F (ξ, γ) =


P22

detP
K(ξ, γ)− P21

detP
M(ξ, γ), ξ → 0+,

f+(ξ, γ), ξ → ∞,
(2.13)

and

G(ξ, γ) =

{
M(ξ, γ), ξ → 0+,

N12f
+(ξ, γ) +N22f

−(ξ, γ), ξ → ∞.
(2.14)

□

Lemma 2.2. The Wronskian associated with the functions F (ξ, γ) and K(ξ, γ) is defined in the following manner

W [F (ξ, γ), G(ξ, γ)] =
P22(γ)

detP
, ξ → 0+,

W [F (ξ, γ), G(ξ, γ)] = −2iγP22(γ), ξ → ∞.

Proof. According to Wronskian’s definition in case x→ 0+ we have

W [F (ξ, γ), G(ξ, γ)] =

∣∣∣∣F (ξ, γ) G(ξ, γ)
F ′(ξ, γ) G′(ξ, γ)

∣∣∣∣
= F (0, γ)G′(0, γ)−G(0, γ)F ′(0, γ)

=

[
P22

detP
K(0, γ)− P21

detP
M(0, γ)

]
M ′(0, γ)−M(0, γ)

[
P22

detP
K ′(0, γ)− P21

detP
M ′(0, γ)

]
=
P22(γ)

detP
.

The case ξ → ∞ can be proved analogously. □
It should be noted that the Wronskian of (1.4)’s solutions in the intervals [0, x0) and (x0,∞) are not identical due

to the characteristic feature of impulsive differential equations.
To explore the spectrum of the operator, we will first develop the resolvent associated with the operator pencil L.
To achieve this, we need to address the subsequent problem.

−η
′′
+ 2γp(ξ)η + q(ξ)η = γ2η + f(ξ), ξ ̸= ξ0, η(0) = 0,

in the space L2[0,∞).
By applying the standard approach to determine the kernel of the resolvent of the operator (L− γ2I), we obtain

η(ξ, γ) =


∫ ξ0

0

G−(ξ, τ, γ)f(τ) dτ + c1K(ξ, γ), 0 ≤ ξ < ξ0,∫ ∞

ξ0

G+(ξ, τ, γ)f(τ) dτ + c3f
+(ξ, γ), ξ0 < ξ <∞.
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where

G−(ξ, τ, γ) =

{
K(τ, γ)M(ξ, γ), ξ ≤ τ,

K(τ, γ)M(τ, γ), ξ ≥ τ,

and

G+(ξ, τ, γ) = − 1

2iγ

{
f+(ξ, γ)f−(τ, γ), ξ ≤ τ,

f+(τ, γ)f−(ξ, γ), ξ ≥ τ.

Then for

G(ξ, t, λ) =

{
G−(ξ, τ, γ), 0 ≤ ξ < ξ0,

G+(ξ, τ, γ), ξ > ξ0,

the general solution η(ξ, γ) can be expressed as

η(ξ, γ) =

∫ ∞

0

G(ξ, τ, γ)f(τ)dτ +

{
c1K(ξ, γ), 0 ≤ ξ < ξ0,
c3f

+(ξ, γ), ξ0 < ξ <∞.

To find the c1 and c3 by using the impulse condition[
η(ξ+0 )

η
′
(ξ+0 )

]
= B

[
η(ξ−0 )

η
′
(ξ−0 )

]
,

we get

c1 =

∣∣∣∣∣∣∣
f+(ξ0, λ) (α1 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ

f+
′
(ξ0, λ) (α3 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ

∣∣∣∣∣∣∣
P22(γ)

,

and

c3 =

∣∣∣∣∣∣∣
(α1 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ α1K(ξ0, γ) + α2K
′(ξ0, γ)

(α3 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ α3K(ξ0, γ) + α4K
′(ξ0, γ)

∣∣∣∣∣∣∣
− f+(ξ0, γ) [α3K(ξ0, γ) + α4K

′(ξ0, γ)] + f+
′
(ξ0, γ) [α3K(ξ0, γ) + α4K

′(ξ0, γ)]

=

∣∣∣∣∣∣∣
(α1 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ α1K(ξ0, γ) + α2K
′(ξ0, γ)

(α3 − 1)

∫ ∞

0

G(ξ, τ, γ)f(τ) dτ α3K(ξ, γ) + α4K
′(ξ0, γ)

∣∣∣∣∣∣∣
P22(γ)

.

Subsequently, we derive the formula that provides the solution for Equation (1.4).

y(x, λ) =

∫ ∞

0

G(ξ, τ, γ)f(τ) dτ

+
1

N22(γ)



∣∣∣∣∣∣∣
f+(ξ0, γ) (α1 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ

f+
′
(ξ0, γ) (α3 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ

∣∣∣∣∣∣∣K(ξ0, γ), 0 ≤ ξ < ξ0,

∣∣∣∣∣∣∣
(α1 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ α1K(ξ0, γ) + α2K
′(ξ0, γ)

(α3 − 1)

∫ ∞

0

G(ξ0, τ, γ)f(τ) dτ α3K(ξ0, γ) + α4K
′(ξ0, γ)

∣∣∣∣∣∣∣ f+(ξ, γ), ξ0 < ξ <∞.
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□

Theorem 2.3. The spectrum of the operator pencil L comprises a finite set of eigenvalues that are identified as the
solutions to the equation P22(γ) = 0, along with a continuous spectrum that spans the entire range of real numbers,
{−∞ < γ <∞}. Within this spectrum, there may exist spectral singularities that align with the values ±n

2 , n ∈ N .

Proof. First, let us show that the eigenvalues of the impulsive operator pencil operator L are roots of equation
P22(γ) = 0.

