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Abstract [ )
This manuscript provides an efficient technique for solving time-fractional diffusion-wave equations using general
Lagrange scaling functions (GLSFs). In GLSFs, by selecting various nodes of Lagrange polynomials, we get
various kinds of orthogonal or non-orthogonal Lagrange scaling functions. The general Riemann-Liouville fractional
integral operator (GRLFIO) of GLSF's is obtained generally. General Riemann-Liouville fractional integral operator

of the general Lagrange scaling function is calculated exactly using the Hypergeometric functions. The operator
extraction method is precisely calculated and this has a direct impact on the accuracy of our method. The
operator and optimization method are implemented to convert the problem to a set of algebraic equations. Also,
error analysis is discussed. To demonstrate the efficiency of the numerical scheme, some numerical examples are
examined.

Keywords. Time-fractional diffusion-wave equation, General Riemann-Liouville pseudo-operational matrix, Optimization method, General La-
grange scaling function.
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1. INTRODUCTION

Application in mathematical modeling of anomalous diffusive systems, description of fractional random walk, uni-
fication of diffusion and wave propagation phenomenon [11, 16] is a part of wide usage anomalous diffusion equations.

One of the most important of these kinds of equations is the fractional diffusion-wave equation (FD-WEs). FD-WE
indicates the duality behavior of wave and diffusion equations to a local disturbance.

The universal electromagnetic, acoustic, electrical network, signal processing, and mechanical responses may be
modeled accurately utilizing time-FD-WEs (TFDWEs) [14].

Also, finding an analytical solution of fractional diffusion-wave equations is difficult, then developing numerical
algorithms to solve them is of great importance. Several numerical techniques are proposed to solve these equations
such as a combination method via the difference method and Galerkin spectral method [4], a spectral tau method
[2], a meshless method [3], the Galerkin method using the second kind Chebyshev wavelets [24], local discontinuous
Galerkin method [12], the second kind Chebyshev polynomial method [13], the Quasi-Boundary value method [28],
the Galerkin finite element method [6], a pseudospectral Sinc method [26], fractional-order Bernoulli function method
[27], the Crank-Nicolson method [8], and so on.

A set of schemes to quantitatively analyze academic publications is named bibliometric [23]. Also, an important
role in creating effective science policies is empirical evaluations of scientific and technological research. Bibliometric
analysis is effective on factors that raise the contribution of research in a subject area and guides researchers to produce
effective investigations [1, 20].
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F1GURE 1. Annual number of publications per year in Scopus.

TABLE 1. The top 10 journals in the considered topic in Scopus.

Journals Number of publications
Fractional Calculus and Applied Analysis 12
Numerical Algorithms 10
Journal of Computational and Applied Mathematics 10
Computers & Mathematics with Applications 10

Applied Numerical Mathematics

Applied Mathematics and Computation
Mathematics

Journal of Computational Physics

Applied Mathematics Letters

Journal of Scientific Computing

International Journal of Computer Mathematics

DO 0000 © O O

For appraising the importance and impact of academic studies on the topic of TFDWEs, here, we present a brief
bibliometric analysis to display the state of publication in a valid database, Scopus. For this purpose, we consider
the following keyword on 22nd October 2023. Brief considered Keyword: ”fractional diffusion*wave equation™” OR
” fractional*order diffusion*wave equation*” OR ”time*fractional diffusion*wave equation®™ OR ”time-fractional-order
diffusion*wave equation®*” The search of the considered keyword at the title in Scopus concluded ”249” publications.
The annual number of publications in Scopus is shown in Figure 1. As for journals, ”Fractional Calculus and Applied
Analysis” is the most prolific journal in Scopus. The top 10 journals are tabulated in Table 1.

Most of the publications are written in English, however, one output is in Chinese and Russian. Of the 164 authors
that are found on analyzing, the most prolific author is found to be ”T. Wei” with 17 publications. Also, the value of
” Authors per document” is 1.66, and the ”Collaboration Index” is 1.92. The newest keywords that appear in Scopus
outputs, are displayed in the visualization map (See Figure 2).
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FI1GURE 2. Visualization map of co-occurring keywords over time in the considered study in Scopus.

