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Abstract

Considering the significant applications of fractional differential equations, their numerical solutions hold particular

importance. Meshless methods have been employed by researchers for numerically solving these equations, which

are often of integer order in the spatial dimension. However, the governing equation in this paper involves the
spatial fractional derivative of the Riesz type and a singular Hadamard-type in spatial and time dimensions,

respectively. Instead of deriving the global weak form of the problem, we utilize their weak form over local
subdomains. In this study, for the first time, we calculate the Riesz-type fractional derivatives of the shape

functions of the moving Kriging interpolation method and use them to discretize the reaction diffusion equation

in the spatial dimension. The finite difference method is then applied to discretize the problem in the temporal
dimension. We also conduct a convergence analysis, which demonstrates that the temporal order of the method

is O(τ). To evaluate the accuracy and capability of the present scheme, three numerical examples are tested, and

the results indicate high accuracy.
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1. Introduction

Fractional differential equations have numerous applications in science and engineering. Due to the flexibility of
these equations in modeling various phenomena, many researchers have turned their attention to studying this class of
equations. Several definitions for fractional derivatives exist, for example Caputo derivative and the Riemann-Liouville
derivative. The Hadamard fractional derivative is a type of fractional derivative that was first introduced and discussed
by Hadamard in 1982 [16]. It has been established that the Hadamard derivative and fractional differential equations
of the Hadamard type are valuable in mechanics, engineering, and other fields [2, 25]. In this work, we assume the
following fractional reaction-diffusion models with singular kernels

CHDβ
γ,tu(s, t)−∆αu(s, t) + u(s, t) = f(s, t), s = (x, y) ∈ Ω ⊆ [a, b]× [c, d], γ ≤ t ≤ T, (1.1)

u(s, γ) = u1(s), Initial condition,

u(s, t) = u2(s, t), s ∈ ∂Ω γ ≤ t ≤ T, Boundary conditions,

in which u1 and u2 are known functions, α ∈ (1, 2) and ∆αu(s, t) = (−∆x)
αu(s, t) + (−∆y)

αu(s, t), and this is the
Laplacian for α = 2. Also,{

(−∆x)
αu(s, t) = − 1

2 cos(απ
2 ) [

RL
aD

α
xu(s, t) +

RL
xD

α
b u(s, t)],

(−∆y)
αu(s, t) = − 1

2 cos(απ
2 ) [

RL
c
Dα

y u(s, t) +
RL

yD
α
d u(s, t)],

α ̸= 2k + 1, k ∈ Z, (1.2)
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T is the final time, RL
aD

α
x is Riman Liuovill fractional derivative and ∂Ω is the boundary of global domain. Furthermore

CHDβ
γ,tu(s, t) is Caputo–Hadamard derivative, defined as [27]:

CHDβ
γ,tu(t) =

1

Γ(η − β)

∫ t

γ

(
log(

t

ζ
)

)η−β−1

δηu(ζ)
dζ

ζ
, 0 < γ < t, (1.3)

in which η − 1 < β ≤ η ∈ Z+ and δηu(ζ) = (ζ d
dζ )

ηu(ζ). From Eq. (1.3), for η − 1 < β ≤ η ∈ Z+ we have

CHDβ
γ,t (log(t/γ))

κ
=

{
k!

Γ(κ−β+1) (log(t/γ))
κ−β

, κ ≥ η,

0, κ < η.
(1.4)

According to the applications of the reaction–diffusion equation, many methods were proposed to numerical solving
of them. Authors of [3] developed a practical scheme based on operator splitting for solution of fractional reac-
tion–diffusion equations. A finite difference scheme based on the Hermite formula, along with its stability and conver-
gence properties, for solving the one-dimensional time-fractional diffusion equation is discussed in [27]. Kumar and
his co authors introduced a higher-order finite difference scheme designed for solving generalized fractional diffusion
equations in [23]. A technique of L2-type difference scheme achieving 3−β order time convergence, with second-order
spatial discretization is shown in [19] for solving generalized time-fractional diffusion equation.

