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Abstract

In this work, we examine the existence and uniqueness(EU) of g-Exponential positive solution (q-EPS) of the
hybrid g-fractional boundary value problem (q-FBVP).

We prove the q-Exponential fixed point theorem (q-EFPT) with a new set py, ., in the Banach space E to check
the EU of g-EPS of the g-FBVP. In the long run, an exemplum is given to show the correctness of our results.
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1. INTRODUCTION

Fractional differential equations (FDE) include fractional derivatives. Nowadays, there are several different concepts
and definitions of fractional derivatives, fractional integrals and their applications in different fields of mathematics.
In [8, 11], the existence and uniqueness of the positive solutions of the fractional boundary value problem have been
investigated by using fixed point theorems in a set including ¢(h, e)-concave operators. In [10], unique solutions of the
fractional boundary value problem in ordered Banach spaces where the operators are mixed monotone were examined.

Two important types of these derivatives and integrals that have been of our interest are g-derivative, g-integral,
Riemann-Liouville fractional derivative (RLFD) and Riemann-Liouville fractional integral (RLFI). In this work, we
investigate the EU of the g-EPS of the problem below:

—DyDY. (MR ) — (r,w(r),9(7) + o, w(r)) + 6(r, (7)) = 0,
0<7<1,2<y<3 0<q<l,
w(0) = w'(0) = €1(0) = ¢} (0) = 0,

{Igi(%)} I =0,1<a<2,

(1.1)

where X is a positive real number, e;(7) is a differentiable function and 0 < e;(7), D, is the RLFD of order v, D4
is the g-derivative and I is the RLFI of order a. Let’s assume that O = [0,1] and T = [0,+400). The functions
X:OxYTxYT—7and g,¢:0x7T — T are continuous.

Remark 1.1. In this work, the ¢ variable in the y function equal to 9(7) =1 — M, q,7 € (0,1).

We have extracted Definition 1.2 from reference [2].

Definition 1.2. The g-Exponential function Eq(7) is expressed as Fq(7) = > o {%}(‘ITk if |gf >1or0<|q <1,
n ok
I7] < |1 —q|~'. Where {k}q! = [T}_, % and {0}, = 0.
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In [1], A. Boutiara and M. Benbachir concerned the EU of solution of the g-system of nonlinear FDE on four points.
Their analysis relies on two issues, one of them is topological degree and the other is the fixed point theorem (FPT)
of Banach contraction principle.

Ddtwi(p) = x1(p, wi(p), w2(p)), p €0 :=[0,1],
Dg2wa(p) = x2(p, wi(p), wa(p)),
with boundary conditions:
wy(0) = alfqﬁlw(m 0<m<1, B >0,
wi (1) = by 17" w(
wa(0) = az}>w(ne
(1 w(

w2 ): bQIgQ

),
1), 0<o1 <1, ag >0,
)70<772<17 62>0a
0'2), 0<oa<1, ag >0,

for i = 1,2, DJi are the q-derivative from the Caputo type of order 1 < q; < 2.
In [12], C. Zhai and L. Wang proved the EU of positive solutions (PS) of the following FDE by using FPT:

D w(t) + x(1,w(T)) =b, 0 <7 <1,
w(0) =w'(0) =0, w(l) = ﬁ/o w(s)ds,

where 2 < « < 3,0 < 8 <« and b > 0 is a constants.
In [3], M. Gholami and A. Neamaty have proved the EU of solution of the problem below by using the A-FPT of mixed
monotone operator (MMO):

— Disw(t) = A Hx(1,w(7),9(7)) + o1, w(T)) + ¢(1,9(7))), 0<7t<1, 3<v<4,
w(0) = w'(0) = w"(0) =0,
(D w(T)]7=1 =0, 1 <p <2

This problem includes the RLFD and the positive number of A. In [5], Y. Liu, Ch. Yan, and W. Jiang checked the
existence of solution to the below FBVP:

DS DS w(r) + x(r,w(r)) =b, 0< 7 <1,
w(0) =0, w'(1) = DY w(l) =0,

where CDf‘, is the left-sided Capato derivative of order v, 0 < o« < 1 and Dg+ is the right RLFD of order 8,1 < 8 < 2
and o + 8 > 2. b is a constant.