In this figure, the color of a keyword indicates the average year in which documents that include the term appeared.
Top occurrence keywords include ”fractional diffusion-wave equation”, ”stability”, ” diffusion-wave equation”, ” Caputo
derivative”, and ”convergence”. Finally, due to the present discussion, a novel approximation scheme is suggested for
finding an approximate solution to TFDWEs. Currently, the following TFDWE is suggested with initial and boundary
conditions [29]:

DYU(x,t) + D (x,t) = D2U(x,t) + Q(x,t), 0<zt<1,1<v<2, (1.1)
U(x,0) = po(),
{L{t(a:,O) =wm(z), 0<z<1, (1.2)
and
{U(o,t) = &), (1.3)
UL =&(), 0<t<1.

where, po(x), p1(z), &o(t) and & (t) are given functions, and U(x,t) is an unknown function. Also, D} denotes the
Caputo derivative of order 1 < v < 2 relative to variable ¢ which is recalled in [21, 22].

On the other hand, for some decades, wavelets are powerful and efficient mathematical tools for designing the
numerical method for solving some different kinds of fractional equations, such as Fibonacci [20], Boubaker [18], Mott
[17], Touchard [15], the second kind Chebyshev [24] wavelets, etc.

Recently in [21, 22], we introduced fractional-order Lagrange polynomials and fractional-order general Lagrange
scaling functions and applied these new functions to solve the fractional differential equations and the authors showed
these functions are proper for the approximation of smooth and non-smooth functions.

The outline of the rest of the manuscript is organized as follows. Section 2 contains a summary of some definitions
that are needed in this work and we present two-dimensional GLSFs. Section 3 is devoted to a new general Riemann-
Liouville fractional integral operator for the GLSFs. The GRLFIO is derived generally. Section 4 develops an efficient
numerical method for solving TFDWEs. Section 5 analyses the approximation using GLSFs. The numerical results
are carried out in section 6. Finally, the conclusion is included in section 7.

(=)=
E)NE



CMDE Vol. 13, No. 2, 2025, pp. 450-465 453

2. PRELIMINARIES
Here, some of the necessary definitions are recalled.

Definition 2.1. The RLFIO of order v > 0 of f:[0,b] — R is defined as [21]

1 t v—1
() = L T Jo u(s)(t —s)""tds, v>0,t>0, (2.1)
u(t), v =0.
Also, we have the following property.
P(k+1) 4k+v _
vk — Thtornt o k>-1, (2.2)
0, otherwise.

Definition 2.2. Hypergeometric function 2 F (a,b, ¢; z) for |z] < 1 is defined as [19]

oF (a,b,¢;2) = Z (a); (b); . Z—Z, (2.3)

=0 (C)z il

in which

()i = 1, if 1 =0,
D=V al@+ ) (g+i-1), ifi>0,
and, a, b, c, z are real numbers. Also, we have

I'(c) ! b=1 (] _ )L (] _ )@
F(b)r(c—b)/ot (1—1) (1 t) " dt,

that is the integral form of the hypergeometric function [19].

2F1 (CL,b,C;Z) =

Lemma 2.3. Considering o Fy as the hypergeometric function, we get [19]

F(T+1)t7'+'}’ y—1_r+1 .
I (v (1) = 4 oD o2 (L-vr+Lr+2%), t>c
(t"xe (1) 0 P

(2.4)

subject to x. is the unit step function.

2.1. GLSFs. We consider nodal points x;, ¢ = 0,1, ..., n. For any fixed non-negative integer number n, the Lagrange
interpolating polynomials are defined in the following form [22]:

n

Liz) =[] M (2.5)
j=0

J#
Moreover, there are no explicit formulas for the specified points x;.
Authors [22] proposed another representation of these polynomials as follows:

Li(z) = (ua"™™® i=01,...,mn, (2.6)
s=0
where
1
C’LO - Hnj e (l‘z x])a
Jj#£
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(_1) n n—s+1 s

Ay ks=ky_1+1 k1=0 r=1

andi £ k1 # ... % ks, s=1,2,...,n.