Meshless numerical methods offer significant capabilities for solving differential equations. Due to their flexibility,
these methods have gained considerable popularity, attracting many researchers in the field. Among the meshless
methods applied to the numerical solution of diffusion equations, the following approaches can be highlighted. The
authors of [14] discussed a hybrid method based on the moving Kriging interpolation and finite difference technique for
solving distributed order time-fractional reaction-diffusion equation. They used the L2 − 1σ method to approximate
the solution of the fractional derivative discretization, and the unconditional stability and convergence rate of O(τ2)
for the time-discrete technique were illustrated. Dehghan and his colleagues [8] introduced an unconditionally stable
and convergent meshless technique to numerical solving of time fractional diffusion-wave equation. The authors of [10]
focus on a numerical simulation of an anomalous reaction-diffusion process in a two-dimensional space with a nonlinear
source term. This study introduced an effective computational technique that combines a time integration scheme with
the meshless local Petrov-Galerkin method to solve the problem. They employed an implicit time stepping scheme with
second-order accuracy for discretizes the problem in the time direction, and the radial point interpolation method in the
spatial domain. A novel numerical scheme was developed using the direct meshless local Petrov–Galerkin (DMLPG)
method for solving complex fractional fourth-order reaction–diffusion equations in [1]. The method combined finite
difference and DMLPG techniques for stability and accuracy, showcasing efficiency on varied grid point distributions.
A new meshless numerical method for solving 2D time fractional reaction diffusion systems with distributed order
on arbitrary domains is studied in [24]. By utilizing Gauss-Legendre quadrature and piecewise parabolic fractional
interpolation theory, the approach efficiently handled non-smooth solutions and accurately approximated Caputo
fractional derivatives. A local meshfree procedure for simulating the Galilei invariant fractional advection-diffusion
equations across one, two, and three-dimensional spaces is investigated in [4]. The method is combined a second-order
Crank-Nicolson scheme for time discretization with the second-order weighted and shifted Grünwald difference formula,
ensuring stability and convergence. To see the others meshless scheme and their advantages see [6, 7, 13, 17, 18, 20–
22, 26] and references therein. In a meshless algorithm, approximations or interpolations play an important role. These
approximations are typically employed for discretizing the spatial dimension of a problem. However, when the spatial
derivative is of fractional order, applying these approximations becomes challenging. As a result, spatial derivatives
are usually considered to be of positive integer order. To address this issue, the fractional derivatives of the shape
functions in the method must be computed. One of them is MK interpolation that, which has numerous applications
in solving differential equations and in the field of geostatistics. Since the shape functions in this method exhibit the
Kronecker delta property, numerous researchers have employed this type of interpolation to address partial differential
equations (refer to [5, 12, 14]). The study presented in [15] introduced modifications to the MK shape functions,
adapting them for fractional spatial orders with Caputo derivatives, and proposed an efficient meshless approach for
solving a space-fractional diffusion model.
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In the present work, we apply the Taylor series expansion to the MK interpolation correlation function and calculate
the Riesz fractional derivatives of the MK shape functions to discretize the spatial domain of the primary problem.

The organization of this study is as follows: In section 2, the moving Kriging interpolation method is briefly
explained, and the derivative of shape functions for the temporal Riesz fractional order are computed using Taylor
expansion. In section 3, the proposed method is constructed on local subdomains, and the discretization of the main
problem in the spatial domain is discussed. Section 4 addresses the discretization of the problem in the temporal
variable, and a convergence analysis of the method is also provided. To test the accuracy of the method, several
examples are presented in section 5. Additionally, a general conclusion is given at the end.

2. The generalization of the MK’s shape functions

One of the interpolation methods that has been utilized in meshfree methods is the MK interpolation method.
This scheme is commonly employed in the modeling of geostatistical phenomena. Typically, the MK’s shape functions
are used for discretizing equations in the spatial domain. Most equations considered in this context involve spatial
derivatives of integer order. However, when the spatial derivatives of the governing equation are of fractional orders,
the use of this technique becomes challenging. In this section, a generalization of the derivatives of MK’s shape is
presented for cases where the spatial derivative of the problem is of the Riesz type. Assume that Ω is the primary
domain of the problem, and points Xs = {s1, s2, s3, . . . , sN} are a distribution that is sufficiently well-dispersed within
this domain. Around these nodes, we construct subdomains with arbitrary shapes [5, 12] (for simplicity, a subinterval
in the one-dimensional case and a circle in the two-dimensional case). These subdomains overlap with each other and
collectively cover the entire domain. For any desired node si(1 ≤ i ≤ N), the MK interpolation within its related
neighborhood Ωsi is expressed as follows:

u(s) =

N∑
j=1

ϕj(s)uj = ΦT (s)u, s ∈ Ωsi , (2.1)

in which, u(s) represents the interpolated value at s, ϕj(s) are the shape functions related to the neighboring points,
uj are the values at the neighboring points. In Eq. (2.1) from [13], we have

ΦT (s) = pT (s)A+ rT (s)B, (2.2)

in which

A =
(
PTR−1P

)−1
PTR−1, B = R−1 (I − PA) , (2.3)

where I is identity matrix and

P =

 p1(s1) · · · pm(s1)
· · · · · · · · ·

p1(sN ) · · · pm(sN )

 , R =

 λ(s1, s1) · · · λ(s1, sN )
· · · · · · · · ·

λ(sN , s1) · · · λ(sN , sN )

 , (2.4)

where p(s) represents a vector containing the complete monomial basis of order m

pT (s) = [p1(s), p2(s), . . . , pm(s)], (2.5)

and based on the dimension of governing model, it is given as

pT (s) =
[
1, x, x2, x3, x4

]
, m = 5,

and

pT (s) =
[
1, x, y, x2, xy, y2, x3, x2y, xy2, y3, x4, x3y, x2y2, xy3, y4

]
, m = 15.

