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Abstract , N

Maximal surfaces, a fascinating class of surfaces in differential geometry, are identified by having a mean curvature

equal to zero. This distinctive feature gives rise to a nonlinear second-order partial differential equation. In this
current article, we delve into the symmetries that underlie the maximal surface equation. Next, we identify one-
dimensional optimal system of subalgebras that span these symmetries. It provides a powerful tool to analyze
and manipulate the equation, making it easier to study. Finally, since we aim to not only explore the underlying
symmetries of the maximal surface equation, we demonstrate how these symmetries can be harnessed to uncover
and classify a wide range of maximal surfaces by using reduction methods.
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1. INTRODUCTION

Lie symmetries play powerful role in the field of differential geometry, allowing us to solve a variety of geometric
problems effectively and elegantly. These symmetries are closely related to the idea of invariance and offer a mathe-
matical framework that help us comprehend and resolve complicated problems, such as determining geodesics, minimal
or maximal surfaces in various geometric spaces.

Numerous researchers have delved into the exploration of symmetries within the context of geodesic equations
and have widely reported classification results [1, 3]. This has led to the revelation that Noether symmetries form a
subalgebra within the realm of homothetic algebra. Given the profound link between symmetries and conservation
laws established by Noether symmetries, their significance in the field of science cannot be understated.

In essence, the symmetries extend their influence over all matters related to the action integral, even when these
matters aren’t directly connected to geodesic equations. This is because the symmetries inherently pertain to the
symmetries of the action integral itself. Inspired by this intriguing perspective, Aslam and Qadir [2] investigated
specific spaces, uncovering a compelling relationship between the Noether symmetries of minimal Lagrangians and
the isometries inherent in this spaces. Furthermore, these authors [6] identified the symmetries within the framework
of Lagrangians for minimal surfaces with fixed volumes in diverse spaces, encompassing Euclidean spaces, spaces
characterized by constant curvature, and Schwarzschild spacetimes.

Recently, the first author et al. in [4] determined the Noether symmetries of hypersurfaces minimizing area with
fixed volumes within select vacuum classes of pp-waves. Additionally, they uncovered the associated conservation laws.
These spacetimes have undergone thorough examination in the literature related to Einstein’s equations, particularly
those accommodating a covariantly constant null bisector field.

Another important problem concerning about Lie symmetries is identifying the maximal surface by solving the maximal
PDE equation. Maximal surfaces have taken the attention of researchers for years, both in the fields of physics
and mathematics, and present a complex and intricate differential problem. These surfaces provide a rich field for
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investigation because of their singular viewpoint on the interaction between geometry and physics, which is typified by
a mean curvature of zero. The application of Lie symmetries to reveal the properties of maximal surfaces demonstrates
the power of mathematical symmetry in solving intricate, problems in differential geometry.

Furthermore, Lie symmetries, a potent mathematical tool that uncovers hidden structures and invariance within
differential equations, prove instrumental in the study of maximal surfaces. By applying Lie symmetries to the
differential equations obtaining these surfaces, scholars can find a multitude of details regarding their characteristics,
symmetries, and classification. This method not only makes maximal surfaces easier to understand, but it also makes it
easier to use them to solve practical problems, such as modeling the behavior of soap bubbles or optimizing membrane
structures in engineering.

Here, as a new approach to Lie symmetry groups of maximal surfaces, we determine Lie symmetry groups of
maximal surfaces in L3 by a partial differential equation describing maximal immersions. We employ Lie symmetries
to diminish the order of the equation. Some solutions of this equation are then obtained.

2. PRELIMINARIES

Let we denote by L3 the space R? equipped metric g = dx? + dy? — dz?. A spacelike surface M in L3 is considered
maximal if the mean curvature H at every point on the surface is equal to zero. Suppose M be represented as the
graphical representation of the function z = z(z,y) over a specific area of D into R?. We can demonstrate that the
mean curvature of this surface can be defined by the equation

Zgpa (1 — 25) + 2y (1 — 22) + 2252y 20y

H= .
2(u2 + 22 —1)2

When the mean curvature H equals zero, it implies that the following equation holds
Zoa (1 — zi) + 2y (1 — zi) + 2232y 25y = 0. (2.1)

In this case, M is called maximal surface, and the Equation (2.1) is said to be maximal equation of M.
We extend z to the second order function 2(?) : D - Z(2), Here, 7@ = Z X 7y x Zy 2 RS corresponds to the
Cartesian product space where its coordinates denoting the derivatives of z of orders ranging from 0 to 2, denoted as