In [9], Y. sang, and Y. Ren checked the EU of the PS to the following BVP using the method of the MMO:
w (1) = x (7, w(r), (Hw)(7)), T € [0,1],
w(0) = w'(0) =0,
w”(1) =0, w"(1) = o(w(1)).

Our purpose is to survey the EU of the q-EPS of the hybrid q-FBVP (1.1) using the g-FPT with the new set pp, e, -
We work in a real Banach space (E, |.||), with p cone. (Read [3] for more information).

2. PRELIMINARIES

In the second part, we state the preliminaries that we need to prove the main results.
From the references [4] and [7], we have extracted Definitions below.

(=)=
E)NE
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Definition 2.1. RLFI [, w of order a > 0 on finite interval = [0,6](0 < b < o) on the real axis R, is defined

below:

S _ 1 twl) T, U Q
I0+w(u)—r(a)/0 (u—T)l—ad’ >0, a>0),

here T'(«) is the Gamma function.

Definition 2.2. Let v > 0. D, w is called RLFD of order v > 0 and is expressed as below:

D300 = () apwe = g () [ D =11, w0,

where [y] means the integer part of ~.

Definition 2.3. Let ¢ : [0,00) — R be a function. Dq¢ is called g-derivative, and it is defined as follows:

(Dqp)(u) = M7 u#0, qeRM\L

U — qu

Definition 2.4. Let ¢ : [0,00) — R be a function. I ¢y is called g-integral, and it is defined below:

(Ig,09) (1) =/ p(1)dg(7) =u(l—a) Y _p(ug®)q¥, 0<|ql <1, ue R
0 k=0
Also, we have:

(Taue)w) = [ or)dstr) = [ elrldr) = [ o(ridar. a e,
(Dalgap)(u) = ¢(u), a € R,
(Iq.a Do) (u) = ¢(u) — p(a), a € R

The following Lemmas and Conclusion are extracted from references [4], [7] and [6].

Lemma 2.5. For o, 3 € T, relation below is established:
(I3 15 a0 (u) = (Ig P ) (w),

Lemma 2.6. For « € R and )\ € (—1,00), the following property is valid:

12, ((u— ) = m(“ et (0<a<u<b)
Lemma 2.7. Ifv € L'0,1], n> 0 and x > 0, then
I er) = L),
Dy Il v(r) = w(r).

Lemma 2.8. Ifv > —1, a >0 and 7 > 0 thus

F(1+V) v+a
I'l+v+a) '

Remark 2.9. If v has a RLFD of order o > 0 and v € €(0,1) N £(0,1), so

—v_a __
Dy/m =

I8, Dfo(r) = o(r) = - &(r — )7,

for any €; € R where M = [a] + 1.
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Lemma 2.10. Let w,v € €(0,1) N £(0,1), DyDYw € £10,1], I 0v € £10,1], 0 < q < 1 and w(0) = 0 be given.
Thus, the problem —Dqu+ (%) = v(7) has a general solution as follows:

n
w(T) = Eq(A1) Z CjTW_j — I Iq0v(7) | —3ei(r),

j=1
where €; € R(j =1,2,...,n), N=[v].
Proof. First, we take the g-integral from the sides of the equation and we get

_Iq,ODqu+ (W) = Iq7QU(7').

By using of (2.1), we attain —D, (%) = Iq,0v(7). Now we take the I, from the sides, therefore,

w(T 3e1(T 5
-10, D], (%7)”) = I, I, 00(7).

By using Remark 2.9, we obtain
N
. w(T) + 3e1(T)
Z@j’f’y J (W = IngIq’()U(T).
j=1

So, we have:

N
w(r) = Eq(Ar) [ > & — I Iy ov(r) | = 3es(7).
j=1

Now we state a theorem in which we earn the Green function of the solution to the problem.

Theorem 2.11. Assume v € €0,1] N £'0,1], DaD w € £'0,1], Iy ov € £0,1] and 0 < q < 1 be given. Thus, the
hybrid ¢-FBVP

B 5 (w(T)+3ei(T)\ <
Dy Dy, (Eq()\T) =o(r), 2<v<3,0<q<]1,

w(0) = w'(0) = e1(0) = €1(0) =0,
3
has a ¢-EPS as follows

w(r) = Eq(r) /0 (7, )Y (s)ds — 3e1(7) = Ey(A7) /0 (7, ) o o0(s)ds — 3e1 (1), (2.2)

where G(7,¢) a Green function is as below
1 { Tl =t p (7o) 0< g <7 <1,
L(y) | A=t 0<r<¢< 1
Proof. According to Lemma 2.10, the problem has a general solution as follows:
w(T) = Eq(AT) (€177 4 €or7 72 + €777 — 1) I ov(7)) — 3ea (7).
Using the first boundary condition, we have that €, = €3 = 0. Hence,
w(T) = Eq(AT) (QflTV_l - Ig+Iq,OU(T)) —3e1(7).