Lemma 2.4. The following feature is established for the Lagrange polynomials [21]

! _ . . <m51Cm’52
/0 Lo (2) Lo (x)dz = D > ST ——— (2.7)

81=0 32=0

GLSF's are defined as the following formula [21]:

KL 5 9Kk-1 —1
Do () = 277 L, 'z —n+1), = S.x<2,c%, (2.8)
0, otherwise,

and

Lnla) = —=Lp(2) (29)

m(r) = —L(x), .
Vom

which, n = 1,2,...,2%"1 m =0,1,..., M — 1 and w,, are determined using Eq. (2.7), when m’ = m.
If we consider the nodal points (z,,, m = 0,1, ..., M—1) as the roots of Legendre polynomials, we have interpolation

scaling function [7].
The two-dimensional GLSFs (2D-GLSFs) are introduced on the region [0,1) x [0,1) as the following form

Yy yma o ms (z,t) = Pn, ,m1 (x)wnz,mz (t) (2.10)
2 L (29 e — g + 1)Ly (M — g+ 1), @€ [k, ),
= t € [Z=h, 5,
0, otherwise.

2.1.1. Approzimation based on GLSFs. The approximation for an arbitrary function u(x) on [0,1) can be presented
utilizing GLSFs as

P M-~
) Z Z Ty Pn,m (2) = UT T (). (2.11)

We obtain the coefficient vector U in the following way

U =D "u(z), ¢ (x)), D= (T(x), Tt (z)), (2.12)
in which

U = [t1,0, 1,15 » U1, M1, U,05 7 s U2 M1+ 5 Tgx—1 pq_1] 7 s (2.13)

T (@) = (1,0, V115 V1M1, U2,05 s Do p—1, 7+ s ox—1 aq1]” -

(=)=
E)NE
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Let u(x,t) is an arbitrary function in L2([0,1) x [0,1)). We can express this function as follows

211 Ay —1 2827 My—1

t) ~ Z Z Z Z um,m1,nz,m2¢n1,m1,n2,mz($>t):\IJKMllT(x)U‘I’}CM;(t)a (2.14)

n1=1 mi1=0 nz=1 ms=0

we derive the coefficient matrix U as follows
U =D (u(z,t), T (x)) U2 (4))D 7, (2.15)
D = (U0 (), W (2), D = (W (t), wz (1)),

3. GENERAL RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL OPERATOR OF GLSF's

In the current part, we present a GRLFIO of GLSFs regardless the nodal points for Lagrange polynomials. We
extract formula for computing the GRLFIO for GLSFs in the following form

1" (z) = O (z,v). (3.1)

We derive the components of W(x,~). For this aim, according to Eqs. (2.6), (2.8), and binomial expansion, GLSFs
can expanded in the following form

d)n,m(z) = \2/112]7mx(;€11 ) (‘T)Em(2lc71z —n+ 1) - \/’l;imX(zlgil)(x)‘cm(QKilx —n+ 1) (32)

By applying the Riemann-Liouville integral operator (I) on both sides of Eq. (3.2), we get

I (o)) = T (f/;imx(z,kll)(x)cm(zmx g 1)) o <\2/;7mx(2€1)(x)£m(2’<1x ot 1)) (33)

Then, we get

M-1
L2 e —n41) = Cms(285 71— )M 18 (3.4)
s=0
M—-1M-1-s
C M 1—s5— 2(2IC 1)
s=0 =0
so, Eq. (3.3) can be rewritten as
gK5t M—1M—1—s
(wnm = Cms 177’LM 1—s— z(QIC 1)
vV Wm s=0 ;

x (m X(ey) (@)a) = I (x (K,Ll)(x)mi)).

Thus, due to Lemma 2.4 and the above discussion, we achieve
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where
27C2—1 M—-1M-1-s
H(t) —_ C’ms(l _ n)M—l—s—i(QlC—l)i
v Wm s=0 1=0
o, D@E+1) vl n—1)0Y : . n—1
Lang — Fi(1- 1 2;
X[‘"” Ti+r+1) T +1) \2KT 2\ b=t bt se o ) ) ]
and

K-1 M—1M-1-s

i) =223 Y Gualt - )M R

v Wm s=0 i=0
L T(+1) a1 n oy G+D) - n
land - F(1- 1 2z ——— )
X [w Titv+1l) T@W)G+D) (o) 2B (1wt it 2o (5))

Thus, due to Eq. (3.5), we achieve GRLFIO in Eq. (3.1).