2 . .
)= (2522, 2y} 2oz, Zyy)-

The total space, denoted as D x Z(?)| encompasses the input variables, the output variable, and the second-order
derivatives of the output variable. This second-order space is known as the jet space of the domain D x Z.
Now, we contemplate the equation:

H(Z‘,y, Z(z)) = Zﬂcx(l - Z;) + Zyy(l - ZJQC) + 2szyzxy'

This equation can be associated with the linear subvariety W = {(z,y,2?) € D x Z@®|H(z,y,2?) = 0}, within
D x Z, which is determined by the function H vanishing W. H with maximmal rank when happens that the Jacobian
matrix

Tr(w,y, 2 ) = (Mo, Hyi Has Hey Hai He Mo Hy ),

Zraxd Zxy?

satisfies the condition that the rank of Jy is equal to 1 whenever
H(z,y,2?) = 0. (2.2)

So maximal equation yields

He =0, Hy=0, H,=0, H. =2zyzzy — 222y,

_ 2 _ 1.2
—1—zy, ’szy—2zwzy, ’szy—l z2.

sz = ZZ:DZ;M; - 2Zyzwwa H T

Therefore the following Jacobian satisfies the Equation (2.2)

Ju(z,y, 2(2)) = (0,0, 0522y 20y — 2202yy, 22022y — 22y Zaz; 1 — ZZ, 2252y,1 — zz)

(=)=
E)NE
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Alternatively, a symmetry group of a partial differential equation refers to a set of transformations denoted as GG, which
operates on an open set of the surface M encompassing both input and output variables in the space. This group
exhibits the characteristic that if z = z(x,y) represents a solution of the H = 0, then z, = g.2(z, y) also represents a
solution of the H = 0 for every transformation g. The following Theorem represent an invariance algorithmic method
employed to determine G.

Theorem 2.1. Suppose H(x,y,z(Q)) = 0 with mazimal rank specify within an open set M C D x Z, if there exists
a local set of transformations, denoted as G, that acts on M, and if the condition Y[H(z,y,2®)] = 0 is satisfied
whenever the equation H(x,y,z@)) = 0 holds, for any infinitesimal vector fieldY belonging to the group G then it
follows that the group G is a symmetry group of H(x,y,z) = 0.

Take into account the vector field Y = &;(z, y, Z)a% + & (Y, z)a2 +n(x,y, 2)62’ on M € D x Z , the vector field
Yy 2

0 0
Y = ¢ (x,y, z)a% + & (z,y, z)a— + n(z,y, z)a— is referred to as its first prolongation of Y, where
y z

1" =N + (1 — £1,) % — E2,2y — &1.20 — E2. 222y

and

nY =y — glyzx + (1. — €2y)zy — &1, 222y — 52225-

0 0
The vector field Y?) =y 1) 4+ nm@ + n’”ya + nv¥ is referred to as its second prolongation of Y, where

0N = Mg + (200 — Elw)zx - fzmzy + (122 — 261,.) 7
— 285, 202y — €120 — &o. 202y + (N2 — 261, ) Zan — 282, 2oy
- 3£1zzxzmx - §2z2y2m - 252 ZxRxy,
N =Ny + N2y — &Ly)zw (Mse — 0,,)2y =E1y25 + (122 — &1L,
- §2zy)2mzy - fzm y 51 Zex + (M2 — &, — 52 )Z:ty — &2, 2yy
— &1, 2y Zaw — 282, 2y Zay — 262, ZaZah — §8Zazyy — £1.. 702 — £2.. 227y,
N = nyy + 202y — &2,,) 2y — &1, %0t (12 — 262,,) 70
— 281, %02y — 52223351222:022 +(n: — 262, )2y — 261, 22y
— 382, 2y 2y — €1, 20 Zyy = 2612y Zay-
For Equation (2.1) the condition of Theorem 2.1 becomes
1" 22y Zay — 2222yy) F 0 (220 20y — 22y200) + 0" (1 — ) + 0P (1= 22) + 0™ (22,2) = 0, (2.3)

Substituting the functions n*, n¥, n°*, n*¥ and n¥¥ defined by the first and second prolongation of Y| Y2 and by
removing any interdependencies among the derivatives of z’s stemming from Equation (2.1), we discover:

Naw + Myy + 2nez = &, — €1,,)2% + (2nzy —&2,, — &)z + (022

“Myy — 261,.)25 + (22 — Naw = 252;,2) = 2(Nay — &2, — &1,.) %02y

—(&1,, — &,,)7 — (&, — &2,.)70 — (26, — &1, + 61, )22 + (261,

~Ea,, +€2..) 202y + 262, — M2)7we + 261, — 02)zyy — 2(61, — E2,)2ay

+2(ny — &2.)2y2ee + 2081, — M) 2o 2yy — 20y — €2.) 2020y — 261, +72) 2y Zay = 0.

