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Abstract

In this paper, we investigate the existence of solutions for hybrid p-Laplacian differential equations involving
the generalized fractional proportional Caputo derivative of order 1 < ϑ < 2, employing Schauder’s fixed point
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1. Introduction

Over the past three decades, fractional calculus has garnered significant popularity and importance, primarily due to
its established applications across various scientific and technical fields. It offers several potentially valuable techniques
for solving integral and differential equations, as well as addressing other issues related to specific mathematical physics
functions, their extensions, and generalizations involving one or more variables.

The laws governing physical dynamics are not always described by ordinary differential equations of standard
order. In some cases, their behavior is governed by differential equations of fractional order, as documented in [11, 14].
Fractional derivatives have played a central role in engineering science and applied mathematics, as highlighted in
[2, 15]. Notably, recent attention has been directed towards the study of fractional differential equations, with relevant
results available in references [7, 17].

The p-Laplacian operator has a wide range of scientific and mathematical applications. As a generalization of the
Laplace operator, it frequently emerges in the context of elliptic partial differential equations. Notably, it enhances
edge-preserving smoothing in image processing. It is also employed to model diffusion in non-Newtonian fluids and
electrical networks. In materials science, it helps define the conductivity of heterogeneous media. Additionally, it
describes population dynamics in mathematical biology. The flexibility of the p-Laplacian allows it to be adapted to
various phenomena. Fractional differential equations involving the p-Laplacian operator are utilized to model various
phenomena in applied fields such as blood flow issues, biology, and turbulent filtration in porous media. Further
insights into these equations can be found in references [4, 10, 13].

Quadratically perturbed equations are highly useful in studying nonlinear dynamical systems that are not easily
solvable or analyzable. Nonlinear dynamical systems perturbed in this manner are referred to as hybrid differential
equations. For a more comprehensive understanding of hybrid fractional differential equations, additional details can
be found in [1, 7, 18].
The authors of [16] studied the existence, uniqueness, and the Hyers–Ulam stability results for the solution of the
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following fractional coupled hybrid pantograph system with a p-Laplacian operator
CDβΦp

(
B1(t)

F1(t,B1(t),B2(t))

)
= Π1(t,B1(λt),B2(t)), t ∈ I1 = [0, 1],

CDγΦp

(
B2(t)

F2(t,B1(t),B2(t))

)
= Π2(t,B1(t),B2(λt)),

B1(0) = 0, B1(1) = αB1(η),
B2(0) = 0, B2(1) = σB2(ξ),

(1.1)

where β, γ ∈ (1, 2], α, λ, σ, η, ξ, αηβ−1, σξγ−1 ∈ (0, 1) = I2, Π1,Π2 : I1 × R2 −→ R, and F1, F2 ∈ (I1 × R2 −→
R, R− {0}) are nonlinear continuous functions.
In [5], the authors established the existence and uniqueness results for the following p-Laplacian fractional equation:

(
Φp

(
CDα,ψ

0+
w(t)

))′
= f(t, w(t)), t ∈ Σ = [0, T ],

w(0) = σ1w(T ), w
′
(0) = σ2w

′
(T ), w0 ∈ R,

(1.2)

where CDα,ψ
0+

is the ψ-Caputo fractional derivative of order α ∈ (1, 2), and Φp is the p-Laplacian operator.
Inspired by the above mentioned works, this paper delves into the development of the theory concerning hybrid

fractional differential equations involving the p-Laplacian operator. Specifically, we focus on investigating the existence
of solutions for the following p-Laplacian hybrid fractional differential equation, which incorporates the generalized
Caputo proportional fractional derivative.

