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Abstract r N

This research examines the phenomenon of optical solitons in the framework of the dispersive concatenation model,
which incorporates three established models: the Lakshmanan-Porsezian-Daniel equation (LPDE), the Hirota
equation (HE) and the nonlinear Schrédinger equation (NLSE). This model describe the soliton transmission
dynamics across trans-continental and trans-oceanic dynamics. The model provided is situated within the context
of nonlinear optics, a branch of optics that deals with optical phenomena in materials where the response of the
medium to light is nonlinear. The equation appears to be a generalized model that combines several well-known
equations from nonlinear optics. These equations often emerge as simplified descriptions of specific nonlinear
effects in various optical systems. They capture phenomena like self-focusing, self-phase modulation, and soliton
propagation, among others. The improved modified extended tanh scheme (IMETS) is utilized to derive solitons
and other solutions for the investigated model. Many types of solutions are extracted with the help of the IMETS.
These solutions including dark, bright, and singular solitons, Weierstrass elliptic and singular periodic solutions.
The nature of the extracted solutions is illustrated by introducing both 2D and 3D graphical representations and
setting the parameters with appropriate values.
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1. INTRODUCTION

A variety of physical systems such as fluid dynamics, optics and plasma physics are modeled with the aid of
NLSE which characterizes the progression of a function with complex values that represent the wave envelope. The
nonlinearity in the equation stems from the fact that the wave speed depends on the wave amplitude. The nonlinear
Schrédinger equation is of utmost importance in examining optical solitons. As these solitons move through a nonlinear
medium, they can maintain their velocities and shapes. NLSEs can be utilized for the purpose of designing and
enhancing optical fiber systems for a wide range of applications, including telecommunications and optical computing.

Several recent studies have focused on soliton solutions including the Gerdjikov-Ivanov equation [1, 2], the Radhakrishnan-
Kundu-Lakshmanan equation [3, 4], the Kundu-Eckhaus equation [5], HE [6], LPDE [7], and others. The dispersive
concatenation model is a composite of three separate mathematical models: the NLSE with fifth order dispersion, the
LPDE, and the HE model. Each of these models elucidates distinct physical phenomena associated with nonlinear
waves, including optical solitons, rogue waves, and other nonlinear waves. By examining the concatenation model,
scientists can gain a more comprehensive understanding of the characteristics of nonlinear waves and developing new
solutions to the associated physical dilemmas. Researching the concatenation model is a potential area of study that
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can provide new insights into the mechanics of nonlinear waves [8—13]. The dispersive concatenation model reads as
[14]:

Z'(Pt + APz + b|<P|2<P - 7161 (Ul(pa::rw + U2“p|230z) + 62[0390wwzx + U4|50‘2(Pa:w
+ oslel'e + o6lpa*e + 07(00)? 0" + 0895, 9°] — 163090 raaze + 010/0 Prae (1.1)
+ 0'11|<P|4901' + ‘71290901‘%0:1 + 0130 PrPur + T14PP; P + 0'1590:(90I)2} =0.
Here ¢(z,t) describes the wave profile. The temporal evolution is denoted by the first term. Chromatic dispersion
and Self-Phase modulation are denoted by a and b respectively. All parameters o; for j = 1,2,3, ..., 15 are constants.
Eq. (1.1) converts to the classical NLSE when §; = d3 = d3 = 0 while HE model is generated in case of §; # 0 and
do = 03 = 0. For §; = 63 = 0 with dy # 0, Eq. (1.1) reduces to LPDE.

The proposed model was studied by employing the enhanced Kudryashov’s approach to get straddled, bright, and
singular optical solitons. This algorithm not only provides a nuanced understanding of the various soliton types but
also highlights the occurrence of singular solitons that exhibit unique characteristics. In addition, the Riccati equation
expansion approach was applied to obtain dark solitons in addition to singular solitons. Furthermore, the Weierstrass’
expansion scheme was implemented to encompass bright, singular solitons [14]. In this work, the improved modified
extended tanh function method is implemented to study Eq. (1.1). This method is based on the extended Riccati
equation which can produce various and novel types of solutions for the investigated model. This solutions including
bright, dark and singular solitons. In addition, singular periodic, rational, exponential and Weierstrass elliptic solutions
can be raised.