We can now set the coefficients of the leftover independent partial derivatives of z to vanish. This action leads to the
generation of a set of numerous PDEs for the coefficients &1, &2, and n within the infinitesimal operator. These PDEs

(&)
ENE
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are often referred to as the defining equations for G associated the equation H = 0:

Moz + Nyy = 0, &, + flyy = 20>

82,0 1+ &2, = 21y, Naz — Nyy = 281,
Nz — Pua = 282,,., Ney — &2,. — &1,. =0,
&1y, —&1.. =0, §2.. — &2, =0,

§1,0 — 1., = 262, §2,, — §2.. = 261,
§2, = Nz, N = &1,

&1, = —&2,, ny = &2.,

Ne = &1,

By integration, we find the following solutions

51(x7yvz) =a7T — a4y + agz + aa,
&2(z,y,2) = asx + ary + asz + az,
77(%2/72') = agT + asy +arz+as

with a1, -+ ,a7 € R, and the operator Y is expressed by:
0 0 0 0 0 0 0 0 0 0 0
=qa)— — — —Yy—+x— s(z—+y— — —ty—+z2—). (24
Y a16x+a26y+a382+a4( yax—&-may)ﬁ-ad(zay+yaz)+06(wax+zax)+07(xax+y8y+zaz) (2.4)

Proposition 2.2. A partial differential equation, defined over a domain M that lies within M C D X Z, has a
collection of infinitesimal symmetries forming a Lie algebra of operators in the space M denoted by g. Also, if g is
finite algebra, the symmetry equation constitutes a local Lie group of transformations that act on the domain M.

The results are derived from g is as follows :

Theorem 2.3. The Lie algebra g for the mazximal equation consist of a set of seven vector fields that span it

0 7 0

Yi=— Yo=— Y3 = —
1 8.’1)7 2 ay; 3 82”

0 0 3] 0 0
Yim ys tr,  Yimro eyl  Ye=r— 4a—
! y@ersz’ g 28y+y8z’ 6 Z@erxaz’
Y7:177 4

As each one-parameter subgroup G; generated by Y; represents a symmetry group, every solution z = z(z,y)
undergoes the transformation to the following solutions

2 = z2(z — e,y),
23 = z(z,y —e),
2®) = 2(x,y) + e,

PR z(x cose — ysine, xsine + ycose),

5

20 cosh e — ysinh e = z(z,y cosh e — (> sinh ),

) coshe — zsinhe = z(xz coshe — 2 sinhe, Y),

Y),

where € is an arbitrary real number. For every s-parameter subgroup K within the complete symmetry group G of
the equation, there exists a set of group-invariant solutions. Therefore, a way to classify these solutions is to employ
an optimal system of group-invariant solutions, from which all other solutions can be extracte

(=)=
E)NE
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TABLE 1. Adjoint representation.

ot

Ad Y1 Y5 Y3 Yy
Yl Yl Y2 Y3 Y4 — aYg
Y2 Yl Y2 Yg YZL + aY1
Yg Yl Y2 Y3 Y4
Y, Yicosa + Yosina Yocosa — Yisina Y; Y,
Y; Y1 Y5 cosha + Yssinha | Yscosha + Yssinha | Yicosha + Ygsinha
Ys | Yicosha + Yssinha Y, Y3 cosha + Yysinha | Yscosha — Yssinha
Y e*Y; e?Ys e*Ys Y,
TABLE 2. Adjoint representation.

Ad Ys Ys Y

Yl Y5 Y6 =+ CLY3 Y7 — aY1

Y2 YY5 — (J,Yg Y@ Y7 — G,YYQ

Yg Y:t; — CLYQ Yﬁ — CLY1 Y7 — aY3

Y, Y5 cosa — Ygsina Ys cosa + Y5 sina Y7

Ys Ys Ys cosha + Yy sinha Y~

Ys | Yscosha — Yysinha Ys Y7

Y7 Y5 Ys Y7

Proposition 2.4. If z = z(x,y) represents a solution that is invariant under the subgroup K of the equation, and
if g € G is any other group element, then the transformed function z, = Z(x,y) = g - 2(x,y) becomes an invariant
solution under the subgroup K = gK g™, which is the conjugate subgroup of K under the action of g.