(=)=
E)NE

&(7,c) =
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Also, using the second boundary condition, we get the constant €;:

R e ]

o Eq()‘T)
By using of Lemmas 2.5 and 2.8, and Definition 2.2 we obtain:
w(r) + 361(7’)) I'(%) 1 1 /T B
a — s )=, —— L T o _ \7ta 1[ de.
0" < Eq(A7) 1F(a +7) Lla+17) Jo (T—¢) a,0v(s)ds
By putting 7 = 1, we get:
I'(v) 1 /1 -
0=¢ _ 1 — )rte 1I d :
"Tla+7) Tla+7) /) (1=9) a,00(S)ds

we assume that I ov(c) = Y (). Therefore, €; = 55 fol(l —¢)"t271Y(¢)ds. By placing €; and €5 = €3 = 0 in w(7),
we have

7—"/*1 1 T
w(r) = B (5 /0 (1= o)1y ()ds — ﬁ /0 (7 — )Y ()de) — 3er (7)
B Eq(AT)(ﬁ /O (A =T = (1= )Y (¢)ds
+ ﬁ/T 777H1 = )Y (6)ds) — 3ei (7).

Therefore, the Green function is as below:

1 [ @ =)t 4 (7 =), 0<¢<7<I,
771 —¢)rterl 0<7<¢<1.

So, we obtain that

w(r) = Bq(A7) /O & (r, )Y ()ds — 3e (7).
O

In the following Lemma, the characteristics of the Green function in (2.3) were stated and proved that we need in
the main part.

Lemma 2.12. The Green function defined in Theorem 2.11 has the following properties:
(1) for every 7,5 € [0,1] then, &(7,¢) >0,
(2) for any 1,5 € ]0,1] so,
A=) = (1 =) S T()8(7i6) < 77T H L ) T

Proof. (1). It can be concluded &(0,0) = 0. Also, for any constant ¢, the Green function & is increasing with respect
to7. That is, for 0 <7 <¢<1
08(r,5) _ (y=D72(1 —g)re]

p— >
or L'(v) =0,

and for 0 < ¢ <7 <1, we have:

08(r,¢) _ (=D 2A - (- YA -2
or INGY) -
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That’s mean, &(7,¢) > 0. The verdict of the first part has been proven.
(2). Tt is obvious that T'(y)&(r,¢) < 7771(1 — ¢)YFo~1. First, we prove the left side of the inequality, then

0<7—¢<7—-7¢=7(1-%),

so, we get (1 —¢)771 < 7771(1 — )7~ L. Therefore,
L(M&(r,¢) =71 =)+ — (1 — )7}
N A C D L
B (e )
if 0 <7 < ¢ <1 thus, we obtain:
P(1)&(r,¢) =771 (1 — )t
> (1 g (1

3. MAIN RESULTS

In this section, we investigate EU of the q-EPS for the hybrid ¢-FBVP (1.1) using of the ¢-EFPT of MMO in cone
Ph.e,- Banach space E can be kit out with a partially order arranged with u,v € €[0,1], u < v & u(r) < v(r) for
7 € [0,1]. VY u,v € E, the marking an equivalence relation u ~ v that is, there exists g1 > 0 and ps > 0, therefore
mu < v < pou. If h € E and h > 0 are given, we define the pp, = {u € E| 3 11 < pg and pyh < u < poh}. It is obvious
that pp, C p for any h € p. We consider p as a normal cone with a normality constant of 1. Let e; € p, 0 <e; <h be

given and e; is differentiable . Then set py, ¢, is expressed as below:
Pher = {u € E| 3 us and pg, psh <u+ep < pgh}
={ucE|u+te €Pr}
={u € E[3 p3 and pa, psh+ (us —1)er <u < pgh+ (pa — )er }.
It is clear that pj, C pp,e, for any h € pp e, -

Definitions 3.1 and 3.2 are extracted from [12] and [9] respectively.