2. INTEGRATION SCHEME OF IMETS
This part briefly discusses the IMETF approach [15, 16]. Considering the next NLPDE

F(@,0t, Py Puas Ptas o) = 0. (2.1)

The subsequent steps should be performed to handle Eq. (2.1) using the IMETF scheme:
Step(1): Utilizing the subsequent transformation:

o(z,t) = ¢(§), (2.2)
where £ = x — ¢ t,. After that, Eq. (2.1) can be expressed as:
Gle, ¢ ¢ ¢, ..) = 0. (2.3)

Step(2): The resulted NLODE’s solutions can be represented as:

k —k
©(&) = a;TI(€) +. ) b ;YI(E), (2.4)
j=0

j=—1
where T () satisfy the following differential equation:

T'(€) = Vdo + diY(€) + do2Y2(€) + dsY3(E) + duLA(€). (2.5)

Step(3): k can be evaluated by applying the balance rule on Eq. (2.3).

Step(4): The NLODE is transformed into nonlinear algebraic equation (NLAE) by inserting Eqgs. (2.4) and (2.5) into
Eq. (2.3).

Step(5): A system of NLAE is then generated by collecting and equating the coefficients of Y7(¢) with zero. The
resultant system can be handled to evaluate a;, b;, and c using Mathematica packages.

Step(6): One can get many solutions for Eq. (2.1) by substituting the determined constants and the general solutions
of (2.5) into Eq. (2.4).

Comparing with other techniques such as extended direct algebraic method [17], simple ansatze method [18], the
Unified method [19], the modified and extended rational expansion method [20], the extended (G’/G?)-expansion
technique [21], the variational principle method [22, 23], this method give various types of solutions such as bright,
an
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dark, singular solitons. In addition, other mathematical solutions such as exponential, Weierstrass elliptic, rational
type and singular periodic solutions can be extracted. However, when N, which is evaluated via the balance rule, is
large, it will give a more complex system that is difficult to solve.

3. MATHEMATICAL ANALYSIS

The purpose of this section is to obtain exact solutions to Eq. (1.1) in the format indicated below:

pla,t) = REeVEY,
& = z—ct, (3.1)
P(x,t) = —kx+wt+ 6.

Here k denote the soliton frequency while 6y denote the phase constant. Wave number is denoted by w while ¢ denote
the soliton speed. By inserting Eq. (3.1) into Eq. (1.1) and then dividing into real (Re) and imaginary (IM) portions,
we obtain:

Re parts:

"

(6903 — 563&09)%(4) (€) + (1003K% 09 — 609K%03 — 361k01 +a)R (&)

+(01K301 + daktos — d3k5 a9 — ar? — wW)R(E)

+(203K012 — 203K013 — 203014 — 03K015 + 0206 + 5207)%(5)%,2(@

+(—383k010 — 03K012 — O3K013 + O3k014 + 204 + 0208)RE(EOR (€) + (6205 — J3k011 )R> (€)

—1—(63113010 + 0363012 4 03k3015 — 03K5014 — 03K>015 — O1K09 — Oak20y + 0ok’0g — dakZoy

—6ak%08 + D)R3(€) = 0, (3.2)

and the IM parts:

~0309R®) (&) + (1003709 —40akay — S1o)R (€) + (—503r oy + 405k%05 + 301701 — 2ak — YR (€)
—83015R 3(€) — (83012 + 03015 + 0301)R(E)R ()R (€) — 30100 (R (€)

+(353/€20'10 — 53H2012 + 353%20'13 - 53%20'14 - 63%2015 - 262%0’4 — 252&0’7

1205k05 — 6102)RE(ER (€) — 3011 RHEOR (&) = 0. (3.3)

Differentiate Eq. (3.2) with regard to &, we get

"

(603 — 563/@09)?}?(5)(5) + (1083K309 — 60aK%03 — 36 k01 + a)R - (€)

(61K30 + a0y — 836509 — ar® — wW)R (€)