Also, we have

rT (s) = [λ(s, s1) . . . λ(s, sN )] , (2.6)

where λ(s, sj) is referred to as the correlation function and is defined as

λj(s) = exp (−r2j/c
2
j ), (2.7)
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in which cj is a constant and it is determined experimentally and rj is the distance between two points (x, y) and
(xj , yj). To calculate the partial derivatives of MK’s shape functions of a positive integer order with respect to x (or
y), the following expression is used:

∂ϕi(s)

∂x
=
∑m

j=1

∂pi(s)

∂x
Aji +

∑n1

k=1

∂rk(s)

∂x
Bki,

∂ϕi

∂y
(s) =

∑m
j=1

∂pi
∂y

(s)Aji +
∑n1

k=1

∂rk(s)

∂y
rkBki.

(2.8)

To evaluate the Riesz fractional derivatives respect to x or y for MK’s shape functions, we begin by determining
the Riesz fractional derivatives of xm and ym for m ∈ Z+∪{0} at the interval [a, b]. For this, the following expressions
are used:

xm = (−x)m(−1)m = (−b+ b− x)m(−1)m =
m∑

k=0

(
m

k

)
(−1)m+kbk(b− x)m−k, (2.9)

xm = (x− a+ a)m =
m∑

k=0

(
m

k

)
ak(x− a)m−k. (2.10)

So, we have

RzD
α
xx

m = − 1

2 cos(απ
2
)

m∑
k=0

(
m!

k!(m− k + 1− α)
ak(x− a)m−k−α +

m!

k!m(m− k + 1− α)
(−1)m+kbk(b− x)m−k−α

)
, (2.11)

and similarly for ym over the interval [c, d]. Additionally, to compute the fractional Riesz case derivative of the
correlations function in Eq. (2.7), the following Taylor expansion is employed:

λj(s) = exp (−r2j/c
2
j ) = exp

(
−(y − yj)

2/c2j
)
exp

(
−(x− xj)

2/c2j
)

(2.12)

= exp
(
−(y − yj)

2/c2j
) ∞∑
m=0

f
(m)
1 (x)

m!
xm,

in which f1(x) = exp
(
−(x− xj)

2/c2j
)
. Also, we have

λj(s) = exp (−r2j/c
2
j ) = exp

(
−(x− xj)

2/c2j
)
exp

(
−(y − yj)

2/c2j
)

(2.13)

= exp
(
−(x− xj)

2/c2j
) ∞∑
m=0

f
(m)
2 (y)

m!
ym,

in which f2(x) = exp
(
−(y − yj)

2/c2j
)
. Using relations (2.11),(2.12) and Eq. (2.13), results in:

RzD
α
xϕi(s) =

m∑
j=1

RzD
α
xpi(s)Aji +

n1∑
k=1

RzD
α
xλi(s)Bki,

Rz
Dα

y ϕi(s) =

m∑
j=1

Rz
Dα

y pi(s)Aji +

n1∑
k=1

Rz
Dα

y λi(s)Bki.

(2.14)

We provide a numerical example to test the Riesz fractional derivatives of the shape functions.

Example 2.1. Assume u(x, y) = x2 + y2, and Ω = [0, 1] × [0, 1] so to calculate RzD
α
xu(x, y), Rz

Dα
y u(x, y), and

Rz∆
αu(x, y), it is sufficient to substitute m = 2 into Eq. (2.9).

Table 1 shows the L2 error between fractional derivative order of u(x, y) and approximation of these fractional
derivative. The results in the table indicate that the derivatives of the shape functions exhibit a satisfactory accuracy
compared to the fractional derivatives of the mentioned function.
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Table 1. The L2 error between fractional derivative order of u(x, y) and its MK’s approximation.

α ∥RzD
α
xU − RzD

α
xΦU∥2 ∥

Rz
Dα

yU −
Rz

Dα
yΦU∥2 ∥Rz∆

αU − Rz∆
αΦU∥2

0.7 3.8948e− 05 3.9730e− 05 5.5706e− 05
0.9 7.6460e− 05 7.8111e− 05 1.0933e− 04
1.3 1.3313e− 04 1.3556e− 04 1.9011e− 04
1.7 2.0898e− 04 2.1294e− 04 2.9854e− 04
1.9 1.2856e− 04 1.3094e− 04 1.8350e− 04