Definition 3.1. An operator A : ppe, X phe; — Ph.e, is called a MMO if A(w,?) is decreasing relative to ¥ and

increasing relative to w, means that, w;, ¥; € ppe, (i =1,2), w1 < weq, ¥1 > ¥2 imply
A(wr, 91) < A(ws, 92),
the element u € py, ¢, is called a fixed point of A if A(u,u) = u.

Definition 3.2. If B :p;, ., —E is an operator. For each u€py, ¢, , there is a function ¢:[0, 1]—[0, 1] such that for any

A€ (0,1), p(A) > A
B(Au+ (A —1)er) = p(AN)B(u) + (¢(A) — Der.

Therefore B is named a generalized ¢-(h, e1)-concave.

Definition 3.3. If T is MMO in cone py,,, the element u € py, ., is called a g-Exponential fixed point (q-EFP) of T

if Eq(A7)T(u,u) = u.
The following Lemmas are derived from [12].
Lemma 3.4. Ifu € pye,, then for A >0,
A+ (A—1)e1 € phe,-

(=)=
E)NE
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Lemma 3.5. If u,v € ppe,, thus for 0 < p <1, v > 1 such that (S.T):
o+ (p—1)er <v<vv+ (v—1)e.
So, we can elect a tiny € € (0,1) S.T
ew+(e—1ey <u<e vt (et —1ey.

Now, we state and prove the main Lemma and Theorems. This Lemma and Theorems are specific to conical
space of pj, ¢,, and this theorem is called the q-EFPT of MMO on cone pp, , .

Lemma 3.6. We assume that T: p x p — p is a MMO, which we consider as a normal cone p in the real Banach
space E. There is a function ¢ :[0,1] = [0,1] S.T for any 7, t(7) > 7

T(rw+ (1= Dey, 7'+ (77" = Der) > o(7)T(w,d) + (u(r) — Der, w, 9 € Pp,. (3.1)
(J) For any ho € pn,e, that ho # 0, T(ho, ho) € ph.e, -
Thus,

(1) T: Phes X Phier — Phiess
(2) There is wo, Yo € ppe, and e € (0,1) S.T edy < wy < Eq(A7)J0,

wWo S Eq(AT)T(’LU(),’L%) S Eq()\T)T(ﬂQ,’LUo) S Eq(>\7')’§o

(3) T has a q-EFP w* in ppe, ;
(4) For each initial values wo, Vg € pp.e,, constructing successively the sequences

Wwm = Eq()\T)T(wm_l,'&m_l), N = 1, 2, ceey
199’1 :Eq()\T)T(ﬁmfl,wmfl), N = 1,2,....
in result wy — w* and Yy — 9* as N — co.

Proof. According to the (3.1), we achieve:

T(t7 ho + (771 = 1)er, Tho + (1 — 1)er) > o (1) T(ho, ko) + (¢ (1) — 1)es. (3.2)
Because hg € ppe,, there is a n € (0,1) S.T,
nh+(n—1)e1r <ho <n 'h+(n~' —1)er. (3.3)

According to the property of mixed monotone T and relation (3.1), (3.2), and (3.3) we get:
T(h,h) > T (nho +(m—1Dey,n tho+ (' - 1)61)
> 1(n)T(ho, ho) + (¢(n) — 1)ex,
T(h,h) <T (nflho + (7t = 1)e1, nho + (n — 1)61)

< o (m)T(ho, ho) + (¢ (1) = 1)en.

Since T(ho, ho) € ph.e,, we conclude that T(h, h) € ppe, -
Therefore, T : pre, X Phey — Phe,- Because T(h, h) € pp.e,, we consider a number like 75 € (0,1) S.T

Toh + (10 — 1)ex < T(h,h) < 75 'h+ (15" = Dey. (3.4)
Since 19 < t(79) < 1 therefore, % < % We can find positive number like m that (%)m > % then,

(o) > Tt (3.5)
We put

wo = 7" h + (73" — 1eq,

’190 = T(;mh + (T(;m — 1)61.
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It is clear that, wg, Y9 € ppe, and
wo =T10"h+ (75" —Dexr <715 "h+ (15" — 1)ex
=y < Eq(A1)J0,
as a result, wyg < Eq(A7)Yy. It is enough that E = max Eq(A7), 7 € (0,1) and for large natural values M, we can

be considered 9 that € = % < 1, consequently, ey < wp. Since T is a MMO, we get that T(wp,dy) < T(Jo,wp), by
multiplying Eq (A7) on the sides inequality, we obtain

