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Abstract

In this paper we analyze the generalized fractional derivative with two parameters for fourth-order Sturm—Liouville
problems. These parameters are a(the fractional order) and p(a real number). In the following, we discuss five
different forms of Sturm—Liouville problems, which are solved using the p—Laplace transform.
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1. INTRODUCTION

Sturm-Liouville problems (SLPs) or eigenvalue problems for ordinary and partial differential equations are part
of the foundation of classical applied mathematics and mathematical physics and were introduced about 170 years
ago. The SLPs arise naturally in solving technical problems in engineering, physics, and more recently in biology and
the social sciences. Examples include accurate estimates of the decay (or growth rates) of solutions resulting from
heat conduction, concentration analyses, flows in porous media, etc. For vibration problems, they give fundamental
frequencies and overtones of musical instruments. Eigenvalue problems are important for determining the critical
mass for nuclear reactions in a given geometry and arise naturally in optimization and in the calculus of variations
[2, 14, 16].

Based on the idea of a fractional derivative, fractional calculus extends the scope of classical calculus. In a letter to
Leibniz, L’Hépital first introduced the idea of a derivative by asking how g—f could be defined in the case where n = %
The concept of fractional derivative has been defined in a number of ways, and new definitions are continuously being
proposed. The definitions of fractional derivatives by Riemann-Liouville, Gerbashian-Caputo, Grunwald-Letnikov,
and Rich-Fisher are the most widely used ones.

Due to the rapid spread of the theory of fractional derivatives and the importance of Sturm-Liouville problems in
differential equations, serious studies have been carried out in this area, which have led to significant results. It is
important to remember that fractional Sturm-Liouville problems (FSLPs) have been thoroughly studied over the past
few decades. The FSLPs arise in many areas, including mechanics, electricity, biology, chemistry, control theory, and
economics [3, 4, 9, 11, 12, 15].

In this study, fourth-order Sturm-Liouville problems are considered in five different forms with a new generalized
fractional derivative (GFSL). This is a fractional derivative with two parameters. The parameters are «, fractional
order, and p, a real number. As we will see shortly, « is used to change the structure of the solutions, while p is only
used to move them.

Below we find the eigenvalues and eigenfunctions of the problems. Furthermore, we observe that when « tends to
1, no matter what p is, all solutions agree with each other. On the other hand, if both o and p tend to 1, the solutions
correspond to solving a fourth-order Sturm-Liouville problem.
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The outline of this paper is as we now describe. In section 2, we discuss those concepts and results from the theory
of generalized fractional derivatives that will be use in our main results. In the third section, we find solutions to five
different forms of GFSL problems, and then we provide analytic solutions to these problems. Finally we present a
brief conclusion that describes our achievements.

2. PRELIMINARIES
Definition 2.1. [13]. Suppose that o denote a positive real number and a positive integer, such that n — 1 < a <
n, n € N. Then, we define the Riemann—Liouville fractional derivative of a function f by
10 = s Gy [y i
Tt 'ln—«)dt” J, '

Definition 2.2. [13]. Let o and n be as in the previous definition. For a function f, we define the Caputo fractional
derivative by

1 t
C o _ n—a—1 £(n)
t) = —— t— dr.
a@tf() F(nfoz)/a( T) f (T)T
Definition 2.3. [13]. Given z, 8 € C and « satisfying R(«) > 0, we define the two-parameter Mittag—Leffler function
by
E = E _—. 2.1

k=0

Definition 2.4. [8]. Suppose that a € C, R(a) > 0 and p € R". For a function f, we define the generalized left and
right fractional integrals of order « by

t o 4p _ P\ a—1 d
IO = g | (F5)T 0 (22)
and
b e a—1 dr
S0 =5 | (F50) T 105 2
respectively.

Definition 2.5. [7]. We define the generalized left and right fractional derivatives of f, in the sense of Riemann—
Liouville, by

B n to4p _ +P\n—a—1 d
TN =IO S [ (=) e A (24)
and
_ —_~\n b TP — n—a—1 dr
WD) = (=) I () = Finv_)@ | (=5 oA (25)

respectively. In these definitions, p > 0, v = tl_"% andn—1<a<n.