The challenge of categorizing group-invariant solutions can be simplified by focusing on the classification of sub-
groups within the full symmetry group G, considering them under conjugation. This process is essentially synonymous
with the task of classifying subalgebras of the Lie algebra g associated with the group G.

To achieve this, we undertake the computation of the adjoint representation AdG of the underlying Lie group G by
employing the Lie series methodology.

e m 2
Ad(exp(@¥)Y;) = Y = (adY))"™(¥;) = Y; — alYi, Y] + [, [Vi, Y]] -
m=0

the entry in the (7, j)-th position represents the action of the adjoint representation Ad(exp(eY;))Y; on the elements
Y; and Yj.

In the context of one-dimensional subalgebras, the classification quandary is fundamentally analogous to the task
of categorizing the orbits within the adjoint representation. This is owing to the fact that each one-dimensional sub-
algebra is uniquely identified by a nontrivial vector in the Lie algebra g. The approach involves considering a general
element denoted as Y and subjecting it to diverse adjoint transformations with the objective of rendering it as ”simple”

as feasibly achievable. Thus we will construct a one-dimensional optimal system of Equation (2.1) by considering an
7
arbitrary element y = " s,;Y; of Equation (2.1) lie algebra g. The map G{' : g — g given by y — Ad(exp(a;y;))y is a
i=1
,7. By using the above Table the matrix M/ of G;* with respect to basis {Y7,---

linear, ¢ =1,--- , Y7} is given by

(&)
ENE
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1 0 0O 0 O 0 O 1 0 0 0O 0 0 O
0 1 0O 0 O 0 O 0 1 0 0O 0 o0 O
0 0 1 0 0 0 O 0 0 1 0O 0 0 O
M*=1]10 —a o0 1 0 0 0|, MP=]a ©0 o 1 0 0 of,
0 0 0O 0 1 0 O 0 0 —az 0 1 0 O
0 0 agz 0 0 1 O 0 0 0 o 0 1 o
—ai 0 0O 0 0 0 1 0 —ag 0 0O 0 0 1
1 0 0 0O 0 0 O cos ay sin aq 0 O 0 0 0
0 1 0 0O 0 0 O —sinay cosas 0 O 0 0 0
0 0 1 0 0 0 O 0 0 1 0 0 0 0
Mf?’ = 0 0 0 1 0 0 0}, M{M = 0 0 0 1 0 0 0 s
0 —as 0 0O 1 0 0 0 0 0 0O cosas —sinag 0
—as 0 0 0O 0 1 0 0 0 0 O 0 cos aq sin aq
0 0 —a3 0 0 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 coshas sinhas 0 0 0 0
0 sinhas coshas 0 0 0 0
M1a5 =10 0 0 coshas sinhas 0 o1,
0 0 0 1 0 0
0 0 0 sinh as 0 coshas O
0 0 0 0 0 0 1
coshag 0 sinhag 0 0 0 0 e?7 0 0 0O 0 0 O
0 1 0 0 0 0 0 0 e 0 0O 0 0 O
sinhag 0 coshag 0 0 0 0 0 0 e*T 0 0 0 O
Mp® = 0 0 0 coshag ~ —sinhag 0 O M{"=] 0 0 0 1 0 0 0
0 0 0 — sinh ag cosh ag 0 0 0 0 0 0O 1 0 O
0 0 0 0 0 1 0 0 0 0 0O 0 1 o0
0 0 0 0 0 0 1 0 0 0 0O 0 0 1

It can be observed that
770Gg o0 Gty (—a187 + 284 — asse + [cos aq + coshag + e’ + 1]s1 — sinagss + sinagsz) Y1
+ (sinagsy + [cosaq + cosas + €7 + 1]so + sinh aszss — agss)Ya
+ (a186 — a285 + [1 + cos has + cosh ag + e%7]|s3 = azsy + sinh ass2)Y3
+ ([1 + cosh as + cosh ag]sy — sinh ag + sinh azsg)Ys + ([sinh as — sinh ag]sy + [coshag + cosay + 1]s5)Y5
+ ([coshas + 1 + cosaq]ss — sinagss)Ys + (s7 +sinaqse)Yr.