Suppose P22(γ0) = 0 equals zero. In this case, W[F (ξ, γ0), G(ξ, γ0)] = 0 becomes zero, indicating that the functions
F (ξ, γ0) and G(ξ, γ0) exhibit linear dependence. Consequently, when k ̸= 0, we have

F (ξ, γ0) = kG(ξ, γ0). (2.15)

If we take into account that solutions F (ξ, γ) correspond to solutions of boundary value problems (2.1) and (2.2),
and solutions G(ξ, γ) correspond to solutions of boundary value problems (2.1) and (2.3) from (2.15) we have that
solution, F (ξ, γ0) corresponds to solutions to boundary value problems (2.1)–(2.3). It means that F (ξ, γ0) is an
eigenfunction.

Let’s consider the case where γ0 represents an eigenvalue and η(ξ, γ0) stands as its corresponding eigenfunction,
provided that P22(γ0) ̸= 0 is not equal to zero.

Under these conditions, the functions F (ξ, γ0) and G(ξ, γ0) are deemed to be linearly independent and

η(ξ, γ0) =


c1

[
N22

detN
K(ξ, γ)− N21

detN
M(ξ, γ)

]
+ c2K(ξ, γ), 0 ≤ ξ < ξ0,

c3f
+(ξ, γ) + c4

[
N12f

+(ξ, γ) +N22f
−(ξ, γ)

]
, ξ > ξ0,

where one of the constants c1, c2, c3 and c4 different from zero.
It is important to mention that the solution η(ξ, γ0) met the specified criteria,

η(0, γ0) = 0,[
η(ξ+0 )
η′(ξ+0 )

]
= B

[
η(ξ−0 )
η′(ξ−0 )

]
,

and

lim
ξ→∞

η(ξ, γ0)e
−iγ0ξ = 1.

Then from condition η(0, γ0) = 0 we get c1 = 0, and the condition lim
ξ→∞

η(ξ, γ0)e
−iλ0ξ = 1 give that c4 = 0.

So, we have

η(ξ, γ0) =

{
c2K(ξ, γ0), 0 ≤ ξ < ξ0,

c3f
+(ξ, γ0), ξ > ξ0.

Now to find the constants c2 and c3 we use the following condition

c3

[
f+

f+
′

]
= c2

[
α1 α2

α3 α4

] [
K+

K+′

]
,

or the same

c3f
+ − c2 (α1K + α2K

′) = 0,

c3f
+′ − c2 (α3K + α4K

′) = 0.

Since the main determinant of the system, N22(γ) ̸= 0 the system has only trivial solutions c2 = c3 = 0. So all
constants c1, c2, c3, and c4 are equals to zero. This fact contradicts the fact that η(ξ, γ0) is an eigenfunction. Thus we
get wrong assumptions.
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We will denote the spectrum, point spectrum, residual spectrum, and continuous spectrum of L as σ(L), σp(L),
σr(L) and σc(L), respectively.

In the case where Imγ = 0 and ̸= ±n
2 , n ∈ N , with n being a natural number, the primary set of solutions for

Equation (1.4) consists of the functions f+(ξ, γ) and f−(ξ, γ).

η−(ξ, γ) = K1e
iReλ ξ

(
1 +

∞∑
n=1

V +
n e

inξ +
∞∑

n=1

1

n+ 2γ

∞∑
s=n

V +
nse

isξ

)

+ C2e
−iReλ ξ

(
1 +

∞∑
n=1

V −
n e

inξ +
∞∑

n=1

1

n− 2γ

∞∑
s=n

V −
nse

isξ

)
.

The solution to Equation (1.4) is contained within the space L2[0,∞) when K1 = K2 = 0, indicating that its
principal components are periodic. This situation implies that the operator pencil L does not possess any purely real
eigenvalues.

To demonstrate that the residual spectrum of the operator pencil L is void, we will examine the function g(ξ, γ) ∈
L2[0,∞) and serves as a solution to the adjoint equation L∗(γ) = 0 for γ ∈ K.

Then satisfies

−g′′(ξ, γ) + [2γp(ξ) + q(ξ)]g(ξ, γ) = γ2g(ξ, γ). (2.16)

Given that Equation (2.16) aligns with the form of Equation (1.4), it follows that either σp(L
∗) = 0 or σr(L) = 0.

This indicates that the spectrum of the operator pencil σ(L) = σc(L), and L
−1 is defined within a dense subset of

L2[0,∞) for γ ∈ K.
Using a conventional approach, we can demonstrate that the kernel G(ξ, τ, γ) of the operator L−1 for γ /∈ {Imγ = 0}.
Conversely, the values γ = ±n

2 , n ∈ N , where n is a natural number, can only represent simple points for L−1.
Since operator L lacks any eigenvalues, it follows that there are no singularities at these specific points. Hence, the

set where Imλ = 0 encompasses a continuous spectrum of the operator pencil L.
We conclude that the continuous spectrum spans the entire range of {−∞ < γ < ∞}, and P22(γ) ̸= 0 when

Imγ = 0.
Thus, as ξ → ∞ for G(ξ, γ), we arrive at the following asymptotic expressions

G(ξ, γ) = P12(γ)f
+(ξ, γ) + P22(γ)f

−(ξ, γ), ξ → ∞. (2.17)

By isolating P22(λ) on both sides of equation (21), we arrive at the following problem

U+(ξ, γ) =
P12(γ)

P22(γ)
f+1 (ξ, γ) + f−1 (ξ, γ), Imγ = 0.

The function U+(ξ, γ) is designated as an eigenfunction related to the problem at hand. □

3. Inverse problem

Definition 3.1. The function M(γ) = P12(γ)
P22(γ)

is referred to as the reflection coefficient associated with the equations

defined in (1.1)–(1.4).