Definition 2.6. [5]. We define the generalized left and right fractional derivatives of f, in the sense of Caputo, by

o n—a,p_n 1 top — P\ n—a—1 n dr
ST =IO = e [ ()T 0 26

and

b
CTPNO) = IO = i |

I'n—«
respectively. Here p € RT, v = tlfp% and a € C,R(a) > 0.
an
Ba

TP P

p

dr

Tl=p

) e (27)
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In this definition, if p = 1 we obtain the Caputo fractional derivative, and if p — 0 we obtain the Caputo-Hadamard
fractional derivative.

Theorem 2.7. [6] For a function f :[0,00] = R, define the p-Laplace transform by

2006 = [ F i, (28)

where p > 0. Then, the integral converges for any value of s.
Theorem 2.8. [1] Assume that for a function f :[0,00] — R, the p-Laplace transform exists. Then
1
Lo{f(1)}(s) = Z{f((pt)?)}(s), (2.9)
in which Z{f} denotes the Laplace transform of f.
Definition 2.9. [6]. For functions f and g, we define the p-convolution by

ds

st=p’

(f %5 9)(t) = / 1 7@ =57 )g(s) (2.10)

Theorem 2.10. [6]. (The p-convolution theorem)

LA *p 9} = Lp{ 12049} (2.11)

Theorem 2.11. [6]. Assume that o >0, f € ACZ0,a] for every positive number a, and that ~v* f is of p-exponential
order ¢©'% for each k € {0,1,...,n}. Then

n—1

ZAE DN = * L fO}Hs) = 3 5271351 0), (2.12)

k=0

where s > c.

Theorem 2.12. [6]. Assume that o >0, f € AC}[0,a] for every positive number a, and that JTTETOP L s of
p-exponential order e for each k €{0,1;,...,n—1}. Then

n—1

2D D} = L (FOHE) — 30 (T f) (0), 5 > (213)
k=0
Theorem 2.13. [6]. Assume that f € ACZYL_l[O,oo), and that for each i € {0,1,....n — 1}, v'f is of p-exponential

1
order e“'7 . If v f is piecewise continuous on [0,T], then its p-Laplace transform exists for s > ¢, and

n—1

ZAO"W}E) = " LA} = 30" (47 1) 0), (214)

k=0
Lemma 2.14. [10]. Suppose that R(c)) >0 and | 2| < 1. Then,

s gp{Ea(_/\(%)a)} = s(si:-)\)’

o Z,{1- Ba(-ME)™) = 12

P\NB_ P\a s@—B
o Z{(5) " Eas(M5))} = 5oy
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3. THE MAIN RESULTS

The aim of this section is to study five different forms of GFSL problems. These are determined by the following
fractional Sturm-Liouville operators.

Ly = =§2{*"(§ 2/*") + q(t),
Ly = G 27 (%) + a(t),
Ly = —0Z; (. 20°") + q(t),
Ly=—§2/""(:2;"") + q(t),
Ls = —02/""(v*) + a(t).
Theorem 3.1. Let 0 < a < 1. Consider the GFSL problem

Liy(t) = =§ 72 (§ 220 y(®)) + a0y(t) = Ay0), (3.1)
with initial conditions
y(0) = 1, (§27)(0) = ez, (§27°7)(0) = es, (5245 22 )) (0) = ex. (3.2)

Here, y € AC}[a,b], n € R and g : [0,n] — R is continuous. Then, the solution to the GFSL problem described in
(3.1) and (3.2) is

y(t) =c1Esn1 < — ,\(i)‘lo‘) + co (%)aE4a,a+1 < - )\(tpp)4a>
+es (%)2(XE4(17211+1 ( - )\(t:)M) +cq (%)SQE40¢,30¢+1 ( - )\(t:)m) (3.3)

o f ) (A oo

Proof. Apply the p-Laplace transform to the both sides of (3.1). Then, using the initial conditions (3.2) and Theorem
2.11 we can write