C
δ D

θ,g
0+

Φp

(
C
δ D

ϑ,g
0+

(
w(t)

F(t,w(t))

))
= G(t, w(t)), t ∈ Σ = [0, b],(

w(t)
F(t,w(t))

)
t=0

= w0,
(

w(t)
F(t,w(t))

)′
t=0

= 0, w0 ∈ R,
(1.3)

where 0 < θ < 1, 1 < ϑ < 2, C
δ D

ϑ,g
0+ (.) is the generalized Caputo proportional fractional derivative of order ϑ,

Φp(x) = |x|p−2x, p > 1 is the p-Laplacian operator, g : Σ→ R, F ∈ C(Σ× R,R∗), and G ∈ C(Σ× R,R). To the best
of our knowledge, this is the first time that the problem (1.3) is being studied.

This paper is organized as follows: In section 2, some definitions and notations are introduced. In section 3, we
present the main results concerning the existence of solutions for Problem (1.3). In section 4, we provide an application
to demonstrate the key points of this work, and finally, we formulate a conclusion in section 5.

2. Preliminaries

In this section, we present definitions and lemmas regarding the generalized Caputo proportional fractional deriv-
ative, as well as other characteristics of the p-Laplacian operator. These definitions and lemmas will be consistently
employed in the subsequent sections of this work.
• Let Σ = [0, b] be a finite interval of R. We denote by C(Σ,R) the Banach space of continuous functions with the
norm ‖w‖ = sup{|w(t)| : t ∈ Σ}.
• Throughout this paper, we consider the function g : Σ → R to be a strictly positive, increasing, and differentiable
function.

Definition 2.1. [8] Let 0 < δ < 1, ϑ > 0, h ∈ L1(Σ,R). The left-sided generalized proportional fractional integral
with respect to g of order ϑ of the function h is given by

δI
ϑ,g
0+ h(t) =

1

δϑΓ(ϑ)

∫ t

0

e
δ−1
δ (g(t)−g(s))g

′
(s)(g(t)− g(s))ϑ−1h(s)ds,

where Γ(ϑ) =

∫ +∞

0

e−ττϑ−1dτ is the Euler gamma function.

Definition 2.2. [8] Let 0 < δ < 1, ζ, ρ : [0, 1] × R → [0,∞) be continuous functions such that lim
δ→0+

ζ(δ, t) = 0,

lim
δ→1−

ζ(δ, t) = 1, lim
δ→0+

ρ(δ, t) = 1, limδ→1− ρ(δ, t) = 0, and ζ(δ, t) 6= 0, ρ(δ, t) 6= 0 for each δ ∈ [0, 1], t ∈ R. Then the
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proportional derivative of order δ with respect to g of the function h is given by

δD
gh(t) = ρ(δ, t)h(t) + ζ(δ, t)

h
′
(t)

g′(t)
.

In particular, if ζ(δ, t) = δ and ρ(δ, t) = 1− δ, then we have

δD
gh(t) = (1− δ)h(t) + δ

h
′
(t)

g′(t)
.

Definition 2.3. [8] Let δ ∈ (0, 1]. The left-sided generalized Caputo proportional fractional derivative of order
n− 1 < ϑ < n is defined by

C
δ D

ϑ;g
0+ h(t) =δ I

n−ϑ;g
0+ (δD

n,gh(t))

=
1

δn−ϑΓ(n− ϑ)

∫ t

0

e
δ−1
δ (g(t)−g(s))g

′
(s)(g(t)− g(s))n−ϑ−1(δD

n,gh)(s)ds,

where n = [ϑ] + 1 and δD
n,g = δD

g.δD
g...δD

g︸ ︷︷ ︸
n−times

.

Lemma 2.4. [9] Let t ∈ Σ, δ ∈ (0, 1], (ϑ, θ > 0), and h ∈ L1(Σ,R). Then, we have

δI
ϑ;g
0+ (δI

θ;g
0+ h(t)) =δ I

θ;g
0+ (δI

ϑ;g
0+ h(t)) =δ I

ϑ+θ;g
0+ h(t).

Throughout this paper, as a simplification, we set

Ωϑ−1
g (t, 0) = e

δ−1
δ (g(t)−g(0))(g(t)− g(0))ϑ−1.