Eq(AT)T(wo, Vo) < Eq(AT)T(Yg, wp).
Using the relation (3.1), (3.4), and (3.5) we have:

Eq(AT)T(wo, Vo) = Eq(AT)T (15"h + (78" — )er, 75 "h+ (15 ™ — 1)ey)
= B, T{ro[r" th+ (70" — Dea] + (10 — Dex, 75 Mg ™h+ (157™ — 1)e4]
+ (5" = Der}
> (70)T (7'6"_1h + (1 = ey, g "R A (g™ — Der) + (u(m0) — 1) &
= 1(r0)T{7o[7J" 2h + (10™72 — 1)eq] + (10 — Ver, 75 ra " ™h + (187™ — 1)e4]
+ (5" = Der} + (o) = e
> 12 (10)T (76”7271 + (12 = Dey, 78 ™h 4 (18 — L)er) + (L2(T0) — 1) e1

> 1" Hr)T (Toh + [10 — e, 7o th+ [yt — 1ler) + (mel(To) —1)e
> ™ (10)T(h, h) + (™ (10) — 1) eq
> 1" (10) [Toh + (70 — Dex] + (¢™(10) — 1) ex
> 7 b 4 (1o — Dea] + (707 = ey
=T15"h+ 1"er — 7'6”7161 + 7'6717161 — e
=70"h+ (70" — 1)ex = wo.
That is Eq(A7)T(wo, do) >
Eq(AT)T(Y0, wo) = Eq(AT)T (19 "h+ [15 ™ — 1]ex, 70" h + [1" — 1]e1)
= EqO\T)T{7g [ "h+ (5™ = Dea] + (75 = Der, mo[rg" ~Hh+ (15"~ = Ded]
+ (0 — Dex}
<Eq(AT)[¢ ™ (10)T (Tolfmh—i—(TOl*m — Dey, 7" h(r ™t — De1)+(c 7 (o) — 1) ]
=Eq\)lH (10)T(rg Hrg ™" het(g ™" = Dead(rg ' = Der, to{rg" —*ht(rg" 2 — D)ea}
+ (0 = 1)er) + (¢ (70) — 1) ed]
SEq(/\T)[L_Z(TO)T (Tg_mh—l—(rg_m —Vey, 9" 2h- {72 — 1}61)+(L_2(T0) —1)e1]

\%

wp. By using the relation (3.2), (3.4), and (3.5) we obtain:

< Eq(A7) [L_m+1(T0)T (T(;lh + (5t = Dey, oh + (10 — 1)61) + (L_m+1(7'0) — 1) el]

< Eq(AT) [L*m(To)T(h, h)+ ("™ (o) — 1)61]
< Eq(A1) [fm(To)(To_lh + (7'0_1 —Dey) + (™™ (m0) — 1)61]
< Eq(A7) [T()_m+1 (To_lh + (15 — Dey) + (rg ™ — Des]
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= Eq(A7) [0 "h + (g™ — 1)ed]

= Eq()\T)ﬁo.
That is Eq(AT)T(wo, Yo) < Eq(A7)Yo. Then, we prove that

wWo S Eq()\T)T(wO719()) S Eq()\T)T(’ﬁ(),U}O) S Eq()\T)ﬁ(). (36)
By constructing recursive sequences

wy = Eq()\T)T(wm_l, 19&}1_1),

I = Eq(AT)T(’ﬁm_l,wm_l) N=12,...

By using the relation (3.6), wi = Eq(A7)T(wo,Po) < Eq(AT)T(Jo,wo) = 11, ingeneral, we can take wym < U,
(M =1,2,...), therefore, we get:

wo Swy - Swp < - <Py < -0 <Oy < Bg(Ar)do. (3.7)

Since wg, J9 € ph.e,, using Lemma 3.5, we choose a u > 0, S.T wy > u(Eq(A7)%) + (1 — 1)e1, by using the relation
(3.7), we obtain:

woy > wo > w(Eq(AT)00) + (1 —1)er > pr + (u—1)er, M=1,2,....
Suppose Ty = sup{7 > Olwn > 70n + (T — 1)e1}. We take from (3.7)

™ € (0,1), wyn > Tmm + (7 — 1)eq, (3.8)
so, by using (3.7) and (3.8), we have:

Wyp1 > wo > T + (Tw — 1)er > tp¥mq1 + (p — L)eg, N =1,2, ...
In result of Ty1 > 7y that is the sequence {7y} is an increasing. Suppose g}grloo ™ = 7*. We show that 7* = 1.