- 25910 (§ 28090 | + Llav®)} = AL w0},
-2, {590 (8@3%@))} 5 (700§ 720 ) 0) + Zolay®) = AZ{y(D)},

=52 [ {§ 2ty +577H (§ 720y ) 0] + 527 (20§ 220 ) (0) + ZofaWy(®)} = ALy (D)},
— s L {§ Ty s (§ 220y ) 0) + 527 (§ o P(C@“’P >) (0) + Z Oy} = A2y},
= LDy} + 57 (§2709) (0)+ 27§28y ) (0) 4+ 57 (§ 20 (6 22" (0)

+ Z,{ay(®)} = AL {y(),
— 2 Y1)} + 547 y(0) + 57 (T2 (0) + 5207 (§270y) (0)

52§20 22 0) + ZAaOy(O)} = AL (D).
— S Ly ()} + 5 e+ P ey + 52 ey 4+ 5% ey + L {a(Dy(D)} = AL (b)),

4a—1 Ja—1 82&—1 Sa—l 1
Zp{a(t)y(t)}-

S S
ZLAyt)} =
p{y(t)} ‘1 T\ +0254a Y +c3340‘+)\ +C4s40‘+)\ +
Now, to obtain (3.3), we just need to apply the inverse p-Laplace transform to the both sides of the last equation. O
an

sta 4\
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Theorem 3.2. Let 0 < a < 1. Consider the GFSL problem

Lay(t) = =§ 22 (v2(0) + a@y(t) = Ay, (3.4)
with initial conditions
y(0) = es, (19)(0) = co, (%) (0) = ez, (§27(49))(0) = s, (3.5)

in which q(t) and y(t) are as in Theorem 3.1. Then, the solution to the GFSL problem described in (3.4) and (3.5) is
as follows.

0 =ossaa (<)) e () psna 2(5)")

0 2 9 20+2 N a2 0
+ 07(*) E2a+2,3( - )\(*) ) + cg (*) Esat2,0+3 ( - )\()20‘+2> (3.6)
p p p p

t
tP — 7PN 2a+2 tP — 7P 2042 dr
+ A ( P ) E2a+2,2a+2 ( - )\< P ) )Q(T)y(Ta )‘) Tl_p'

Proof. Apply the p-Laplace transform to the both sides of (3.4). Then, using the initial conditions (3.5), Theorem
2.11 and Theorem 2.13 we can write

— 2§72 (V1) } + Loday®)} = AL {y(0)},
=22 {§700 () } + 52§70 (4%9)) (0) + Lfa®w®)} = ML {y(t)}.
Using the Laplace transform,
= [ 2,020} + 577 (42) )] + 527 (§206%) ) 0) + Zofay)} = A2 {y(0)},
= 2%y (O} + 7§70 (%)) (0) +5° 1 (3%9)) (0) + Zo{aWy()} = AL {y(D)},
=52 (22, {y(1)} — 5(+%) 0) = () O] + 57 (429) (0) + 527 (§ 27 (429) ) (0)
+ Zday(O} = ALy (D)},
= $L Ly (1)} + s y(0) + 522 (1) (0) + 52 (5% (0)
+ 57§20 (%)) 00+ Zay()} = AL {y(1)},

— 22 L Ly(t)} 4 2T ey + 2% + 82 her + 5 teg + L {a(y (1)} = AL {y(1)},
82a+1 SQa 82&—1 Sa—l 1
Lolyt)} =cs s20+2 1 ) + ¢ s20+2 1 )\ +er s202 1 ) + ¢ s202 1 ) + s20+2 )\fp{q(t)y(t)}.