4. DESCRIPTION OF THE NUMERICAL METHOD

For finding solution of the mentioned problem in Egs. (1.1)-(1.3), we expand a;gg(gt’? in terms of GLSFs as

oMU (z,t)
Ox20t?
Due to the initial conditions (given in Eq. (1.2)) and by integrating two times with respect to ¢ on both sides of
the above equation, we derive

~ T (@)U (). (4.1)

322/[(,%, t) ~ 7 "
oz = UK @)U (62) + g (0) + tay (2), (4.2)
and then by integrating one and two times with respect to x, we get the following relations.
oUu(z,t) - - / / / ' oU(z,t)
e = W e DURE(,2) + i) — O] + i () = 0+ 50| (43)
and
U, t) = T (2, 2) UWEE (£, 2) + [0 (2) — 110(0) — 241 (0)]
/ oU(x,t
1) — im0 — o) + 285D ) (4.4
=0
where % is unknown. According to Eq. (1.3), and by integrating Eq. (4.3) with respect to = from 0 to 1, we

=0
can compute tgile unknown term.
1 - ~ 1 ’ ’
a0 -6 = ([ BTE0a)vR e + [ b - mnol
0 0

4t [ i) - s + 2520

(4.5)
x=0

= ( /0 xif,CM;T<x,1>dx)U@,<M;(t,2>+mou)—uo(O)—u;m)]

OU (x, 1)

+ t{ua (1) = pa(0) — g (0)] + D

=0
then, we get

an
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U (x,t)

1
8x =0 - 51 (t> - gO(t) - (/0 \ilKMllT(xa 1>d$) U\il’CM22 (t; 2)

— [p0(1) = o(0) — g (0)] — tlper (1) — p1(0) — a3 (0)]. (4.6)

For calculate the terms aué:,t) and Bvlgt(f ’t), by deviating of order 1 and v on both sides of Eq. (4.4) with respect
to t, we derive the following relations, respectively:

U(x,t) - - : 0 [ OU(x,t /
Ejﬁ )':‘I’KMET(m,2)U‘I’;<Mi(t,1)+[m(m)—ul(o)—xul(O)Hwat( éﬁ )z_0>+fo(t)7 (4.7)
and
9"U(x, - - 9 (U, y
781(;” D . qf,chlT(x,2)U\Ifgz(t,2u)+zw< (gi ! w_0>+€é)(t>, (4.8)
where
o (OU(x,t , , b . ,
(5 Jraw -0 - ([ BT 0 VI = u() - m©) - s 0)]
and
o [ OU(x,t v v o .
atv< gi )$_O):§§)(t)— 3>(t)—</0 @ng(m)dx)Uqf,cM;(t,z—u).

At last, by substituting Eqs. (4.1)-(4.8) in the considered problem in Egs. (1.1)-(1.3), we construct J(z,t,U)

J(@,t,U) = [T (2, 2)U05(t,2 - v)
o [ aU(z,1) o)
v g (P Z_O)m) (t

b BT U (1) + () — pa(0) — 4 (0)]
9 (U, 1) /
n ( x_o>+f°(”]

Yo\ oz
C T @)U (1,2) + g () + 14 <x>} —Q(a,1).

Then, we consider functional J*, as follows

11
JU) := min/ / JT?(x,t,U)dxdt.
0o Jo

The necessary conditions of the aforesaid problem to minimize J*(U) and evaluate the optimal value of unknown
matrix U are
oT*

=0. 4.9

50 (4.9)

As a result, by deriving the solution of the above system of algebraic equations using the "Find Root” package in
the "Mathematica software”, we compute the matrix U. Then, by inserting this into Eq. (4.4), U(z,t) is achieved.
an
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5. ERROR ANALYSIS

In this part, we propose the error bound of approximation using GLSFs and a bound of residual error of the
mentioned problem.