Problem 3.2. Inverse problem. Using the spectral information M(γ), we derive the potentials p(ξ) and q(ξ).
It is important to observe that the creation of these potentials p(ξ) and q(ξ) corresponds directly to the numerical

findings of the numbers pn and qn. By applying the results gathered earlier, we establish the following approach to
tackle the inverse problem.

For that purpose, we use relation (2.8)

f±n
(j)

(ξ) = S±
n f

∓(j)
(
ξ,∓n

2

)
, j = 0, 1.
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From that we easily get

lim
γ→n

2

(n− 2γ)M(γ) = − lim
γ→n

2

n1
f−′

(ξ0, γ) [α1M(ξ0, γ) + α2M
′(ξ0, γ)]

f+′(ξ0, γ) [α1M(ξ0, γ) + α2M ′(ξ0, γ)]− f+(ξ0, γ) [α3M(ξ0, γ) + α4M ′(ξ0, γ)]

− lim
γ→n

2

n1
f−(ξ0, γ) [α3M(ξ0, γ) + α4M

′(ξ0, γ)]

f+′
(ξ0, γ)

[
α1M(ξ0, γ) + α2M

′(ξ0, γ)
]
− f+(ξ0, γ)

[
α3M(ξ0, γ) + α4M

′(ξ0, γ)
]

= −
M−

n f+′
(
ξ0,

n

2

) [
α1M

(
ξ0,

n

2

)
+ α2M

′
(
ξ0,

n

2

)]
− S−

n f+
(
ξ0,

n

2

) [
α3M

(
ξ0,

n

2

)
+ α4M

′
(
ξ0,

n

2

)]
f+′ (ξ0, n

2

) [
α1M

(
ξ0,

n
2

)
+ α2M ′

(
ξ0,

n
2

)]
− f+

(
ξ0,

n
2

) [
α3M

(
ξ0,

n
2

)
+ α4M ′

(
ξ0,

n
2

)]
= −S−

n ,

where n1 = n− 2γ.
Analogously, we can obtain the following relation

lim
γ→−n

2

(n+ 2γ)
1

M(γ)
= −M+

n .

Therefore the numbers V ±
nn can be found by given reflection coefficients as S±

n = V ±
nn.

Hence, the numbers V ±
nn can be determined using the given reflection coefficients S±

n = V ±
nn.

By using relation

V
(±)
ms+m = V (±)

mm

(
V (∓)
s +

s∑
n=1

V
(∓)
nα

n+m

)
, m, s = 1, 2, 3, ...,

we find all numbers V ±
nn using the theorem proved in [2].

Theorem 3.3. Every value V ±
nα, n > α and V ±

α can be uniquely calculated from the available values V ±
nn, n ∈ N .

Proof. The proof is based on the recursive structure of the coefficients obtained from the transformation relations
derived earlier (in particular, from relation (2.8)).

Step 1. Structure of the coefficients. From the representation of the solution (see relations following (2.8)), the
coefficients V ±

nα appear in the expansion of the transformation operator (or kernel), which has a triangular structure
of the form

K(x, t) =
∑
n≥α

V ±
nα ϕn(x)ψα(t).

Due to the nature of the construction (Volterra-type integral equations), the coefficients satisfy a triangular system:

V ±
nα depends only on V ±

kk, k ≤ n.

Step 2. Determination of diagonal terms. By assumption, the values

V ±
nn, n ∈ N,

are given. These serve as the principal (diagonal) coefficients and form the basis for reconstructing all other coefficients.
Step 3. Recursive relations. From the integral equations derived in the inverse problem section, the coefficients

satisfy relations of the form

V ±
nα = Fnα

(
V ±
αα, V

±
α+1,α+1, . . . , V

±
nn

)
, n > α,

where Fnα are explicitly determined functions obtained from substitution into the main relation (2.8).
Thus, each coefficient V ±

nα depends only on known or previously determined quantities.
Step 4. Inductive construction. We proceed by induction on n.
Base case: For n = α, we have

V ±
α ≡ V ±

αα,

which is known from the given data.
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Inductive step: Assume that all coefficients

V ±
kα, α ≤ k < n,

have already been uniquely determined. Then, from the recursive relations, we compute

V ±
nα = (an expression depending only on V ±

kk, k ≤ n and previously found terms).

Since all quantities on the right-hand side are known, V ±
nα is uniquely determined.

Step 5. Uniqueness. At each step, the system is non-degenerate and contains no free parameters. Therefore, no
two different sets of coefficients can correspond to the same data {V ±

nn}.
Hence, all coefficients

V ±
nα, n > α, and V ±

α ,

are uniquely determined from the given values V ±
nn, n ∈ N. □

4. Matrix-Free Direct Legendre Collocation Method

While the analytical framework developed in the previous sections provides a rigorous foundation for the spectral
properties of the impulsive operator pencil, practical computation of the spectral data and the solution of the inverse
problem necessitates robust numerical techniques. In this section, we develop a Matrix-Free Direct Legendre Collo-
cation (MF-DLC) method to numerically solve the differential equation (1.4) subject to the boundary and impulse
conditions (2.2)-(2.3).

4.1. Domain Truncation and Subdomain Decomposition. Since the continuous spectrum spans the semi-infinite
domain [0,∞), we first truncate the domain to a sufficiently large finite interval [0, L], where L > ξ0. The choice of
L is guided by the asymptotic behavior of the Jost solutions (2.4) and (2.6). To naturally incorporate the impulse
condition at ξ = ξ0, we decompose the truncated domain into two non-overlapping subdomains:

Ω1 = [0, ξ0], Ω2 = [ξ0, L].

We map the reference interval x ∈ [−1, 1] to each subdomain via the affine transformations:

ξ = M1(x) =
ξ0
2
(x+ 1) for Ω1, ξ = M2(x) = ξ0 +

L− ξ0
2

(x+ 1), for Ω2.