Now, to obtain (3.6), we just need to apply the inverse p-Laplace transform to the both sides of the last equation. O
Theorem 3.3. Consider the GFSL problem
Lay(t) = —o 22" (ogfaﬁpy(t)) Fat)y(t) = \y(t), 0 <a <1, (3.7)
with initial conditions
(Otﬂtliay) (0) = c9, (%17a0@?’py> (0) = 1o,
(‘ﬂliao@fa’py) (0) = e, (%kao@fa’py) (0) = c1, (3.8)

(&)
ENE
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where y € ACY[a,b], n € R and q : [0,n] — R is continuous. Then, the solution to the problem described in (5.7) and
(3.8) is

y(t) = co (%)Oﬁlﬂm,a ( — )\(i)m) + c1o0 (%)20‘71E4a,2a ( — )\(t:)m)

P\ 3a—1 P\ 4o P\ 4a—1 tP 4
+c11 (*) E4a,3a+1<— A(*) > +C12<*) E4a,4a(— A(—) a) (3.9)
P P p p
t
tP — 7P\ 4a—1 P — TP\ 4o dr
Biaa( = A( ) )
[ B (A Jattr 0
Proof. The proof can be completed in the same way as the proof of Theorem 3.1. ]

Theorem 3.4. Consider the GFSL problem with initial conditions:

Lay(t) = =§ 22 (027 y () + a(ty(t) = My (®), (3.10)
(oftl*ay) (0) = c13, (ftl*ao@ta’plo (0) = c1a,
(0@30%?0 (0) = c1s, (chzx,po_@za,p@ (0) = ¢, (3.11)

where y € ACZa,b], n € R and q : [0,n] — R is continuous. Then, the solution to the problem described in (3.10)
and (3.11) is

y(t) = c13 (tp)ailEha,a ( — /\<tpﬂ>4a> + c14 (%)milEm,Qa ( — A(Z))M)

»
+cis (%)hﬂla,zaﬂ ( - /\(75;)4a> +ci6 (%)3QE4a,3a+1 ( - )\(i)‘m) (3.12)

() Brsa A () a0

Proof. This is the same as the proofs of Theorem 3.1 and Theorem 3.3, and uses Theorem 2.11 and Theorem 2.12. O

Theorem 3.5. Let 0 < a < 1. Consider the GFSL problem

Loy(t) = =72 (v*y(0)) + q(u(t) = My (t), (3.13)
with initial conditions
y(0) = crr, (79)(0) = ess, (A 729%) (0) = cro, (A0 (12)) (0) = e, (3.14)

in which q(t) and y(t) are as in-Theorem 3.1. Then, the solution to the GFSL problem described in (3.13) and (3.14)
is as follows.

1P 2042 P 1P 2042
y(t) = c17E2a+21 ( - )\(;) ) + cig (F)E2a+2,2 < - )\(;) >

tP a+1 tP 2a0+2 tﬂ 2a+1 tP
+ c19 (*) Eoo 2,012 ( - A(*) ) + c20 (*) Eaa 22042 < — A(— 2a+1> 3.15
P 2ot P) P +2,20+ ( P ) (3.15)
t
P — 7PN 2a+1 1P — 7PN 2042 dr
RPN G\ (i i
+ /o ( P ) 20+2,2 +2< , )Q(T)?J(T )71*/)
Proof. The proof can be completed in the same way as the proof of Theorem 3.1. O

Note that the solutions (3.3), (3.6), (3.9), (3.12), and (3.15) correspond to the solution of the following fourth-order
Sturm—Liouville problem in which both « and p are equal to 1.
(=)=
E)NE
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y W) +a(t)y(t) = My(t), (3.16)
y(0) = A, y(0) = B, y"(0) = C, y"(0) = D, (3.17)

y(t) = AEy 1 (—M*) + BtEyo(—M*) + C2Ey3(—M*) + D Ey 4(— M)

+ /0 t (t - T)3E4,4( (- 7)4)q(7')y(7', \)dr. (3.18)

Furthermore, it is easy to see that all these representations will be the same when o = 1, regardless of the value of
P

4. RESULTS

Now, we consider the homogeneous parts of the problems we have already discussed, and we compare their analytic
solutions. The homogeneous part of (3.1) is

Liy(t) = C@“vﬂ( DRPy(t )) =yt), 0<a<l, (4.1)

y(0) = 1, (§20°9)(0) = ca, (§22°%9)(0) = s, (§20(5 27 "y)) (0) = cu. (4.2)
The analytic solution to the problem described in (4.1) and (4.2) is

o0 = aBuns (- M(5)") + () B (- 2(5))