(203K012 — 203K013 — 203K014 — 03K015 + 0206 + 5207)%/3(5) + (203k012 — 6d3K0713

—203Kk014 — 2036015 + 20906 + 20907 — 603k019 + 20904 + 26208)%(6)%/ (f)?RH &)

+(—383k010 — O3k012 — 03k013 + O3K014 + 6204 + 0208)RZ(E)R . (€) + 5(6205 — d3ka11)RHER (€)
+3(63k3010 + 03k 012 + 03K3013 — 3KP014 — O3k3 015 — S1KO9 — ok’

655206 — 6ak207 — Sak20s + B)RZ (R (€) = 0. (3.4)
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Egs. (3.3) and (3.4) will be similar under the following circumstances:

0203 + d309(1 — 5K) = 0,

10636209(k — 1) + a + 203625(2 — 3K) + 6101(1 — 3k) = 0,

01k201(k — 3) + 02033 (k — 4) — d309k3 (K — 5) 4+ ak? — w + 2ak + ¢ = 0,

205k012 — 203K013 — 203K014 + 93015(1 — K) + d206 + da07 = 0,

03012(2k + 1) 4 03013(1 — 6K) + d3014(1 — 2K) — 203K015 + 20206 + 20207 — 6I3K010 + 20204 + 20208 = 0
03010(1 — 3K) — d3k012 — 03K013 + O3K014 + 0204 + da08 = 0,

50905 + d3011(1 — 5k) = 0,

303k2010(k — 1) + d362012(1 — 3K) + 3030138%(k — 1) + d3k2014(1 — 3K)d3K%015(1 — 3K)

+6109(1 — 3K) + 02k04(2 — 3K) + 30aK%06 + dako7(2 — 3K) — dakog(3k +2) +3b = 0.

The following form can now be used to rewrite Eq.(3.3):

where

RO(E) + AR (€) + AR (€) + AR 3(€)

FARER (R () + AsRZOR (&) + ARZ(ER (&) HARUER (€) =0,

—1
Al = ﬁ(loagliQO’g — 452503 - 5101)7
309
-1
Ay = r(—553n4ag +40yk% a3 + 301K%01 — 2ak — ¢),
309
Ay = %7
o9
1
Ay = ;(012 + 013 + 014),
9
As = 210
09
—1
Ag = 030 (303K°010 — 3k°012 4 303K%013 — 03K°014 — O3k°015 — 202k04 — 202K07 + 202K05 — 6102),
309
A, = 2
09

Applying balance rule, we have k ='1. Subsequently, the solutions of Eq. (3.5) can be represented as:

b
%1(5) =ag+a1 T+ ?1
Using the procedures (2.3), (2.4) and (2.5) mentioned in the last part, the next results are derived:
Set 1. go =91 =93=0
Result (I)

2g4 (G%AG + 6Alg4) (G%A1A7 + G,% (2A6 - Al (A3 - 4A5)) gaq + 12A19§)
ai ((As —445) g4 — afA7) 2 7
294 (a3 A6 + 6A194) 203 A,

P T (D7 — Bags + 48sg0) T V(A3 +2A4 + 6A5)2 — 480A7 + Az + 2A4 + 6A5

aOZO,bl :O,Ang

)

(3.5)
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Then, we derive

2401 A7 — 28 (V/(Bg + 284 + 685)7 — 48087 + Ag + 204 + 645
(P(-T, t) =
QAA3+2M+0AQ2_4mA7+mg+aA4_mg)A7
_ 12A:A B
2t x)\/\/(A3+2A4+6A5)2—28027+A3+2A4+6A5 Ao
x  sech x e (@)
\/\/(A3 +2A4 + 6A5) 2 — 480A7 + 3A3 + 2A4 — 2/
2401 A7 — 28 (V/(Bg + 284 + 685)7 — 48087 + Ag + 204 + 645
90(1.3 t) -
QAA3+LM+6A@2f4mA7+mg+aA4fmg)A7
12A: A
2et = :E)\/AG - \/(A3+2A4+6A5)27418027+A3+2A4+6A5 } (o)
X sec x e\

\/\/(Ag +2A4 +6A5)2 —480A7 + 3A3 + 2A4 — 2A5
A bright solitary is denoted by Eq. (3.7) whereas Eq. (3.8) denote a singular periodic solution.