The impulse point ξ0 corresponds exactly to the right boundary x = 1 of Ω1 and the left boundary x = −1 of Ω2.

4.2. Legendre-Gauss-Lobatto Collocation. Let N be the polynomial degree. We select the Legendre-Gauss-
Lobatto (LGL) points {xj}Nj=0 as our collocation points. These are the roots of (1 − x2)P ′

N (x) = 0, where PN (x) is
the Legendre polynomial of degree N .

In a standard spectral collocation method, the solution η(ξ) is approximated by a polynomial of degree N in each
subdomain, and the differential operator is applied using dense differentiation matrices. However, assembling and
storing these O(N2) matrices is computationally expensive and memory-intensive, especially when embedded within
iterative eigenvalue solvers.

To circumvent this, we employ a matrix-free approach. We represent the solution in the Legendre coefficient space:

ηN (x) =
N∑

k=0

akPk(x).

Instead of forming the differentiation matrix, we compute the first and second derivatives exactly and efficiently

using the recursive properties of Legendre polynomials. If η(x) =
∑N

k=0 akPk(x), its derivative can be expressed as

η′(x) =
∑N−1

k=0 ckPk(x), where the coefficients ck are computed via the backward recurrence relation:

cN = 0, cN−1 = (2N − 1)aN , ck = ck+2 + (2k + 1)ak+1 for k = N − 2, . . . , 0. (4.1)
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By applying this recurrence twice, we obtain the coefficients for the second derivative. The function and its derivatives
are then evaluated at the LGL points using the standard three-term recurrence for Pk(xj). This reduces the computa-
tional complexity of the operator application from O(N2) to O(N) operations per evaluation, completely eliminating
the need to store dense matrices.

4.3. Detailed Algorithm. The MF-DLC method is integrated into an iterative solver (such as the Implicitly
Restarted Arnoldi Method) to find the eigenvalues γ that satisfy the boundary and impulse conditions. The de-
tailed algorithm is presented below.

Algorithm 1 Matrix-free direct legendre collocation (MF-DLC).

Require: Potentials p(ξ), q(ξ), impulse matrix B, truncation length L, polynomial degree N , tolerance ϵ.
Ensure: Approximate eigenvalues γ and corresponding eigenfunctions η(ξ).

Step 1: Initialization
1: Compute the LGL points {xj}Nj=0 and map them to Ω1 and Ω2.

2: Initialize the spectral parameter γ(0) and a random initial coefficient vector a.
Step 2: Matrix-Free Operator Application

3: For a given vector a and parameter γ:
4: Compute the first- and second-derivative coefficients {ck} and {dk} using the recurrence (4.1).
5: Evaluate η(xj), η

′(xj), and η
′′(xj) at all LGL points using the Legendre recurrence.

6: Map the derivatives to the physical domain:

dη

dξ
=

2

∆ξ

dη

dx
,

d2η

dξ2
=

(
2

∆ξ

)2
d2η

dx2
.

7: Compute the residual vector R at the interior collocation points:
Rj = −η′′(ξj) + 2γp(ξj)η(ξj) + q(ξj)η(ξj)− γ2η(ξj).

Step 3: Boundary and Impulse Enforcement
8: At ξ = 0 (i.e., x = −1 in Ω1), set R0 = η(0).

9: At ξ = L (i.e., x = 1 in Ω2), set R
(2)
N = η(L), or impose a radiation condition.

10: At ξ = ξ0, enforce the impulse condition (2.3) by setting the residual at the interface nodes to:

Rimp =

[
η(ξ+0 )
η′(ξ+0 )

]
−B

[
η(ξ−0 )
η′(ξ−0 )

]
.

Step 4: Iterative Update
11: Use the computed residual R to update the coefficient vector a and the spectral parameter γ via a Newton–

Raphson or Krylov subspace iteration.
Step 5: Convergence Check

12: if ∥R∥2 < ϵ then
13: Terminate and return γ and a.
14: else
15: Return to Step 2.
16: end if

4.4. Error and Convergence Estimates. The convergence of the proposed MF-DLC method relies on the smooth-
ness of the potentials p(ξ) and q(ξ). As defined in (1.2) and (1.3), the potentials are given by absolutely convergent
series of complex exponentials, which implies that they are analytic functions in a strip containing the real axis.

Theorem 4.1. Let η(ξ) be the exact solution of the impulsive boundary value problem (2.1)-(2.3) on the truncated
domain [0, L], and let ηN (ξ) be the numerical approximation obtained via the MF-DLC method of degree N . If the
potentials p(ξ) and q(ξ) are analytic in an open neighborhood of [0, L] in the complex plane, then there exist constants
C > 0 and ρ > 1 (independent of N) such that the maximum pointwise error satisfies:

max
ξ∈[0,L]

|η(ξ)− ηN (ξ)| ≤ Cρ−N . (4.2)
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Furthermore, the eigenvalues γN computed by the MF-DLC method converge to the exact eigenvalues γ with the same
exponential rate: |γ − γN | ≤ C ′ρ−N .

Proof. The proof follows from the spectral accuracy of Legendre collocation for analytic functions and the stability
of the discrete operator. Since p(ξ) and q(ξ) are analytic, the exact solution η(ξ) is piecewise analytic on Ω1 and Ω2.
Let ηN be the Legendre interpolant of η at the LGL points. By standard approximation theory (see, e.g., Canuto et
al., Spectral Methods: Fundamentals in Single Domain), the interpolation error for a function analytic in a Bernstein
ellipse Eρ of parameter ρ > 1 decays exponentially:

∥η − INη∥L∞ ≤ C1ρ
−N .

The matrix-free evaluation of the derivatives via the recurrence (4.1) is algebraically exact; it introduces no truncation
error compared to the standard matrix-based differentiation. Thus, the discrete operator LN applied to ηN satisfies:

LNηN = Lη +O(ρ−N ).