Differently, 0 < 7* < 1. We examine two cases.
Case 1: A Ny € N, S.T 7y = 7*. For all 91 > Ny we get 7op = 7*. Thus, for each 91 > Ny

w1 = Eq(AT)T(war, ) > Eq(AT)T [t + (Tor — L)er, 7y 'wn + (77" — D)er)]
EqAT)T [r"0m + (7 = Der, () " wm + ((7) 71 = 1)es)]
Eq(A7) [o(r")T(Io, wn) + (e(77) — 1) ea] ,
Eq(AT)u(t*)0m41 + Eq(AT)(1(77) = D)ea
> ( Vo1 + ((77) = 1) eq.
According to the increasing sequence {7}, we have To141 >, ¢(7*) > 7* by We take limits from both sides as 91 — oo,

we obtain 7* > ((7*) > 7*, which is contrary to our assumption.
Case 2: VO € N, ¢ < 7*. So, we get:

w1 = Eq(AT)T(wm, 90) > Eq(AT)T (Tgﬂ?m + (t1 — 1)61,7’&11&)1 + (7'51 — 1)61))
=B )T {r O = Der}+( 2 = Der, (27X () ™ wmeHr) ™ = DerH{(55) ™ = Le]
Eq(Ar) [o(ZT{r 0 + (77 = Der, (7)) wm + ()7 = Dea} + (U(Z) = Ve

Eq(Ar) [((2) (e )T (wan, 9on) + () = Der) + ((20) = e |

T*

= B ulr oner + EAr)0(77) = Der + EoOn)0(72) = e

= B ) U s + Eq(3r) (u(E0u(r) = 1) e
By the sequence {7}, we have:

™ n
Tore1 > L(F)L(T*) > T—*L(T*).
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We take limits from both sides as 9T — oo, we get:

* T* * s *
™2 —u(r) 2 (),
which is against our hypothesis, in result of 7 = 1. For every p that is a natural number, we obtain:
0 < wmyp — wn < I —wn < Py — Tl — (T — 1)eq
=1 —7m)dn+ (1 —m)er < (1 —710)Eq(AT)% + (1 — T)er.
Therefore
0 < Iqn —VIoqp < I —wn < I — T — (T — 1)es
=1 —7m)dn+ (1 —m)er < (1—1m)Eq(AT)d + (1 — ™n)es.
For constant normal N and p normal cone we get:
| woep — won 1< N(L = 7o) || Eq(Ar)do + €1 = 0, (as 9t — o),
[ 9 = Impp IS N(L = 7o) || Eq(AT)d0 + €1 [|= 0, (as 9N — o0),

then, {wn} and {9} are Cauchy sequences. Since E is complete, there exists w* and 9* S.T wyn — w* and ¥y — 9*
as M — oo. Using the relation (3.8) We know that:

wo < wy; <w* <P <Py < Eq(A1)do.
Then, w*,9* € pp ., and
0<V" —w" <y —wn < (1 —mm)Eq(AT)00 + e1.
We conclude that:
| 9* —w* |[< N1 — 1) || Eq(AT)Y0 + €1 || = 0, (as N — o0),
that is w* = 9%, if u* := w* = J*, we have:
w1 = Eq(AT)T(wm, 90) < Eq(AT)T(u", u*) < Eq(AT)T(O0, wn) = Forpr-

As M — oo we get that Eq(A7)T(u*,u*) = u*. That is u* is a q-EFP of T in pj.,. Now we display that u* is an
uniquely q-EFP of T in pp, ¢,. Assume that @ is a g-EFP of T in pp,. By using of Lemma 3.5, there are sy, Sfl >0
S.T