3. The present meshless method

In this section, according to moving Kriging process, a meshfree technique is presented for the spatial discretization
of Equation (1.1). This method is essentially a second-type meshless Petrov-Galerkin approach. Instead of constructing
the weak form of the equation over the entire problem domain, the weak form is formulated over local subdomains.
Let the problem domain Ω contain scattered nodes sj , j = 1, 2, . . . , N . Instead of evaluating the weak form over the
main domain of problem Ω, it is computed within local subdomains. Here, a circular local subdomain is assumed
around each node sj . Consequently, for each point, the following collocation expression is applied within the local
subdomain Ωsj associated with sj :

CHDβ
γ,tu(s, t)−∆αu(s, t) + u(s, t) = f(s, t), s ∈ Ωsj , (3.1)

Assume there are only n1 points in the subdomain corresponding to sj . Therefore, the moving Kriging interpolation
in this subdomain is expressed as follows:

uh(s) =

n1∑
k=0

ϕk(s)ûk(t). s ∈ Ωsj , (3.2)

and by substituting this relation into Equation (3.1), we arrive at the following expression:

n1∑
k=0

ϕk(s)
(
CHDβ

γ,tûk(t)
)
−

n1∑
k=0

(∆αϕk(s)) ûk(t) +

n1∑
k=0

ϕk(s)ûk(t) = f(s, t), s ∈ Ωsj , (3.3)

by repeating this process for all points within the domain, we obtain the following system of matrix equations:

C

(
CHDβ

γ,tU(t)

)
−KU(t) +CU(t) = F (t), (3.4)

in which

Ckj = ϕk(sj) =

{
1, k = j,

0, k ̸= j,
Kkj = ∆αϕk(sj), and Fj = f(sj , t). (3.5)

At this point, the space discretization of the equation is completed. In the following section, the temporal discretization
of the problem will be performed, and an analysis of the method will be presented.

4. Semi-discrete scheme

In this section, we will be designated a temporal discretization plan for relation Eq. (3.4). Moreover, the uncondi-
tioned stability and convergence analysis for this approach will be proven.

4.1. Discretization in time variable. In order to formulate the finite difference algorithm for the fractional problem
Eq. (1.1), we define the step size of time τ = T−γ

Nt
with tk = γ + kτ for γ = t0 < t1 < · · · < tNt−1 < tNt

= T . where
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Nt is a arbitrary positive integer. So, the Caputo-Hadamard fractional derivative u(s, t) is discreted at tk+1 for
k = 0, 1, . . . , Nt − 1 as follows [11]

CHDβ
γ,tu(s, t)

∣∣∣∣
t=tk

=
k+1∑
i=1

Ci,k+1

(
u(s, ti)− u(s, ti−1)

)
+Rβ , (4.1)

in which Rβ ≤ Cτ2−β and

Ci,k+1 =
1

Γ(2− β)

1

log
ti

ti−1

((
log

tk+1

ti−1

)1−β

−
(
log

tk+1

ti

)1−β
)
. (4.2)

Now, the main problem Eq. (1.1) can be approximated at point tk+1 as follows

k+1∑
i=1

Ci,k+1

(
u(s, ti)− u(s, ti−1)

)
−∆αu(s, tk+1) + u(s, tk+1) = f(s, tk+1) +Rβ , (4.3)

or equivalently, we can be written

(
Ck+1,k+1 +1

)
u(s, tk+1)−∆αu(s, tk+1) = Ck+1,k+1u(s, tk)−

k∑
i=1

Ci,k+1

(
u(s, ti)− u(s, ti−1)

)
+ f(s, tk+1) +Rβ . (4.4)

Eliminating the error term Rβ , result in

(
Ck+1,k+1 + 1

)
uk+1(s)−∆αuk+1(s) = Ck+1,k+1uk(s)−

k∑
i=1

Ci,k+1

(
ui(s)− ui−1(s)

)
+ fk+1(s), (4.5)

in which uk+1(s) is approximation of uk+1(s) = u(s, tk+1).

4.2. Stability and convergence. In the present segment, our focus lies on investigating the stability characteristics
and convergence rate pertaining to the discretized temporal scheme.

Definition 4.1. The Hilbert space L2(Ω) is the space of all measurable functions w : Ω −→ R with the Lebesgue
measure ds on Rk is defined as∫

Ω

|w(s)|2ds < ∞, (4.6)

with the inner product and the following norm, respectively

⟨w, v⟩ =
∫
Ω

w(s)v(s)ds, (4.7)

and

∥w∥ =

(∫
Ω

(
w(s)

)2
ds

) 1
2

. (4.8)

Moreover, we consider the real-valued functions space on the bounded domain Ω as follows

H1(Ω) = {w : Ω −→ R| w and ws ∈ L2(Ω)}, H1
0(Ω) = {w ∈ H1(Ω), w

∣∣
∂Ω

= ws

∣∣
∂Ω

= 0}. (4.9)
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The inner product norm and semi-norm in space H1(Ω) are given as

⟨w, v⟩H1(Ω) =
∑

0<α≤2

∫
Ω

RL
aD

α
s w(s)

RL
aD

α
s v(s)ds,

∥w∥H1(Ω) =

( ∑
0<α≤2

∥RL
aD

α
s w∥

) 1
2

,

|w|Jα
R
= ∥RL

aD
α
s w∥.