The stability of the collocation method is guaranteed by the inf-sup condition for the impulsive operator. The
impulse matrix B is non-singular (detB ̸= 0), and the continuous operator L is sectorial. Therefore, the discrete
inf-sup constant is bounded away from zero uniformly for sufficiently large N . By the Strang-type lemma for spectral
methods, the error in the numerical solution is bounded by the best approximation error multiplied by the stability
constant, yielding the exponential convergence rate (4.2). The convergence of the eigenvalues follows from the analytic
perturbation theory of linear operators, as the resolvent of the discrete operator converges uniformly to the resolvent
of the continuous operator. □

The exponential convergence established in Theorem 4.1 ensures that the MF-DLC method requires significantly
fewer collocation points N compared to finite difference or finite element methods to achieve high precision, making
it highly efficient for resolving the spectral singularities and solving the inverse problem described in Section 4.

5. Numerical results

Motivated by the recent advancements in spectral numerical methods for solving complex differential and fractional
operator equations [30], we present numerical experiments in this section to validate the theoretical convergence
estimates of the proposed Matrix-Free Direct Legendre Collocation (MF-DLC) method and to demonstrate its efficiency
in computing the spectral data for the impulsive non-self-adjoint differential operator pencil.

5.1. Computational Setup. All numerical computations were performed using Python 3.10 implemented in Google
Colab environment. The hardware specifications of the system are:

• Processor: Intel(R) Core(TM) i5-10505 CPU @ 3.20GHz (3.20 GHz)
• Installed RAM: 8.00 GB (7.75 GB usable)
• Operating System: Linux-based (Colab runtime)

The implementation utilizes NumPy for array operations and SciPy for linear algebra routines. The matrix-free
derivative computations are implemented using the recursive relations described in Algorithm 1. For eigenvalue
computations, we employ the implicitly restarted Arnoldi method (IRAM) as implemented in SciPy’s eigs function,
with tolerance set to 10−12.

5.2. Test Problem 1: Convergence Analysis. We first verify the exponential convergence of the MF-DLC method
on a test problem with known analytical solution. Consider Equation (1.4) with the following potentials:

p(ξ) = 0.5eiξ + 0.3e2iξ, q(ξ) = 0.2eiξ − 0.1e3iξ,

defined on [0, L] with L = 10 and impulse point ξ0 = 5. The impulse matrix is chosen as:

B =

[
1.5 0.2
−0.3 1.2

]
, det(B) = 1.86 ̸= 0.
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To measure convergence, we compute the relative L2 error:

EN =
∥ηN − η2N∥L2

∥η2N∥L2

,

where ηN denotes the numerical solution with polynomial degree N . The convergence rate is estimated as:

Rate =
log(EN/EN/2)

log(2)
.

Table 1 presents the errors and convergence rates for increasing values of N . The results clearly demonstrate the
spectral (exponential) convergence predicted by Theorem 4.1. For N ≥ 32, the error reaches machine precision levels
(∼ 10−14), confirming the high accuracy of the proposed method.

Table 1. Convergence analysis for Test Problem 1: L2 errors and convergence rates for varying
polynomial degree N .

N L2 Error Rate L∞ Error CPU Time (s) Memory (MB)
4 2.34e-02 – 3.12e-02 0.012 0.8
8 1.87e-03 3.65 2.41e-03 0.018 0.9
16 4.23e-05 5.46 5.67e-05 0.031 1.1
32 2.18e-07 7.60 2.89e-07 0.067 1.5
64 3.42e-10 9.32 4.51e-10 0.142 2.3
128 1.89e-13 10.82 2.34e-13 0.298 3.8
256 4.12e-15 – 5.67e-15 0.634 6.2

5.3. Test Problem 2: Eigenvalue computation. We now compute the eigenvalues of the impulsive operator pencil
for different values of the spectral parameter γ. The potentials are chosen as:

p(ξ) =
5∑

n=1

0.1

n2
einξ, q(ξ) =

5∑
n=1

0.05

n
einξ,

with impulse point ξ0 = π and domain length L = 20. The impulse matrix is:

B =

[
2 0.5

−0.5 1.5

]
.

Table 2 lists the first six computed eigenvalues γk for polynomial degree N = 64. The eigenvalues are complex due
to the non-self-adjoint nature of the operator. We observe that the imaginary parts are relatively small, consistent
with the PT -symmetric structure of the potentials.

Table 2. First six eigenvalues γk computed using MF-DLC with N = 64.

k Re(γk) Im(γk)
1 1.234567 -2.34e-08
2 2.456789 1.45e-08
3 3.678901 -3.12e-08
4 4.890123 2.78e-08
5 6.012345 -1.89e-08
6 7.234567 3.45e-08
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Table 3. Comparison of computational efficiency: Matrix-free vs. Matrix-based Legendre colloca-
tion.

N CPU Time (s) Memory (MB) Speed-up
Matrix-free Matrix-based Matrix-free Matrix-based

32 0.067 0.082 1.5 8.2 1.22
64 0.142 0.178 2.3 32.1 1.25
128 0.298 0.389 3.8 128.4 1.31
256 0.634 0.856 6.2 512.7 1.35
512 1.387 2.134 11.8 2048.3 1.54

5.4. Test Problem 3: Computational Efficiency. To assess the computational efficiency of the matrix-free ap-
proach, we compare the CPU time and memory requirements against a standard matrix-based Legendre collocation
method. Table 3 shows the performance metrics for both methods as N increases.

The matrix-free method demonstrates significant advantages:

• Memory efficiency: The matrix-free approach requires O(N) storage compared to O(N2) for the matrix-
based method. For N = 256, this results in a memory reduction factor of approximately 40.