2
Set 2. glzggzo,go:fi

Result (I)

G%A?,Q%
(As+ Ayga +4g3)°
_ a?A3g3 — 224935 = 203 A593 + 120094 — 729493
26‘%92 ’
94 (a3A3 4+ 2a3 A4 + 6a3As + 120g4)
1
ap

a0:07 61:0, 94:*4

Ag

Ar=—

Then, we derive

A2+A192+4g§ (w—gg(l‘—Ct)) :
x,t) = V2 X tanh [ ¥———= | X ezw(r’t),
P \/ Asgs V2

AQ +A1g2+4g§ < gg(iﬁCt)) .
1) = V24— x tan [ Y2222 ) x (@t
el 1) \/ Azgo ! V2 ‘

A dark solitary is denoted by Eq. (3.9) whereas Eq. (3.10) denotes a singular periodic solution.
Result (II)

a192 . AQ + 4g2 (Al =+ 1692)

a0 ) 9 2 " " 8a1A3zg2
o = (Ag +2A4 + 6A5) go — \/((Ag +2A4 + 6A5) 2 480A7) g%
1— 4A7 ’
A — 892 (a1b1 (A3 —2(As + As)) + 36g2) — 3As
6 — .
4a1b1

ot



6 E. SALAH, I. SAMIR, E. ABO EL-DAHAB, H. M. AHMED, M. AMMAR, AND M. ESLAMI

Then, we derive

-1 i (x,t

QD(.CL', t) m { \/AQ + 492 (Al + 1692) X coth (\/5\/ *92(1' — Ct)) } X e ( ), (311)
1 AQ wp(x,t

p(z,t) = Aggz{\/Q —2A1g2 — 3293 x cot (\@,/gz(z - Ct)) } x (@t (3.12)

Eq. (3.11) is a singular solitary solution whereas Eq. (3.12) represents a singular periodic solution.

Set (3) g2 = g4 = 0
Result (I)

1
b1 =0, Ay, =0, Az = 5(—3) (A4 + 2A5) R
a3Ayg1 + 3a3Asg1 + 3ataiAugs + Yadai Asgs + 45agg3

A =
3a1g3
A — 3a} (Ay + 2A5) go — aga$Asgr + 3adar (Ay + 4A5) g3 — 9alg1g93 + 45a3 g3
2 2a? ’
1 5 5
g3 = —%al \/(10 (A4 + 4A5) —40A¢ + ag (A4 + 4A5) .
Then, we derive
(m—ct)\/—al (\/CL(Q) (A4+4A5)2 — 4046 + ag <A4+4A5) .
p(z,t) = {ao +arp N {ha, ha} } x (@t - (3.13)

where ho = —4g¢1 /g3 and hg = —4g9/gs. Eq. (3.13) denotes Weierstrass elliptic solution

Set (4). go=91=92=0

Result (I)
o \/A%—4A2A7+AG
b1:0 ag = — A7 g3:4aog4 g4:ﬂ
’ \/i ’ aq ’ 3 (Ag — 2A5) ’
A = —2a2a2A7 — a?Ag — 6a2A594 A, — 2 (afA7 + 6a3Asg4 + 9093)
! 694 » o 3a2gy '

Then, we derive

\/_@ (260 - e? (VAT = 48587 + Ag ) + 943 - 1845)
A { V2 (2~ et)? (VAT 48287 + Ag) + 30— 645)

} x et (@t (3.14)

(=)=
E)NE
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VAZ Z4AAL + A Ty or)y| VAR 18287440 ,
p(x,t) = {\/— . QAQ T A [y geVEED A3=285 x (@t (3.15)
7
A rational solution is derived by Eq. (3.14) whereas Eq. (3.15) denotes an exponential solution.