By appropriately choosing values for a; , we can readily eliminate the coefficient of Y; in various scenarios. This allows
for the reduction of y, and a one-dimensional optimal system is consequently established

Y1, Y2, Vs, (2.5)
Yy, Y5, Y6, (2.6)
Y3+ Yy, Y1 + Y5, Y2 + Ve, (2.7)
Yo+ Y, Y5+ Y7, Y5+ Y7 (2.8)

For every one-parameter subgroup, there exists a corresponding set of group-invariant solutions, which are deter-
mined by a reduced ordinary differential equation (ODE) whose form depends on the specific subgroup.

In Equation (2.5), if we take Y7 = xa% + ya% + za%, the global solutions are A; = % and Ay = % Consequently,
we obtain z = xzk(%).
Upon substitution into the Equation (2.1), we obtain
z=c1x + ey, c1,¢2 € R. (2.9)
Similarly, planes are identified for both Y; and Y5.

0 0
In Equation (2.6), when we examine Y; = Yo + T the global invariants are given by A; = /22 + y2 and
x Y
As = z. Consequently, a solution invariant under the group takes the form z = k(y/x2 + y2).
an
BE



CMDE Vol. * No. *, * pp. 1-8 7

Take

r=+224+192, 0= arctg(g),
x

and through solutions within Equation (2.1), we obtain

For Y;,

For Yy,

k' = l(k/?, _ k’l).
r

When k' = 0, it implies z = n, so the maximal surface is a flat.

1
In the case where k’ # 0, the Bernoulli equation A’ = ~(h® — h), h = k' is obtained, with the solution h = &’
r

for h = ~—. The corresponding value of k is found to be ¢; > 0. Therefore, the maximal surface is a
T CT»

catenoid (see [5]).

:

we detect also the catenoid rotating around the y-axis:

z = \/yQC%coshQ(ercz), c1,co € R™. (2.10)
C1
we find the catenoid rotating around the z-axis. (2.7) Consider
0 0 0
Y=Ys+Ysi=—-y— —+ —.
3+ Yy y8z+x8y+6z

The global invariants of this group are A; = /22 +y2, Ay = z — arctgg. Thus z = 6 4 k(r). By substituting in the
T
Equation (2.1) we get

1

r2

2,

k”(l _ r2

)+ %k’u — k%
If ¥ =0 as a result

z = arctg% +c1, 1 €R,

subsequently, the helicoid is discovered.

h (h? +1) = 0, with the

h
Persume k' # 0, and indicate k¥’ = —. We obtain the differential equation h'(r? — 1) — —
r T

general solution h = , /(C%iﬁ7 c1 > 1, and
k(r) = coln(Vr? +144/r2 = c3) + arctg(— - Cg) —calny/r?+ i+
2 o\ 241 207

1 . .
where ¢y = e = c € R. In this instance, we derive Scherk’s second surface.
2 _
1

z = arctgd + k(r),
which is helicoidal surface (2.8). Consider
Y =Yit Y= @-p)g @)+
We determine the global invariants as Ay = §—Inr and As = z Consequently, we can express z as rkv/0 — Inr.
By substituting this into Equation (2.1), the resulting differerntial equation is given by:
E'2+E) +k—2K —k*+ (k—K)®>=0.
In this specific scenario, finding a solution presents a more intricate challenge and calls for a thorough inves-

tigation in future studies. Moreover, we plan to delve into the classification of the s-subalgebra for s > 1. By
employing this theoretical framework, our objective is to deduce all solutions of Equation (2.1).

(&)
ENE
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3. CONCLUSION

In summary, this study has delved into the profound world of maximal surfaces and their underlying symmetries,
demonstrating the remarkable power of mathematical symmetry in solving intricate problems in the realm of differential
geometry. By applying Lie symmetries to the differential equations governing these surfaces, we have uncovered a
wealth of information about their characteristics, symmetries, and classification. The pursuit of Lie symmetry groups
for maximal surfaces in L3 through the partial differential equation describing maximal immersions has yielded valuable
reductions in equation order and, consequently, solutions to this fascinating problem. This work highlights the enduring
importance of symmetry in uncovering the hidden structures and invariance within differential equations, making it a
powerful tool for exploring the intricate interplay between geometry and physics in the world of maximal surfaces.
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