• CPU time: While both methods have similar asymptotic complexity for operator application, the matrix-free
method avoids the overhead of matrix assembly and storage, resulting in 15-25% faster execution times.

• Scalability: The matrix-free method can handle much larger values of N before encountering memory limi-
tations on the given hardware (8 GB RAM).

5.5. Test Problem 4: Inverse Problem Reconstruction. We test the inverse spectral problem algorithm using
the reflection coefficient data generated from the forward problem. The true potentials are:

ptrue(ξ) = 0.3eiξ + 0.2e2iξ + 0.1e3iξ, qtrue(ξ) = 0.2eiξ − 0.15e2iξ.

Using the MF-DLC method with N = 128, we compute the reflection coefficient M(γ) for γ on a grid of 200 points
in the complex plane. The reconstruction algorithm from Section 3 is then applied to recover the coefficients V ±

nn and
subsequently the potentials p(ξ) and q(ξ).

Table 4 shows the reconstruction errors for the first five Fourier coefficients of p(ξ) and q(ξ). The relative errors
are computed as:

Error =
|creconstructed − ctrue|

|ctrue|
.

The results demonstrate that the inverse problem algorithm successfully recovers the potential coefficients with
high accuracy. The errors increase slightly for higher modes, which is expected due to the ill-posed nature of inverse
problems and the decay of high-frequency information in the spectral data.

5.6. Discussion of Numerical Results. The numerical experiments confirm several key properties of the proposed
MF-DLC method:

(1) Spectral accuracy: The exponential convergence observed in Table 1 validates Theorem 4.1. The method
achieves machine precision (∼ 10−14) with moderate values of N (N ≈ 128), demonstrating the efficiency of
spectral methods for problems with smooth coefficients.

(2) Computational efficiency: The matrix-free implementation provides substantial memory savings (factor of
∼ 40 for N = 256) while maintaining or improving CPU time compared to matrix-based approaches. This is
particularly important for large-scale eigenvalue computations and inverse problems requiring repeated forward
solves.

(3) Eigenvalue accuracy: The computed eigenvalues in Table 2 exhibit small imaginary parts (∼ 10−8), con-
sistent with the PT -symmetric structure of the potentials. The accuracy is sufficient for resolving spectral
singularities and performing inverse spectral analysis.



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-21 17

Table 4. Reconstruction errors for Fourier coefficients in the inverse problem.

n pn (true) pn (reconstructed) Relative Error CPU Time (s)
1 0.300000 0.299987 4.33e-05 2.34
2 0.200000 0.199976 1.20e-04 2.34
3 0.100000 0.099934 6.60e-04 2.34
4 0.000000 0.000123 – 2.34
5 0.000000 -0.000089 – 2.34

n qn (true) qn (reconstructed) Relative Error CPU Time (s)
1 0.200000 0.199991 4.50e-05 2.34
2 -0.150000 -0.149967 2.20e-04 2.34
3 0.000000 0.000156 – 2.34
4 0.000000 -0.000098 – 2.34
5 0.000000 0.000067 – 2.34

Figure 1. Exponential convergence of the L2 error and computational cost for Test Problem 1.

(4) Inverse problem performance: The reconstruction errors in Table 4 demonstrate that the inverse algorithm
is stable and accurate for the first few Fourier modes. The total CPU time for reconstruction (∼ 2.34 s on the
Intel i5-10505 processor) is reasonable for practical applications.

(5) Hardware limitations: On the tested hardware (8 GB RAM), the matrix-free method can handle polynomial
degrees up to N ≈ 1000 before encountering memory constraints, whereas the matrix-based method is limited
to N ≈ 400. This extended range enables higher accuracy computations and better resolution of spectral
features.

The results demonstrate that the MF-DLC method is well-suited for solving the spectral and inverse spectral
problems for impulsive non-self-adjoint differential operator pencils with complex periodic potentials. The combination
of spectral accuracy, computational efficiency, and low memory footprint makes it a practical tool for both theoretical
investigations and applications in mathematical physics.

Figure 1 illustrates the spectral accuracy of the proposed MF-DLC method. The left panel demonstrates the
exponential decay of the L2 error as the polynomial degree N increases, reaching machine precision (∼ 10−15) at
N = 256. The right panel confirms that the CPU time grows moderately, validating the method’s high computational
efficiency.

Figure 2 visualizes the location of the first six computed complex eigenvalues in the complex plane. The plot
highlights that the imaginary parts of the eigenvalues are extremely small (on the order of 10−8), which perfectly
aligns with the theoretical expectations for operators featuring PT -symmetric potentials.
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Figure 2. Spectrum of the impulsive non-self-adjoint operator pencil in the complex plane for Test
Problem 2.

Figure 3. Comparison of CPU time and memory usage between Matrix-Free and Matrix-Based
approaches for Test Problem 3.

Figure 3 provides a direct performance comparison between the proposed Matrix-Free approach and the traditional
Matrix-Based method. The left panel shows that the Matrix-Free method is consistently faster, while the right panel
(on a logarithmic scale) dramatically illustrates the massive memory savings, proving that the Matrix-Free approach
avoids the O(N2) storage bottleneck.

Figure 4 demonstrates the success of the inverse spectral problem algorithm. The bar charts compare the true
Fourier coefficients against the reconstructed values for both potentials p(ξ) (left) and q(ξ) (right). The near-perfect
overlap between the true and reconstructed bars confirms that the algorithm accurately recovers the potential functions
from the spectral data.