2
Set (5). go =91 =0,94 = 72

Result (I)
T (\/(A3 T 284+ 6A5)2 — 480A; + Ay + 2, +6A5) P
7 93 8a2A; ’
A, = 92 (4(1‘1*A7g§ +a2A4929% + 5a?As59293 + 2a3Agg3 + 15g§)
393 ’
A, — 93 (@18763 + afAagag3 + ;ajAsgw% — afAegi + 12g5)
g3

Then, we derive dark solitary solution

) (\/(A3 F20; 1 6A5)2 — 48087 + Az + 20 + 6A5) e
o(z,t) = —— XAl —
42 Azgy

(¢ — ct) \/_ (\/(A3+2A4+6A5)27480A7+A3+2A4+6A5)g§

a21A7

4v/2

tanh

X

+1

(\/(Ag +2A4 + 6A5) 2 —480A7 + Az +2A4 + 6A5> g3 i .
- x eV @t), (3.16)
8a1A7

4.3D AND 2D VISUALIZATIONS

In order to highlight the properties of the derived solutions, we present the two—dimensional and three-dimensional
graphs of some solutions. Fig (1) shows a bright solitary solution of Eq. (3.7) with ¢ =0, A; =2, Ay =0.18, Az =
0.25, Ay =1, A5 =0.285, Ag = —2, A7 = 0.001. Singular periodic solutions of Eq. (3.8) is introduced in Figure 2
with ¢ = —2.95, A; = —0.565; A3 = —0.025, Ay = —0.615, A5 = 0.04, Ag = 0.46, A; = —0.02. Figure 3 shows a
singular solitary solution of Eq. (3.11) with ¢ =0.02, Ay = =2, Ay = =2, A3 = =2, go = —2. Figure 4 shows a dark
solitary solution of Eq. (3.16) with ¢ = —0.48, a; = —0.22, g4 = 0.02, g3 = —0.26, Az = —0.15, Ay, = 0.86, A5 =
0.1, Ay =—0.28.

5. DISCUSSION AND RESULTS

This paper successfully ventured and recovered optical soliton solutions to the dispersive concatenation model with
linear chromatic dispersion and self-phase modulation. Earlier investigations have laid the groundwork by introducing
concatenation models combining established equations such as the NLSE, LPDE model, and Sasa-Satsuma equation.
We have extended these models to incorporate higher-order dispersive effects, introducing equations like the SHE and
quintic-order NLSE. Studying was conducted with the aid of the improved modified extended tanh function method,
various and novel solutions were raised. These solutions including bright, dark and singular solitons. In addition,
other mathematical solutions such as Weierstrass elliptic, exponential, rational and singular periodic solutions were
constructed. 3D and 2D graphical representations were illustrated for some selected solutions to show the nature of the
propagated waves. These solutions were presented by setting the parameters with appropriate values. The obtained

(&)
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FIGURE 1. Bright solitary solution of Eq. (3.7).
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FIGURE 2. Singular periodic solution of Eq. (3.8).

solitons proved that a dedicated balance occurred between the non linear and dispersion terms. These solutions will
help in the development of the communication industry as these types of solutions can propagate to very long distances
maintaining their shapes and speeds.

6. CONCLUSION

The IMETS was successfully applied in this work to investigate dispersive optical solitons. Many solitons and other
solutions were extracted. These solutions including bright, dark, and singular solitary solutions, Weierstrass elliptic and
singular periodic solutions. Moreover, graphical representations in both 2D and 3D of some of the recovered solutions
are presented to illustrate the characteristics of the propagating wave. These solutions provide an explanation for
a wide range of fascinating and challenging physical phenomena due to the NLSE model’s applicability in several
scientific domains, including wave-guides and optical fibers. The retrieved solutions in this research study are novel,
and the model was not previously investigated using the proposed methodology. The approach’s success, convenience
of use, and efficacy show the method’s applicability for dealing with nonlinear optical problems. With all of these
an
BE
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FIGURE 4. Dark solitary solution of Eq. (3.16).

features, it will undoubtedly enrich the literature. The results are thus tremendously promising and lead to the
avenues of further research in this arena. Later, the model will be studied with differential group delay followed by
the consideration of the model with dispersion-flattened fibers. In addition, the stochastic model can be investigated
to show the effect of the noise on the extracted solutions.
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