(4.3)
1P\ 2« 1P\ 4o 1P\ 3« P\ 4o
+c3 (;) Eia2a+1 ( — )\<;> > +cq (;) Eia3a+1 ( — A(;) )
The homogeneous part of (3.4) is
Lay(t) = = § 27 (¥(t)) = (), 0 <@/ < 1, (4.4)
y(0) =5, (79)(0) = 6. (+%9)(0) =z, (§2°(+%9) ) (0) = cs. (4.5)
The analytic solution to the problem described in (4.4) and (4.5) is
1PN 2042 tP tP\ 2a+2
y(t) = cs Faat2.1 < - )\(*) ) + CG( )E2a+2 2 < A(*) >
PN 2 Z PN 2a+2 ’ PN o+2 ! PN 20+2 (4.6)
+ 67(;) E2a+2,3< N A(;) > + cg (;) Eoot2,043 ( - )\(;) ) .
The homogeneous part of (3.7) is
Lay(t) = =77 (627" y(1)) = My(t), 0 < a <1, (4.7)
(67 79) () = co, (A= 2y)(0) = cao,
(#2072 y) (0) = ey (A% Z7y) (0) = exa. (4.8)
The analytic solution to the problem described in (4.7) and (4.8) can be found as
PN a—1 1P\ 4o P\ 2a—1 P\ 4o
y(t) = cg (*) Eioa ( - A(*) > + c10 (*) Eio 20 ( - /\(*> )
p p P p (4.9)
tP N 3a—1 P da PN do—1 O ’
+c11 (;) E4a,3a+1(—)\(p) ) +C12<;> E4a,4a<—/\(p) )
Bo
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The homogeneous part of (3.10) is

Lyy(t) = =6 27" (093”‘”’@/(75)) =X\y(t), 0 <a <1, (4.10)
(67 79) (0) = 13, (A7"02y)(0) = eva,
(0-@3&”)@ (0) = c1s, (ocgta’po@fa’p@ (0) = ci6- (4.11)

The analytic solution to the problem described in (4.10) and (4.11) is

) () vl ()

+c15 (%)2QE40¢,20¢+1 ( - /\(752)4&) + ci6 (%)SaEéla,?»a—i-l ( - )\(7;))4(1) . (4.12)
Finally, the homogeneous part of (3.13) is
Lay(t) = =02 (12(t)) = (), 0 <a <1, (4.13)
y(0) = 17, (vy) (0) = cs,
(#79%0) (0) = cra, (S0 28"(3%9)) (0) = ean, (4.14)

in which ¢(t) and y(¢) are as in Theorem 3.1. The following is the solution to the GFSL problem described in (3.13)
and (3.14).

PN 2a+2 tP tP N 2042
y(t) = cirEaa+2,1 ( - A(;) ) +ci1s (;)E2a+2,2 ( — )\(;) )
PN at1 1PN 242
+ c19 (*) Eoqt2,a+42 ( - A(*) )
p p

1PN 2a+1 P
+ c20 <;> Eaat2,2042 < - /\(p)za+1> . (4.15)

5. CONCLUSION

In this paper, we found integral representations for the solutions of certain fourth-order GFSL problems, and we
obtained their analytic solutions. We could find the eigenfunctions and eigenvalues, and we examined the eigenvalues
with respect to different values of a and p. Also, we observed that when « approached 1, the classic solution was
obtained.
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FIGURE 3. Eigenvalue of (4.3): p =
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FIGURE 4. Eigenfunction of (4.3):
a = 0.75 and p = 0.7, while ¢ =
Cy = C3 = Cq4 = 1
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FIGURE 5. Eigenvalue of (4.6):
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FIGURE 7. Eigenvalue of (4.6): p =
08andci =co=c3=cq4 =1

\/ 5

1000

-500

-1000

-1500

30

20

— p=T
— p=8

— p=9
—_— ?=1

FicUure 6. Eigenvalue of
a=landci =co=c3=c4 =1

(4.6):

— A=11.24
— A=12.21
—— A=14.10

FIGURE 8. Eigenfunction of (4.6):
a = 0.75 and p = 0.7, while ¢ =
co=c3=c4=1
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