Lemma 2.5. [9] Let ϑ > 0, θ > 0, and δ ∈ (0, 1]. Then, we have

(i) (δI
ϑ,g
0+ e

δ−1
δ (g(τ)−g(0))(g(τ)− g(0))θ−1)(t) = Γ(θ)

δϑΓ(ϑ+θ)
Ωϑ+θ−1
g (t, 0).

(ii) C
δ D

ϑ,g
0+ e

δ−1
δ (g(τ)−g(0))(g(τ)− g(0))θ−1)(t) = δϑΓ(θ)

Γ(θ−ϑ)Ωθ−ϑ−1
g (t, 0).

Lemma 2.6. [9] Let ϑ > 0, δ ∈ (0, 1], and h ∈ L1(Σ,R). Then, we have

lim
t→0

(δI
ϑ;g
0+ h(t)) = 0.

Lemma 2.7. [12] Let δ ∈ (0, 1], n− 1 < ϑ < n, n = [ϑ] + 1. Then, we have

δI
ϑ;g
0+ (Cδ D

ϑ,g
0+ h(t)) = h(t)−

n−1∑
k=0

(δD
k,gh)(0)

δkΓ(k + 1)
Ωkg(t, 0).

Lemma 2.8. [3] The p-Laplacian operator Φp : R→ R defined by Φp(w) = |w|p−2w satisfies the following proprieties:

(1) The p-Laplacian operator Φp is invertible, moreover we have Φ−1
p (w) = Φq such that 1

p + 1
q = 1.

(2) If p ∈ (1, 2), |w|, |v| ≥ C1 > 0, and wv > 0. Then, we get

|Φp(w)− Φp(v)| ≤ (p− 1)Cp−2
1 |w − v|.

(3) If p > 2, |w|, |v| ≤ C2. Then, we obtain

|Φp(w)− Φp(v)| ≤ (p− 1)Cp−2
2 |w − v|.

Theorem 2.9. (Schauder’s Fixed-Point Theorem [6]) Let D be a nonempty bounded convex and closed subset of a
Banach space X, and let ∆ : D → D be a continuous and compact map. Then, ∆ has at least one fixed point in D.
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3. Results

In this section, we present the proof of several lemmas and introduce certain assumptions. These lemmas and
assumptions will be instrumental in establishing the existence theorem for the solution to the p-Laplacian hybrid
fractional differential Equation (1.3).

Lemma 3.1. Let Σ = [0, b], F ∈ C(Σ×R∗,R), and G ∈ C(Σ×R,R). Then the problem (1.3) has a solution given by

w(t) = F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) +

(1− δ)w0

δ
Ω1
g(t, 0) +δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, w(t))

)]
. (3.1)

Proof. Let w(t) be a solution of the problem (1.3). Applying the operator δI
θ,g
0+ (.) on both sides of the fractional

differential Equation (1.3), using Lemma 2.7, and the fact that Φp

(
C
δ D

ϑ,g
0+

(
w(t)

F(t,w(t))

))
t=0

= 0, we get

Φp

(
C
δ D

ϑ,g
0+

(
w(t)

F(t, w(t))

))
=δ I

θ,g
0+ G(t, w(t)).

Using the inverse operator of Φp, we obtain

C
δ D

ϑ,g
0+

(
w(t)

F(t, w(t))

)
= Φq

(
δI
θ,g
0+ G(t, w(t))

)
. (3.2)

Applying the operator δI
ϑ,g
0+ (.) on both sides of the fractional differential Equation (3.2) and using Lemma 2.7. Then,

we have

w(t)

F(t, w(t))
= λ0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ

+
1

δϑΓ(ϑ)

∫ t

0

Ωϑ−1
g (t, s)g′(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds, (3.3)

with λ0, λ1 ∈ R.

Putting t = 0 in the above integral Equation (3.3), we get λ0 =
(

w(t)
F(t,w(t))

)
t=0

= w0.