Theorem 5.1. Assume that Let Uapy(z,t) be the GLSFs expansion of the real sufficiently smooth function U(z,t) on
the region A = [0,1) x [0,1) and Uay, is the best approzimation of U. So, the following relation shows the error bound
of the approzximate solution derived by GLSFs:

1
Uz, t) — Unpp(x, )] 12(a) < M 5.1
A N VT VRN e oy P R o)

subject to q/\j\:llzl > SUDP (5 1yeA |DEDIU(x,t)].

Proof. Suppose that DLDIU € C(A),i=0,1,--- ,My, j=0,1,--- , My, multi-variable Taylor formula is as

i=0 j=0 (0,0)
then, we have
M pMipMa .
U, 1) — U (2,0)] < sup | DLDU(x,b)]. (5.2)

M IMy! (z,t)eA
Now, we assume U(x,t) denotes the approximate of U (z,t) using Lagrange polynomials on the region A =

nyg—1 n nao—1 no :
[5=1» 5r1=7) X 9=t geseT)- Herein, we have

(. t) = Unpp(@, )2y = () = T (@)U (B[ a)
9K1—19Ka—1

= > D ) — Ut 4
’I’Ll:l n2:1

oK1—1 9Ky —1

Z Z ||U($,t)—UAA,/tt21(x7t)||i2(A)

711:1 77,2:1

IN

oK1—19Kp—1 n no

SKEST [ 3KeeT MMz . 2
g Z Z /2 11 /2 21 |:.A/l'./\/l' sup ‘D;Dﬂ/{(%t” dxdt
ni=1 ns=1 27;%1111 T/LC227 L 2 (LE”")EA
1,1 My g Mo 2
xr t M
< Ol | dadt
[ [ Savenet]

- n2 N2 G
(Ml) (./\/12) (2M1 + 1)(2M2 + 1)

O

Due to Theorem 5.1, it can be seen that by increasing the terms of M, Ms, the approximation Uy, converge to
the analytical solution.

Theorem 5.2. Let DMUap,(2,t) is the best approzimate of DIU(x,t) on the region A. So the following relation
displays the error bound of derivative of the approrimation for My > n:

1
D™U(z,t) — DU b < M 5.3
1DaU(z, 1) = Delhapp (@, Vl2ca) < (My — ) MoIV2M, — 2n 1 Ty/2M5 + 1M (5:3)

wheren=1,2,---.

(=)=
E)NE
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Proof. Given Egs. (5.1) and (5.2), we get
o1 —1 9Ka—1

ID3U (@, t) = Dithapy(,t)l|2a) < Y Y DU, t) = Dyt (, )17, 4,
n1:1 ’I’LQ:l
9K1—1 9Kg—1
< 3 Y 10U 1) - DI )] s,
nlfl ’rL271
9K1—1 9Kp—1

2}{11 T 2)C2 T M1 nth i 2
DI / {Ml—nwz up 1D DUz )| dodi

ni=1 no=1 " 53K —1 (z,t)EA

Ml ’nt./\/lz
o dxdt
//{Ml—n'M2qM2} !

_ 1 ( M1)2
(M1 — n)IMaD)2(2M; — 20 + 1)(2Ms + 1) M2/

O

Corollary 5.3. Similar to Theorem 5.2, the error bound of derivative of the approzimation Df,l/{(x, t) —D?,UApp(x, t)
for My > n' is achieved as follows:

1 Ml
MMy — 0 )WVoM; + Iv2M, —2n 1 1M

1D} U(x,t) — D} Unpp(, )| £2(a) < (5.4)

wheren’ =1,2,---.