Lemma 4.2. [15] Assume w, v ∈ H1
0(Ω). Then, it holds that

⟨RL
aD

α
xw,

RL
xD

α
b w⟩ = cos(πα)∥RL

aD
α
xw∥2 = cos(πα)∥RL

xD
α
b w∥2, α > 0, (4.10)

and for 1 < α ≤ 2, we have

⟨RL
aD

α
xw, v⟩ = ⟨

RL

aD
α
2
x w,

RL

x
D

α
2

b v⟩. (4.11)

Remark 4.3. For simplification, the relation Eq. (4.1) can be written as follows

CHDβ
γ,tu(s, t)

∣∣∣∣
t=tk

=

k+1∑
i=0

Di,k+1u(s, ti) +Rβ , (4.12)

in which

Di,k+1 =


−C1,k+1, i = 0,

Ci,k+1 − Ci+1,k+1 1 ≤ i ≤ k,

Ck+1,k+1, i = k + 1.

(4.13)

So, the time-discrete scheme for time variable can obtained as(
Dk+1,k+1 + 1

)
Uk+1(s)−∆αUk+1(s) = fk+1(s)−

k∑
i=0

Di,k+1Ui(s). (4.14)

Theorem 4.4. The difference scheme Eq. (4.14) for Uk+1(s) ∈ H1
0(Ω) is unconditionally stable.

Proof. Taking the multiplying both sides of the Equation (4.14) in Uk+1(s), results in(
Dk+1,k+1 + 1

)
∥Uk+1∥2 − ⟨∆αUk+1, Uk+1⟩ = ⟨fk+1, Uk+1⟩ −

k∑
i=0

Di,k+1⟨Ui, Uk+1⟩. (4.15)

Applying Lemma 4.2, implies that(
Dk+1,k+1 + 1

)
∥Uk+1∥2 − cos

(πα
2

)
∥∆α

2 Uk+1∥2 = ⟨fk+1, Uk+1⟩ −
k∑

i=0

Di,k+1⟨Ui, Uk+1⟩. (4.16)

Since cos
(
πα
2

)
∥∆α

2 Uk+1∥2 ≤ 0 for 1 < α ≤ 2 and using Cauchy–Schwarz inequality, we have

(
Dk+1,k+1 + 1

)
∥Uk+1∥2 ≤ ⟨fk+1, Uk+1⟩ −

k∑
i=0

Di,k+1⟨Ui, Uk+1⟩ (4.17)

≤ ∥fk+1∥∥Uk+1∥ −
k∑

i=0

Di,k+1∥Ui∥∥Uk+1∥

≤ ∥fk+1∥∥Uk+1∥+
k∑

i=0

|Di,k+1|∥Ui∥∥Uk+1∥.
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We can get the following inequality by the relation Eq. (4.17) as

∥Uk+1∥ ≤ 1

Dk+1,k+1 + 1
∥fk+1∥+

|Dk+1,k+1|
Dk+1,k+1 + 1

k∑
i=0

∥Ui∥ (4.18)

≤ 1

Dk+1,k+1 + 1
∥fk+1∥+

k∑
i=0

∥Ui∥.

By simplification the above relation, we can write

∥UNt
∥ ≤ NtCmax

s∈Ω
|fNt

(s)|+Nt∥U0∥, (4.19)

in which C > 0 is constant and with multiplying τ on both sides of the previous relation yields

τ∥UNt
∥ ≤ τNtCmax

s∈Ω
|fNt

(s)|+ τNt∥U0∥

≤
(
T − r

)
Cmax

s∈Ω
|fNt

(s)|+
(
T − r

)
∥U0∥. (4.20)

Finally, one obtains

∥UNt
∥ ≤ C⋆

(
max
s∈Ω

|fNt
(s)|+ ∥U0∥

)
, (4.21)

where C⋆ is positive constant and ∥U0∥ = ∥u0∥. □

Theorem 4.5. If uk+1 and Uk+1 ∈ H1
0(Ω) be the true and numerical solutions of finite difference algorithm Eq.

(4.14). Then, scheme Eq. (4.14) is convergent with time convergence order O(τ).