We have(
w(t)

F(t, w(t))

)′
=

d

dt

(
w(t)

F(t, w(t))

)
=
w0(δ − 1)g′(t)

δ
e
δ−1
δ (g(t)−g(0)) +

λ1

δ

(
g′(t)e

δ−1
δ (g(t)−g(0)) +

g′(t)(δ − 1)Ω1
g(t, 0)

δ

)

+
1

δϑΓ(ϑ)

d

dt

(∫ t

0

Ωϑ−1
g (t, s)g′(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds

)
=
w0(δ − 1)g′(t)

δ
e
δ−1
δ (g(t)−g(0)) +

λ1

δ

(
g′(t)e

δ−1
δ (g(t)−g(0)) +

g′(t)(δ − 1)Ω1
g(t, 0)

δ

)

+
(δ − 1)(g′(t))

δϑ+1Γ(ϑ)

∫ t

0

Ωϑ−1
g (t, s)g′(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds

+
(g′(t))

δϑΓ(ϑ− 1)

∫ t

0

Ωϑ−2
g (t, s)g′(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds. (3.4)

Putting t = 0 in the integral Equation (3.4) and using the initial condition
(

w(t)
F(t,w(t))

)′
t=0

= 0, we get λ1 = (1− δ)w0.

Substituting λ0 and λ1 in (3.3) we obtain

w(t) = F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, w(t))

)]
.
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This completes the proof. �

Next, we introduce the following assumptions:

(A1) There are constants L0, L1 > 0 such that for each w, v ∈ C(Σ,R) and for each t ∈ Σ, we have

|G(t, w)− G(t, v)| ≤ L0|p− q| and |G(t, w)| ≤ L1.

(A2) There exists a constant L2 > 0 such that for each w ∈ C(Σ,R) and t ∈ Σ, we have

|F(t, w)| ≤ L2.

(A3) There exists C > 0 such that for all t ∈ Σ and w ∈ C(Σ,R), we have∣∣∣δIθ,g0+ G(t, w(t))
∣∣∣ > C.

Lemma 3.2. Let 1 < q < 2, and v, w ∈ C(Σ,R), then we have

∣∣∣Φq (δIθ,g0+
G(t, w(t))

)
− Φq

(
δI
θ,g

0+
G(t, v(t))

)∣∣∣ ≤ (q − 1)L0C
q−2(g(b)− g(0))θ

δθΓ(θ + 1)
‖ w − v ‖ .

Proof. Let 1 < q < 2 and v, w ∈ C(Σ,R), then by using the assumptions A1, A3, the fact that e
δ−1
δ (g(t)−g(0)) < 1, and

Lemma 2.8, we get∣∣∣Φq (δIθ,g0+ G(t, w(t))
)
− Φq

(
δI
θ,g
0+ G(t, v(t))

)∣∣∣
≤ (q − 1)Cq−2

∣∣∣δIθ,g0+ G(t, w(t))−δ Iθ,g0+ G(t, v(t))
∣∣∣

≤ (q − 1)Cq−2

δθΓ(θ)

∫ t

0

e
δ−1
δ (g(t)−g(s))g

′
(s)(g(t)− g(s))θ−1 |G(s, w(s))− G(s, v(s))| ds

≤ (q − 1)L0C
q−2

δθΓ(θ)

∫ t

0

g
′
(s)(g(t)− g(s))θ−1 ‖ w − v ‖ ds

≤ (q − 1)L0C
q−2(g(b)− g(0))θ

δθΓ(θ + 1)
‖ w − v ‖ .

Then, the proof is completed. �

Let w ∈ C(Σ,R) and t ∈ Σ, we consider the operator ∆ defined by:

(∆w)(t) = F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, w(t))

)]
,

where λ1 = (1− δ)w0.