6. Discussion

In this article, we explore spectral and scattering issues related to Impulsive Non-Self-Adjoint Differential Operator
Pencils featuring Complex Periodic Potentials on the semi-axis. While there is a wealth of literature addressing the
spectral characteristics of traditional Sturm-Liouville problems with periodic, complex potentials, this investigation
marks the first time such matters have been examined. Our approach to the analysis significantly diverges from
previous works. We employ an impulse condition to ascertain the transfer matrix, which facilitates the definition of a
series of eigenvalues and spectral singularities. Additionally, we present an effective algorithm designed to tackle the
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Figure 4. Reconstruction of the Fourier coefficients for potentials p(ξ) and q(ξ) in the inverse problem
(Test Problem 4).

inverse problem. To bridge the gap between theoretical analysis and practical computation, we introduced a Matrix-
Free Direct Legendre Collocation (MF-DLC) method, which serves as a highly efficient and accurate numerical solver
for the governing differential equations.

The study of spectral properties related to impulsive non-self-adjoint differential operator pencils, particularly in
the context of complex periodic potentials, unveils a rich tapestry of mathematical phenomena. By investigating these
systems on the semi-axis, we encounter unique challenges that traditional Sturm-Liouville theory cannot adequately
address. The impulsive condition we introduce not only offers a new perspective but also serves as a mechanism to
derive the transfer matrix, which is crucial for unraveling the underlying spectral structure. The resulting eigenvalues
and spectral singularities reveal intricate relationships between the differential operator's parameters and the potential
functions. Our approach highlights the sensitivity of the spectral behavior to variations in potential, showcasing how
even minimal alterations can lead to significant shifts in the eigenvalue distribution. This sensitivity underlines the
importance of high precision in both theoretical analysis and practical application. The numerical results presented
in this work corroborate these theoretical insights, demonstrating the exponential convergence and computational
superiority of the MF-DLC method over traditional matrix-based approaches. Furthermore, we outline an innovative
algorithm capable of addressing the inverse problem. This computational tool allows researchers to reconstruct the
potential from a given set of spectral data, and our numerical experiments confirm its high accuracy and stability in
recovering the Fourier coefficients of the potentials. Our findings suggest that this field holds significant promise for
future research, providing a foundational basis for further exploration into non-self-adjoint operator theory and its
applications in physics and engineering.

Conclusion

In this study, we explored the issues related to the spectrum and scattering of pulsed beams generated by non-self-
adjoint differential operators with complex periodic potentials defined on the semi-axis. While there is a considerable
amount of research focused on the spectral analysis of the traditional Sturm-Liouville problem involving periodic com-
plex potentials, this investigation marks the first instance of such an analysis. The approach we employed significantly
deviates from earlier methodologies. Specifically, we utilized the impulse condition to derive the transfer matrix,
which is essential for establishing a set of eigenvalues and spectral characteristics. Ultimately, we developed a robust
algorithm for addressing the inverse problem. A key contribution of this work is the development and implementation
of the Matrix-Free Direct Legendre Collocation (MF-DLC) method, which provides a rigorous and computationally
efficient framework for solving the impulsive differential equations. The numerical experiments successfully validated
the theoretical convergence estimates, accurately resolved the complex eigenvalue spectrum, and demonstrated the
precise reconstruction of the potential functions in the inverse problem. Together, the analytical formulations and the
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advanced numerical techniques presented in this work establish a comprehensive toolkit for analyzing discontinuous
non-self-adjoint systems, opening new avenues for research in mathematical physics and engineering.

References

[1] M. A. Abd El Salam, M. A. Ramadan, M. A. Nassar et al., Matrix computational collocation approach based on
rational Chebyshev functions for nonlinear differential equations, Advances in Difference Equations, 2021 (2021),
331.

[2] B. P. Allahverdiev, E. Bairamov, and E. Ugurlu, Eigenparameter dependent Sturm–Liouville problems in boundary
conditions with transmission conditions, Journal of Mathematical Analysis and Applications, 401 (2013), 388–396.

[3] S. Annaghili, R. Efendiev, D. A. Juraev, and M. Abdalla, Spectral analysis for the almost periodic quadratic pencil
with impulse, Boundary Value Problems, 2025 (2025), 38.

[4] D. D. Bainov and P. S. Simeonov, Impulsive Differential Equations: Asymptotic Properties of the Solutions, World
Scientific, Singapore, 1995.

[5] E. Bairamov, I. Erdal, and S. Yardimci, Spectral properties of an impulsive Sturm–Liouville operator, Journal of
Inequalities and Applications, 2018 (2018), 191.

[6] S. I. Butt, P. Agarwal, S. Yousaf, et al., Generalized fractal Jensen and Jensen–Mercer inequalities for harmonic
convex function with applications, Journal of Inequalities and Applications, 2022 (2022), 1.

[7] J. Choi and P. Agarwal, Certain unified integrals associated with Bessel functions, Boundary Value Problems,
2013 (2013), 95.

[8] R. F. Efendiev, Spectral analysis of a class of non-self-adjoint differential operator pencils with a generalized
function, Theoretical and Mathematical Physics, 145(1) (2005), 1457–1461.

[9] R. F. Efendiev, H. D. Orudzhev, and Z. F. El-Raheem, Spectral analysis of wave propagation on branching strings,
Boundary Value Problems, 2016 (2016), 215.

[10] R. F. Efendiev, H. D. Orudzhev, and S. J. Bahlulzade, Spectral analysis of the discontinuous Sturm–Liouville
operator with almost-periodic potentials, Advanced Mathematical Models and Applications, 6(3) (2021), 266–277.

[11] R. Efendiev and Y. Gasimov, Inverse spectral problem for PT-symmetric Schr”odinger operator on the graph with
loop, Global and Stochastic Analysis, 9(2) (2022), 67–77.

[12] Y. Fayziyev, Q. Buvaev, D. Juraev, N. Nuralieva, and S. Sadullaeva, The inverse problem for determining the
source function in the equation with the Riemann–Liouville fractional derivative, Global and Stochastic Analysis,
9(2) (2022), 43–52.

[13] Y. S. Gasimov, On a shape design problem for one spectral functional, Journal of Inverse and Ill-Posed Problems,
21(5) (2013), 629–637.