Proof. By subtracting the semi-discrete scheme Eq. (4.14) for exact and approximate solutions and putting ek+1 =
uk+1 − Uk+1 such that e0 = 0, we have

(
Dk+1,k+1 + 1

)
ek+1(s)−∆αek+1(s) = −

k∑
i=0

Di,k+1ei(s) +Rβ . (4.22)

From the inner product Eq. (4.22) in ek+1 ∈ H1
0(Ω), arrives at(

Dk+1,k+1 + 1
)
∥ek+1∥2 − ⟨∆αek+1, ek+1⟩ = −

k∑
i=0

Di,k+1⟨ei, ek+1⟩+ ⟨Rβ , ek+1⟩. (4.23)

With the same technique as in Theorem 4.4 and Dk+1,k+1 = Ck+1,k+1 =
1

Γ(2− β)

(
log

tk+1

tk

)−β

≤ τ−β , we can

conclude

∥ek+1∥ ≤ 1

Dk+1,k+1 + 1
Rβ +

k∑
i=0

∥ei∥ ≤ Cτ2 +
k∑

i=0

∥ei∥, C > 0, (4.24)

or equivalently

∥eNt∥ ≤ NtCτ2 +Nt∥e0∥ = NtCτ2. (4.25)

Applying the scalar multiplication recent relation in τ , we can get the following inequality

τ∥eNt
∥ ≤ τNtCτ2 =

(
T − r

)
Cτ2. (4.26)

Finally, the proof is concluded by dividing both sides of the relation Eq. (4.26) by the factor τ . □
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5. Numerical Experiments

In this section, numerical examples are presented to test the proposed method. The tools utilized here are the
following norms, the definitions of which are provided below:

L2 =

√√√√ N∑
i=1

(u(si)− uh(si))
2
, L∞ = max

si∈Ω

∣∣u(si)− uh(si)
∣∣ , (5.1)

where u(si) and uh(si) represent the exact and numerical solutions at the node si, respectively to show validity of the
method, the time variable order is calculated as

C − order =

log

(
E1

E2

)
log

(
τ1
τ2

) , (5.2)

in which E1 and E2 are errors related to τ1 and τ2, respectively. The subdomains are assumed to be circular in shape.
There is no specific method for determining the constant coefficient cj , it is typically obtained through trial and error.
In this work, we set it to cj = 0.8.

Example 5.1. Assume the following Caputo–Hadamard time, Caputo-space Riesz fractional reaction–diffusion equa-
tion

CHDβ
1,tu(s, t)−∆αu(s, t) + u(s, t) = f(s, t), s = (x, y) ∈ Ω1, 1 ≤ t ≤ T, (5.3)

with the following Dirichlet boundary conditions

u(s, t) = (log t)
2
(x2 + y2), (x, y) ∈ ∂Ω1, (5.4)

and homogeneous initial conditions. Here, the exact solution is u(s, t) = (log t)
2
(x2 + y2). The force term f can be

derived from the exact solution as follows

f(s, t) =
2

Γ(3− β)
(log t)3−β(x2 + y2)

− (log t)2

cos(απ/2)

(
1

Γ(3− α)
x2−α +

1

Γ(3− α)
(1− x)2−α − 1

Γ(2− α)
(1− x)1−α

+
1

2Γ(1− α)
(1− x)−α +

1

Γ(3− α)
y2−α +

1

Γ(3− α)
(1− y)2−α

− 1

Γ(2− α)
(1− y)1−α +

1

2Γ(1− α)
(1− y)−α

)
+

(log t)2

2 cos(απ/2)Γ(1− α)

[
(x−α + (1− x)−α)y2 + (y−α + (1− y)−α)x2

]
+ (log t)2(x2 + y2).

The numerical solution of this example has been performed using the present numerical method in the domain
Ω1 with 121 uniformly distributed points. Table 2 presents the results for different spatial and temporal orders at
large final times. The time step used here is τ = 0.005. To enforce Dirichlet boundary conditions, the Kronecker
delta property of the shape functions has been employed. The results indicate the satisfactory accuracy of the present
method for the numerical solution of this equation.

Table 3 reports the L∞ error between exact solution and numerical method. The Caputo-Hadamard time and
Caputo-space Riesz fractional orders are β = 0.6, 0.8 and α = 1.2 respectively. Based on this table, the error decreases
from the top to the bottom. Additionally, the temporal order of this method is demonstrated here. The results
indicate that the temporal order is approximately one, which confirms the findings of Theorem 4.5.
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Figure 1. The global domains Ω1(consisting of 121 irregular ) and Ω2 for Example 5.1, 5.2, and 5.3.

Table 2. The computations contain L∞ and L2 errors at various Caputo–Hadamard time and spatial
Riesz fractional orders at τ = 0.005 for Example 5.1.