Lemma 3.3. The operator ∆ : C(Σ,R)→ C(Σ,R) satisfies the following inequality

‖ (∆w)(t) ‖ ≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

)
.
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Proof. Let t ∈ Σ and w ∈ C(Σ,R). By using the assumptions A1, A2, and the fact that e
δ−1
δ (g(t)−g(0)) < 1, we have

|(∆w)(t)|

≤ L2

(
|w0|e

δ−1
δ (g(b)−g(0)) +

|λ1|(g(b)− g(0))

δ
e
δ−1
δ (g(b)−g(0)) +δ I

ϑ,g
0+

∣∣∣Φq (δIθ,g0+ G(t, w(t))
)∣∣∣)

≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1

δϑΓ(ϑ)

∫ t

0

(g(t)− g(s))ϑ−1g
′
(s)

∣∣∣∣ 1

δθΓ(θ)

∫ s

0

(g(s)− g(τ))θ−1g
′
(τ)dτ

∣∣∣∣q−1

ds)

)

≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+
Lq−1

1 (g(b)− g(0))θ(q−1)

δθ(q−1) (Γ(θ + 1))
(q−1)

(
1

δϑΓ(ϑ)

∫ t

0

(g(t)− g(s))ϑ−1g
′
(s)ds

))

≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

)
.

Therefore,

|(∆w)(t)| ≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

)
:= r. (3.5)

Then, the proof is completed. �

Let the Banach space X = (C(Σ,R), ‖ . ‖). Then we consider Br defined as:

Br = {w ∈ X : ‖w‖ ≤ r}.

It is easy to see that Br is a convex, closed, bounded, and nonempty subset of the Banach space X.
Now, we have all the arguments to show the existence result for problem (1.3). Subsequently, we present the following
existence theorem.

Theorem 3.4. Assume that p > 2 and all assumptions (A1)-(A3) hold. Then, the p-Laplacian hybrid fractional
differential Equation (1.3) has a solution w ∈ C(Σ,R).

Proof. To show that the problem (1.3) has a solution w ∈ C(Σ,R) is equivalent to showing that the operator ∆ :
Br → Br satisfies all the conditions of Theorem 2. Then, the proof is given in the two steps:
Step 1 The operator ∆ is continuous.
Let (wn)n∈N be a sequence in Br such that wn → w as n→∞ in Br. By using assumptions A1 and A2, Lemma 3.2,

the fact that Ω1
g(t, 0) = e

δ−1
δ (g(t)−g(0))(g(t)− g(0)), e

δ−1
δ (g(t)−g(0)) < 1, and based on the same arguments as in Lemma
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3.3, we get

|(∆wn)(t)− (∆w(t))|

=

∣∣∣∣∣F(t, wn(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, wn(t))

)]

−F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, wn(t))

)]

+ F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, wn(t))

)]

− F(t, w(t))

[
w0e

δ−1
δ (g(t)−g(0)) + λ1

Ω1
g(t, 0)

δ
+δ I

ϑ,g
0+ Φq

(
δI
θ,g
0+ G(t, w(t))

)]∣∣∣∣∣
≤ |F(t, wn(t))−F(t, w(t))|

[
|w0|e

δ−1
δ (g(t)−g(0)) + |λ1|

Ω1
g(t, 0)

δ
+ δI

ϑ,g
0+

∣∣∣Φq (δIθ,g0+ G(t, wn(t))
)∣∣∣]

+ |F(t, w(t))| δIϑ,g0+

∣∣∣Φq (δIθ,g0+ G(t, wn(t))
)
− Φq

(
δI
θ,g
0+ G(t, w(t))

)∣∣∣
≤ |F(t, wn(t))−F(t, w(t))|

[
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

]

+
(q − 1)L0L2C

q−2(g(b)− g(0))θ

δθΓ(θ + 1)

1

δϑΓ(ϑ)

∫ t

0

(g(t)− g(s))ϑ−1g
′
(s) ‖ wn − w ‖ ds

≤ |F(t, wn(t))−F(t, w(t))|

[
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

]

+
(q − 1)L0L2C

q−2(g(b)− g(0))θ+ϑ

δθ+ϑΓ(θ + 1)Γ(ϑ+ 1)
‖ wn − w ‖ . (3.6)

By using the continuity of the function F , from the above inequality (3.6), we get

‖(∆wn)(t)− (∆w)(t)‖ → 0 as n→∞.