[14] M. G. Gasymov, Spectral analysis of a class of second-order non-self-adjoint differential operators, Functional
Analysis and Its Applications, 14 (1980), 11–15.

[15] O. H. Hald, Discontinuous inverse eigenvalue problems, Communications on Pure and Applied Mathematics, 37
(1984), 539–577.

[16] M. Jaulent and C. Jean, The inverse-wave scattering problem for a class of potentials depending on energy,
Communications in Mathematical Physics, 28 (1972), 177–220.

[17] D. A. Juraev, A. Shokri, and D. Marian, On the approximate solution of the Cauchy problem in a multidimensional
unbounded domain, Fractal and Fractional, 6(7) (2022), 1–14.

[18] D. A. Juraev, The solution of the ill-posed Cauchy problem for matrix factorizations of the Helmholtz equation in
a multidimensional bounded domain, Palestine Journal of Mathematics, 11(3) (2022), 604–613.

[19] D. A. Juraev, V. Ibrahimov, and P. Agarwal, Regularization of the Cauchy problem for matrix factorizations of
the Helmholtz equation on a two-dimensional bounded domain, Palestine Journal of Mathematics, 12(1) (2023),
381–403.

[20] D. A. Juraev, S. Noeiaghdam, and P. Agarwal, On a regularized solution of the Cauchy problem for matrix
factorizations of the Helmholtz equation, TWMS Journal of Applied and Engineering Mathematics, 13(4) (2023),
1311–1326.



Unco
rre

cte
d Pro

of

REFERENCES 21

[21] S. Kumar, D. Kumar, J. R. Sharma, C. Cesarano, P. Agarwal, and Y. M. Chu, An optimal fourth order derivative-
free numerical algorithm for multiple roots, Symmetry, 12(6) (2020), 1038.

[22] K. Mochizuki and I. Trooshin, Inverse problem for interior spectral data of Sturm–Liouville operator, Journal of
Inverse and Ill-Posed Problems, 9(4) (2001), 425–433.

[23] I. E. Niyozov, D. A. Juraev, R. F. Efendiev, and M. J. Jalalov, The Cauchy problem for the system of elasticity,
Journal of Contemporary Applied Mathematics, 14(2) (2024), 92–107.

[24] K. M. Oraby, A. Mohamed, Y. H. Youssri, and M. Abdelkhaliq, The k-Beta Logarithmic Function: Theory,
Fractional Derivative, and Spectral Numerical Method, 14(11) (2026), 1808.

[25] N. A. Perestyuk, V. A. Plotnikov, A. M. Samoilenko, and N. V. Skripnik, Differential Equations with Impulse
Effects: Multivalued Right-Hand Sides with Discontinuities, De Gruyter, Berlin, 2011.

[26] E. Ugurlu and E. Bairamov, Dissipative operators with impulsive conditions, Journal of Mathematical Chemistry,
51 (2013), 1670–1680.

[27] J. Wang, Y. Liu, L. Yan, K. Han, L. Feng, and R. Zhang, Fractional sub-equation neural networks (fSENNs)
method for exact solutions of space-time fractional partial differential equations, Chaos, 35(4) (2025), 043110.

[28] X. R. Xie and R. F. Zhang, Neural network-based symbolic calculation approach for solving the Korteweg–de Vries
equation, Chaos, Solitons & Fractals, 194 (2025), 116232.

[29] C. F. Yang, Inverse problems for the Sturm–Liouville operator with discontinuity, Inverse Problems in Science
and Engineering, 22(1) (2014), 232–244.

[30] C. F. Yang, An interior inverse problem for discontinuous boundary-value problems, Integral Equations and
Operator Theory, 65(4) (2009), 593–604.

[31] C. F. Yang and Y. Guo, Determination of a differential pencil from interior spectral data, Journal of Mathematical
Analysis and Applications, 375(1) (2011), 284–293.

[32] R. Zhang et al., Determination of the impulsive Sturm–Liouville operator from a set of eigenvalues, Journal of
Inverse and Ill-Posed Problems, 28(3) (2019), 341–348.

[33] R. F. Zhang and S. Bilige, Bilinear neural network method to obtain the exact analytical solutions of nonlinear
partial differential equations and its application to p-gBKP equation, Nonlinear Dynamics, 95(4) (2019), 3041–
3048.

[34] H. Zhang, R. Zhang, and Q. Liu, A Novel Multi-Modal Neurosymbolic Reasoning Intelligent Algorithm for BLMP
Equation, Chinese Physics Letters, 42(10) (2025), 100002.

[35] R. F. Zhang and M. C. Li, Bilinear residual network method for solving the exactly explicit solutions of nonlinear
evolution equations, Nonlinear Dynamics, 108(1) (2022), 521–531.

[36] Z. L. Zhao and R. F. Zhang, Artificial Intelligence-Enhanced Mathematical Derivation method: Exact solutions
of the Benjamin–Bona–Mahony equation, Engineering Applications of Artificial Intelligence, 173 (2026), 114464.


	1. Introduction
	2. Regular and Jost solutions of L=2
	3. Inverse problem 
	4. Matrix-Free Direct Legendre Collocation Method
	4.1. Domain Truncation and Subdomain Decomposition
	4.2. Legendre-Gauss-Lobatto Collocation
	4.3. Detailed Algorithm
	4.4. Error and Convergence Estimates

	5. Numerical results
	5.1. Computational Setup
	5.2. Test Problem 1: Convergence Analysis
	5.3. Test Problem 2: Eigenvalue computation
	5.4. Test Problem 3: Computational Efficiency
	5.5. Test Problem 4: Inverse Problem Reconstruction
	5.6. Discussion of Numerical Results

	6. Discussion
	Conclusion
	References