T = 2 T = 5 T = 8

β α L∞ L2 L∞ L2 L∞ L2

0.4 1.2 1.0443e− 05 4.9966e− 05 7.3305e− 05 3.5073e− 04 1.3012e− 04 6.2254e− 04
1.5 5.7981e− 06 2.7776e− 05 4.0920e− 05 1.9604e− 04 7.3298e− 05 3.5116e− 04
1.8 5.6871e− 06 2.7285e− 05 3.9924e− 05 1.9154e− 04 7.2481e− 05 3.4778e− 04

0.7 1.2 2.3984e− 05 1.1475e− 04 1.2529e− 04 5.9946e− 04 2.0006e− 04 9.5718e− 04
1.5 1.3525e− 05 6.4798e− 05 7.0124e− 05 3.3595e− 04 1.1377e− 04 5.4514e− 04
1.8 1.3301e− 05 6.3818e− 05 6.9181e− 05 3.3194e− 04 1.1097e− 04 5.3248e− 04

0.9 1.2 3.6044e− 05 1.7245e− 04 1.5145e− 04 7.2459e− 04 2.2420e− 04 1.0727e− 03
1.5 2.0392e− 05 9.7702e− 05 8.6023e− 05 4.1217e− 04 1.2641e− 04 6.0567e− 04
1.8 1.9973e− 05 9.5839e− 05 8.3647e− 05 4.0135e− 04 1.2314e− 04 5.9086e− 04

Table 3. The computations contain L∞ errors and C − order of proposed technique at T = 2 for
Example 5.1.

τ L∞ C − order L∞ C − order CPU
0.01 3.7429e− 05 − 5.9070e− 05 − 1.08

0.01/2 1.8825e− 05 0.9915 2.9701e− 05 0.9919 2.55
0.01/4 9.3983e− 06 1.0022 1.4869e− 05 0.9982 8.06
0.01/8 4.7287e− 06 0.9910 7.4490e− 06 0.9972 30.84

Figure 2 shows the absolute error and the numerical solution applying the proposed scheme. The numerical results
demonstrate that the present technique provides a good and appropriate numerical approximation for solving Example
5.1.

Example 5.2. In this case, we assume Equation (1.1) in the following form:

CHDβ
1,tu(s, t)−∆αu(s, t) + u(s, t) = f(s, t), s = (x, y) ∈ Ω1, 1 ≤ t ≤ T. (5.5)

The overall domain of the problem is assumed to be the same as the domain in Example 5.1. The initial and
boundary conditions are considered as follows:
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Figure 2. The numerical solution and absolute error for Example 5.1.

Table 4. The computations contain L∞ and L2 errors at various Caputo–Hadamard time and spatial
Riesz fractional orders at τ = 0.005 for Example 5.2.

T = 1.5 T = 2 T = 4

β α L∞ L2 L∞ L2 L∞ L2

0.4 1.1 2.0151e− 04 1.6525e− 03 1.1208e− 03 9.0864e− 03 5.0600e− 03 4.2726e− 02
1.5 3.3403e− 04 3.3314e− 03 5.5882e− 04 4.5915e− 03 1.8429e− 03 1.5719e− 02
1.8 1.9173e− 04 1.4776e− 03 5.0309e− 04 4.0048e− 03 2.1430e− 03 2.1232e− 02

0.7 1.1 2.1450e− 04 1.7859e− 03 9.8935e− 04 7.5172e− 03 4.2338e− 03 3.1156e− 02
1.5 1.5295e− 04 1.5647e− 03 1.3206e− 03 9.6061e− 03 3.6583e− 03 3.0409e− 02
1.8 3.2166e− 04 2.6092e− 03 5.3936e− 04 4.1798e− 03 1.9059e− 03 1.9112e− 02

0.9 1.1 2.9754e− 04 2.0096e− 03 6.3250e− 04 5.3015e− 03 3.2834e− 03 2.2843e− 02
1.5 3.7672e− 04 3.3775e− 03 5.7930e− 04 5.7764e− 03 3.3365e− 03 2.7330e− 02
1.8 3.4513e− 04 2.8646e− 03 1.0630e− 03 8.9658e− 03 5.1191e− 03 4.0172e− 02

u(s, 1) = 0, Initial condition{
u(x, 0, t) = 0, u(x, 1, t) = (log t)2 sin(x) sin 1,

u(0, y, t) = 0, u(1, y, t) = (log t)2 sin(1) sin y,
Boundary conditions

The exact solution is u(x, y, t) = (log t)2 sin(x) sin(y) By using the Taylor expression of sin(x) sin(y) and relations
(1.4), (2.11), we can calculate the force term f(s, t) for this example. The results for this example using the present
method are shown in Table 4. Here, 441 points with uniform distribution are applied within the domain. The time
step for this example is τ = 0.005, the final times are T = 1.5, 2, 4. Different cases for various fractional orders are
presented in this table, demonstrating the high accuracy of the MK shape functions for the numerical solution of this
example. In Figure 3, the numerical solution and absolute error are presented for different fractional orders of time
and space at various final times. Based on this figure, the numerical solutions done with the propose method provide
a good approximation of the true solution.