This implies that the operator ∆ is continuous.
Step 2: We prove that the operator ∆ is compact.
(i) We show that ∆(Br) = {∆w : w ∈ Br} is uniformly bounded.
From Lemma 3.3, we have

|(∆w)(t)| ≤ L2

(
|w0|+

|λ1|(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

)
:= r.

This proves that ∆(Br) = {∆w : w ∈ Br} is uniformly bounded.
(ii) ∆(Br) is equicontinuous.
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Let t1, t2 ∈ Σ, t1 < t2, and w ∈ Br, by using our assumptions, we get

|(∆w)(t2)− (∆w)(t1)|

=

∣∣∣∣∣F(t2, w(t2))

[
w0e

δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ
+

1

δϑΓ(ϑ)

∫ t2

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]

− F(t1, w(t1))

[
w0e

δ−1
δ (g(t1)−g(0)) + λ1

Ω1
g(t1, 0)

δ
+

1

δϑΓ(ϑ)

∫ t1

0

Ωϑ−1
g (t1, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]∣∣∣∣∣
=

∣∣∣∣∣F(t2, w(t2))

[
w0e

δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ
+

1

δϑΓ(ϑ)

∫ t2

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]

− F(t1, w(t1))

[
w0e

δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ
+

1

δϑΓ(ϑ)

∫ t2

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]

+ F(t1, w(t1))

[
w0e

δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ
+

1

δϑΓ(ϑ)

∫ t2

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]

− F(t1, w(t1))

[
w0e

δ−1
δ (g(t1)−g(0)) + λ1

Ω1
g(t1, 0)

δ
+

1

δϑΓ(ϑ)

∫ t1

0

Ωϑ−1
g (t1, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))ds

)]∣∣∣∣∣
≤ |F(t2, w(t2))−F(t1, w(t1))|

∣∣∣∣∣w0e
δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ

+
1

δϑΓ(ϑ)

∫ t2

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds

∣∣∣∣
+ |F(t1, w(t1))|

∣∣∣∣∣w0e
δ−1
δ (g(t2)−g(0)) + λ1

Ω1
g(t2, 0)

δ
+

1

δϑΓ(ϑ)

∫ t1

0

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds

+
1

δϑΓ(ϑ)

∫ t2

t1

Ωϑ−1
g (t2, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds− w0e

δ−1
δ (g(t1)−g(0)) − λ1

Ω1
g(t1, 0)

δ

− 1

δϑΓ(ϑ)

∫ t1

0

Ωϑ−1
g (t1, s)g

′
(s)Φq

(
δI
θ,g
0+ G(s, w(s))

)
ds

∣∣∣∣
≤ |F(t2, w(t2))−F(t1, w(t1))|

(
|w0|+ |λ1|

(g(b)− g(0))

δ
+

Lq−1
1 (g(b)− g(0))θ(q−1)+ϑ

δθ(q−1)+ϑ (Γ(θ + 1))
(q−1)

Γ(ϑ+ 1)

)

+ L2

(∣∣∣w0e
δ−1
δ (g(t2)−g(0)) − w0e

δ−1
δ (g(t1)−g(0))

∣∣∣+

∣∣∣∣∣λ1

Ω1
g(t2, 0)

δ
− λ1

Ω1
g(t1, 0)

δ

∣∣∣∣∣
+

1

δϑΓ(ϑ)

∫ t1

0

∣∣Ωϑ−1
g (t2, s)− Ωϑ−1

g (t1, s)
∣∣ g′(s) ∣∣∣Φq (δIθ,g0+ G(s, w(s))