Theorem 5.4. Suppose that DiUap,(x,t) is the best approzimate of D{U(xz,t) on the region A. Then, the error
bound of derivative of the approximation of order 1 < v < 2, respect to t, is obtained

1
DYU(x,t) — DUapy(w,t < s
1D, t) = Dillary (o)) < o r T =) Vart, + 1vaMs 2 T 1M

Proof. According to Eqs. (5.1) and (5.2), we get

(5.5)

2)61 12)C2 1

1Dy U, t) = DfUapp(@, t)l2a) < D D IIDFUw,t) = DyU(a, )75 5,
ny= 1 no= 1
2K21—1 2)62—1

Y D IDfU(e,t) = Dyt (e, 6)|[3. 4

nlfl ng*l

IN

9K1-19Ka—1 g B 9
/cl T SKo—1 F(MQ + 1)$M1t/\42 v .
< /2 / [ sup |D.LD{U(z,t)|| dxdt
nlzl ngzl 2‘”11 11 7;?771 F(MQ + 1- V)Ml!M2! (OL‘,t)EA !
M1t/\/l2 v 2
S/ / [ Mz +1—-v)M,y 'qu} ot

= 1 Mi1y2
= VML (Ms 71— )2 @M, T D) @Ms — 2+ 1) M)

O

According to the aforesaid theorems, it can be observed that by increasing the terms of My, Ms, the error of
derivatives of the approximate solution tends to be zeros.

(&)
ENE
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Residual error. In this subsection, given Eq. (1.1), we present an upper bound of the residual error function. We
define

R (@,1) = E(,1) = Eapp(a, 1),
in which
E(x,t) = DYU(x,t) + DU (x,t) — DU(z,t) — Q(x,1),
and
Eapp(x,t) = D{Unpp(x,t) + Dild app(w,t) — DilUapy(w,t) — Q(a, ).

Then, using Theorems 5.1-5.4 and Corollary, we have

IRV (2, D)l 2ay < IDFU,t) — Dithapy (2, 1)l 12
+  DiU(z,t) — Dildapp(z, )| L2(a)
+ [|D2U(z,t) — D2Uapp(,1)||2(a)
1 My
< qu
MUIT(Ma +1—v)V/2M; + 1/2My — 20 + 1
+ 1 qu
MMy — DIW2IMy + 12M; — 1 M2
1
+

My
(M1 — 2)IMolV2M, - 3y M, 1 Me”

6. NUMERICAL RESULTS

In the current section, three examples are proposed to examine the accuracy of the numerical solution of the
mentioned problem by implementing the present technique. Moreover, the simulations are performed on a personal
computer via Mathematica 12.

Example 6.1. First, we consider the following TFDWE of order v (1 < v < 2) with the initial and boundary
homaogeneous conditions [29]
O"U(x,t)  OU(z,t) 82U(Jc t)
otv ot Ox?
where Q(x,t) = ( (t32 :) +2t)(x —2%) 42t is selected so that the exact solution is U(z,t) = t>x(1—1z). The equation

has been solved with various values of IC, I@, M, M and v. The achieved results are shown in Table 2, Figures 3 and 4.

+ 9z, t),

Figure 3 demonstrates the absolute error for K = C=1M=M=1,v=2and v = 1.1. Also, Figure J
shows the absolute error for K=K=2M=M = 2 v = 1.5 when we seleet zeros of shifted Legendre polynomials
and M+1’ M+1’ 1= M, j=1,---M as nodal points. For more investigation, Table 2 presents a comparison

the absolute errors between the result derived by wavelet method with (k = 3,M = 3) [9] and our method with
K=K=M=M =2 in zeros of Legendre polynomials as nodal points. In this table, we achieved more accurate
results than the wavelet method [9] with fewer basic functions.

Example 6.2. Consider the following TFDWE of order v (1 <v < 2) [2]

O"U(x, U (x 82Uz,

Uet) 4 Ulet) _ TULL 4 Oz, 1),
Z/{(x,O)—%:O, 0<z<I1,
UO,t) =t3, U(1,t) = Bap(1)t3, 0<t<1

(=)=
E)NE
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FIGURE 4. The bsolute error for K = K = ./\/l = M = 2,v = 1.5 and with nodal points: zeros of
shifted Legendre polynomials (right) and M{Fl,ﬁ, t=1,---M, j=1,--- M (left) in Example

6.1.