Example 5.3. In this example, we assume Equation (1.1) with the following Dirichlet boundary and initial conditions:

u(s, 2) = 0, Initial condition,

u(s, t) = (log(t/2))6 exp(x+ y), s ∈ ∂Ω2 2 ≤ t ≤ T, Boundary conditions,

in which t ∈ [2, T ]. The exact solution is u(s, t) = (log(t/2))6 exp(x + y). To calculate the right hand side function
f(s, t) we use the Taylor expression of exp(x) exp(y) and relations (1.4), (2.11).
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Figure 3. The numerical solution and absolute error for different case of T, α, and β for Example 5.2.

One notable feature of mesh-free methods is their flexibility in handling irregular domains. Here, we take the
domain in the shape of Ω2. The polar form of the boundary of this global domain is expressed as follows{

(x, y) ∈ R2 : x = r cos(θ), y = r sin(θ), θ ∈ [0, 2π], r = 1 + 0.5 tanh(2 sin 3t) sin 3t
}
.

In Table 5, results analogous to those in the previous examples are presented for different cases related to this
example. The results in Table 5 demonstrate the accuracy of the method for solving Equation (1.1) within the
irregular domain Ω2. In this example, 121 boundary points and 289 interior points have been employed. This example
illustrates that the method remains effective in an irregular domain without requiring a grid. To apply the boundary
conditions, we utilize the Kronecker delta property of the shape functions. Observing the domain shape, we note that
it is generally contained within the rectangle [−1.5 1.5] × [−1.5 1.5]. Therefore, in this example, the fractional-order
derivative is computed in the spatial dimension as follows:{

(−∆x)
αu(s, t) = − 1

2 cos(απ
2 ) [

RL
−1.5D

α
xu(s, t) +

RL
xD

α
1.5u(s, t)],

(−∆y)
αu(s, t) = − 1

2 cos(απ
2 ) [

RL
−1.5

Dα
y u(s, t) +

RL
yD

α
1.5u(s, t)].

In Figure 4, the absolute error between the exact solutions and the solutions obtained using the present method over
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Table 5. The computations contain L∞ and L2 errors at various Caputo–Hadamard time and spatial
Riesz fractional orders at τ = 0.005 for Example 5.3.

T = 2.5 3 T = 4

β α L∞ L2 L∞ L2 L∞ L2

0.4 1.1 6.6773e− 04 3.1739e− 03 1.1501e− 03 5.4501e− 03 1.7066e− 03 8.1187e− 03
1.5 5.1226e− 04 2.5145e− 03 9.7109e− 04 4.8963e− 03 1.4517e− 03 7.1576e− 03
1.8 6.7608e− 04 3.1978e− 03 1.0103e− 03 5.2734e− 03 1.5171e− 03 7.6178e− 03

0.7 1.1 6.7726e− 04 3.2383e− 03 1.1616e− 03 5.5107e− 03 1.5870e− 03 7.4600e− 03
1.5 5.8486e− 04 2.9038e− 03 9.0609e− 04 4.5517e− 03 1.2714e− 03 6.3378e− 03
1.8 6.2507e− 04 3.0255e− 03 9.0433e− 04 5.0004e− 03 1.6104e− 03 7.9801e− 03

0.9 1.1 6.7764e− 04 3.2394e− 03 1.2140e− 03 5.8205e− 03 1.7410e− 03 8.3284e− 03
1.5 5.0131e− 04 2.5490e− 03 9.5797e− 04 4.8097e− 03 1.2716e− 03 6.2650e− 03
1.8 5.9995e− 04 3.0704e− 03 9.7138e− 04 5.0989e− 03 1.6442e− 03 7.8422e− 03

the irregular domain Ω2 is shown under various cases of T, α and β . As illustrated, the present method demonstrates
high accuracy across irregular domains, indicating its robustness and reliability for handling complex geometries.

Table 5 and Figure 4 illustrate the adequate accuracy of this method for solving this example. The results con-
firm that the proposed approach is effective in achieving reliable solutions, even in cases involving complex domain
geometries.

6. Conclusion

This paper presented a robust meshless technique for addressing the Caputo–Hadamard time and Riesz fractional
reaction–diffusion equation. Unlike conventional meshless methods, such as those using MK interpolation to cal-
culate shape functions and their integer-order spatial derivatives for equation discretization, this study introduced
an enhancement. Specifically, it refined the shape function derivatives to accommodate arbitrary fractional orders
1 < α < 2 by leveraging the Taylor series expansion of the MK interpolation’s correlation function, treating them as
Riesz fractional derivatives. For the time component, a finite difference approach was utilized, offering the benefits
of unconditional stability and a convergence rate of O(τ). This method converted the main problem into a system of
linear equations. Several examples were presented to assess the accuracy and efficiency of the proposed technique in
regular and irregular domains.
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Figure 4. The absolute error for different cases at T, α, and β, for Example 5.3.
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