)∣∣∣ ds
+

1

δϑΓ(ϑ)

∫ t2

t1

Ωϑ−1
g (t2, s)g

′
(s)
∣∣∣Φq (δIθ,g0+ G(s, w(s))

)∣∣∣ ds) . (3.7)

By using the continuity of the functions F , g, e, and by Lebesgue dominated convergence theorem, from the above
inequality (3.7), we get |(∆w)(t2)− (∆w)(t1)| → 0 as t1 → t2.
Therefore, the operator ∆(Br) is equicontinuous.
From (i), (ii), and by applying the Arzela-Ascoli theorem, we deduce that ∆(Br) is relatively compact. According
to steps 1 and 2, it follows that the operator ∆ : Br → Br is continuous and compact. Hence, from Theorem 2 the
operator ∆ has a fixed point in Br. This implies that the p-Laplacian hybrid fractional differential Equation (1.3) has
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a solution w ∈ C(Σ,R).
Then the proof is completed. �

4. Example

In this section, we give an illustrative example to demonstrate the practical applications of the main results of this
work. In particular, our results can be reduced to the example in [5].

Let Σ = [0, 1], p = 7
3 , θ = δ = 1

2 , ϑ = 3
2 , g(t) = t, G(t, w(t)) = 1

4 + cos
(
πw(t)

7

)
, and F(t, w(t)) = 3

2 + t3

9 sin2
(
πw(t)

3

)
.

we Consider the following p-Laplacian hybrid fractional differential equation:
C
1
2

D
1
2 ,t

0+ Φ 7
3

(
C
1
2

D
3
2 ,t

0+

(
w(t)

3
2 + t3

9 sin2(πw(t)
3 )

))
= 1

4 + cos
(
πw(t)

7

)
, t ∈ Σ = [0, 1],(

w(t)
3
2 + t3

9 sin2(πw(t)
3 )

)
t=0

= w0,

(
w(t)

3
2 + t3

9 sin2(πw(t)
3 )

)′
t=0

= 0, w0 ∈ R.
(4.1)

It is easy to see that 1 < q = 7
4 < 2, G ∈ C(Σ×R,R), and F ∈ C(Σ×R,R∗). Now, we check for assumptions A1, A2,

and A3. We have

|G(t, w(t))− G(t, v(t))| ≤ π

7
|w(t)− v(t)|

≤ π

7
‖ w − v ‖,

and

|G(t, w(t))| ≤ 5

4
.

Therefore, the assumption A1 holds, with L0 = 2π
7 and L1 = 5

4 .

It is clear that |F(t, w(t))| ≤ 29
18 , then the assumption A2 holds with L2 = 29

18 .
After calculations, we found:

G(t, w(t)) =
1

4
+ cos

(
πw(t)

7

)
>

1

4

⇒ 1
2
I

1
2 ,t

0+ G(t, w(t)) >
1

4

1

1
2

1
2 Γ( 1

2 )

∫ t

0

Ω
1
2−1
t (t, s)t

′
ds

⇒ 1
2
I

1
2 ,t

0+ G(t, w(t)) >
Ω

1
2
t (t, 0)

2.828
E1, 32

(t),

where E1, 32
(t) is the Mittag-Leffler function.

Hence, the assumption A3 holds, with C =
Ω

1
2
t (t,0)
2.828 E1, 32

(t) > 0 for all t ∈ [0, 1].

We remark that all assumptions are satisfied. Then we deduce that the p-Laplacian hybrid fractional differential
equation (4.1) has a solution w ∈ C(Σ,R).

5. Conclusion

This study investigated the existence of solutions for p-Laplacian fractional differential equations with quadratic
perturbations, involving the generalized Caputo proportional fractional derivative of order 1 < ϑ < 2. To establish
the existence of the solutions, we invoked Schauder’s famous fixed-point theorem. Finally, an illustrative example is
presented to demonstrate the key results of this work.
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