TABLE 2. The comparison of the absolute errors between the our method (K = K = M = M = 2)
and wavelets method (k = 3, M = 3) [9] for different values of v in Example 6.1.

(z,1) Wawvelets method [9] Present method

v=13 v=19 v=13 v=19
(0.1,0.1) | 1.3604E 5 1282560 | 4.33681E- 1  8.023106 '
(0.3,0.3) | 2.6323E7 5.3160E75 | 6.93880E~18  1.04083E17
(0.5,0.5) | 1.8821E~° 6.7208E~°% | 9.71445E 17 6.93889F 18
(0.7,0.7) | 8.1172E~¢ 3.6814E75 | 2.49800E 16 4.77396 E—15
(0.9,0.9) | 3.1435E 1.2030E-° | 6.52256E-16  1.11577E 14
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TABLE 3. The comparision of the maximum absolute errors in Example 6.2.

Method Error

FPCM [10] 2765 2
Spectral Tau method [2] (N =M =8,a=£=1) 2.64E5
Spectral Tau method [2] (N =M =16,a=8=1) 1.25E6

Present method (K=K =1,M =5 M =2) 1.25E7
.= v=2
-~ v=195
20[ .
.- v=185 /;-
g
v=1.75 %
150 2
B
v=1.65 i
P
4
100 G ]
X4
4
4
R
051 BN E
Py
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-—:=:=;¢-¢
00L s mmma=3=EET i
\ \ \ \ \ \
00 02 0.4 06 08 1.0

FIGURE 5. The convergence of Example 6.2 at K = 3, M = 5K =1, M = 2,2 = 1 and different
values of v.

We select Q(x,t) so that the exact solution of this problem is U(z,t) = t3Exp(z). The comparison of mazi-
mum absolute errors obtained by implementing FPCM [10], spectral Tau method [2] and our method in nodal points
M’:—l’#ﬂ’ i=1,---M, j=1,--- M are reported Table 3. ] ]

Figure 5 exhibits the convergence of the problem at K =3, M =5K =1, M = 2,2 =1 and different values of v.

Example 6.3. Consider the following TFDWE of order v (1 < v < 2) [5]

oU(x,t) 0?U(x,t)
ov  Ox2
with the initial and boundary homogeneous conditions. U(x,t) = 25 (1 — M, (—n?t"))sin(wz) is the ezact solution, in
which M, (t) denotes the Mittag-Leffler function.
Table 4 displays the achieved results by applying the method with K = K=1,M=M=5 and different values of v
and comparing with the exact solution and compact difference method [5], and a fully discrete difference method [25].

Also, we show the approximate solution’s graphs and the absolute error forv =2 with K =K =1, M =M =5
and zeros of Fibonacci polynomials as nodal points in Figure 6.

+sin(rz), 0<z,t<1,

7. CONCLUSION

A new numerical optimization technique is proposed to evaluate the approximate solution of time-fractional
diffusion-wave equations. This method is based on general Lagrange scaling functions. In GLSFs, by selecting various
nodal points in Lagrange polynomials, we have various kinds of orthogonal or non-orthogonal Lagrange scaling func-
tions. We compute a general Riemann-Liouville fractional integral operator of GLSF's for these functions, exactly and
without considering nodal points. The operator and applying optimization method are used to insert the mentioned
an
BE
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TABLE 4. The comparison of the achieved results for v = 1.5 in Example 6.3.

(z,t) Compact difference method [5] A fully discrete difference method [25] Present method Ezact Solution

(§,1) 4.3724E2 4.34346E~2 4.34332FE2 4.32436E2
(2,1) 8.0607E2 8.02566 2 8.00538 E2 7.99519E 2
(2,1) 1.0532E! 1.04860E ! 1.04595E 1 1.04399E !
(3,1) 1.1400E! 1.1500E5 ! 1.13213E1 1.13001E~1

FIGURE 6. Graphs of the absolute error (left) and approximate solution (right) at K = K=1,M=
M =5 and v = 2 in Example 6.3.

problem into a set of algebraic equations. We investigate the error analysis for the method. Some numerical problems
are proposed with graphs and tables to examine the efficiency and effectiveness of the proposed algorithm.
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