51T+ (51— ey <u* < sp'a+ (s7' — ey,
we put so = sup{s; > 0|17+ (s1 — 1)ey < u* < sflﬂ—i— (sf1 —1)e;}. We show that sg > 1. If 0 < s9 < 1 thus,
59T + (59— ey < u* < 85 T+ (551 — 1)ey,
therefore,
u* = Eq(AT)T (u*,u*) > Eq(AT)T(s20 + [s2 — Ler, s5 '@+ [s3 1 — 1eq)
> 1(s2) Eq(AT)T(T, @) + [t(s2) — 1]er = v(s2)T + [t(s2) — 1]eq,
u* = Eq(AT)T(u*, u*) < Eq(AT)T (s3 "0+ [s5 " — 1]er, s2u + [s2 — 1]eg)
<N s) Ey(OA)T(@, 1) + [ (s2) — e = ¢ Hsa)u+ (17 (s2) — 1)ey.
By using of definition sy, we cane take that so > t(s2) > s9 and s, * < 1~ !(s3) < s5*, which is against our hypothesis.
Therefore, so > 1 and
u* > u(s2)u+ (t(s2) — L)er > s+ (s2 — 1)ex > s9u > 4,
w* <o s a4 (1 (s2) — ey < sy '+ (53t — ey < 55w <

(=)=
E)NE
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That’s mean, w < u* <7, thus, v* = uw. Therefore, v* is an uniquely q-EFP of T in py, .,. For every ug, vo € ph.e,, We
choose tiny number s3,s4 € (0,1) S.T:

soh + (s — 1)eg < g < 55 h+ (s5+ — 1)ey,
ssh+ (s3 —1)eg <wp < sglh + (851 —1eg.
If s* = min{ss, s4}, s* € (0,1) and
s*h+ (s* — ey < ug, vo > (s*)'h+ ((s*)7! = 1)ey.
Assume that
Wo = (s*)™h+ ((s*)™ — D)ey, Jo = (") "™h + ((s*)"™ — 1)ey.
We see that, according Lemma 3.4, Wo, Yy € Ph.ers Wo < uo and 9o > vo. If
Wo = Eq\T)T(Wn—1,9m-1), M—1,2,...,
Jo = Eq(AT)T(Um—1,Wm-1), N—1,2,....
Similarly to, there is v* € pp e,, S.T
Eq(AT)T(v",v") = 0", mlgnoo Wy = S%iinmﬁm =",
Since fixed point T is unique in pp, ¢, , we have u* = v*, and we get by analysis
Wn < up < Iy, Wy < vy < Ion.
Because p is normal, we obtain:
lim @y =u*, lim oy = u*.

N—o0 N—o0

]

Theorem 3.7. Suppose that 0 < a(r) <1, 0<o(1) <1, 0< (1) < 1, 0 < a(7) + B(7) < 1. Also, if p is a normal
cone inE and A:pxp— pisa MMO, B,C: p — p. B is a generalized 1¥-(h, e1)-concave operator and increasing,
and C is a decreasing and they apply in the following conditions:

(J1) There is function ¢ : [0,1] = [0,1] S.T for any 7 € (0,1), ¢(7) = 7T > 7.

A(ru+ (r=Dey, 7 o+ (771 = 1)eg) > 7B A, v) + (9O _1)ey, Vu, v € phe,; (3.9)
(J2) There is function ) : [0,1] = [0,1] S.T for any T € (0,1), ¥(7) = 7°7) > 7, operator B applies in the following
relation:
B(ru+ (1 — er) > 77D B(u) + (777 — 1)es, Yu € ppe,, (3.10)
operator C is decreasing and it applies in the following relation:
Cor— o+ ("t =Dey) > 77DCw) + (777 —1)ey, Vo € Phers (3.11)

(J3) Exists ho € pp, C phe; S-T A(ho, ho) € pheys B(ho) € phe, and C(ho) € phe,;
(Ju) Ezists a constant § > 0, S.T for each u,v € pp ¢,

A(u,v) +e3 > §(B(u) + C(v) + 2e1) + (6 — 1)ey.
Thus,

(1) A . ph,el X ph,el — ph,el and B,C : ph,el — ph,el;
(2) There is wo, Yo € phe, and € € (0,1) S.T edy < wo < Eq(A7)J0,

wo < Eq(AT)T(wo, Jo) = A(wo, o) + B(wo) + C(Jo) + 3e1
< Eq(AT)T(ﬁo, ’wo) S A(ﬁo, 'wo) + B(’ﬁo) + C(wo) + 361 < Eq(>\’7')190;
(3) T has an unique q-EFP u* in pp e, ;
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(4) For any initial value ug,vo € pp.e,, there are recursive sequences
umt1 = Eq(AT)T(um, vm) = A(um, vm) + B(un) + C(vm) + 3e1, NM=1,2,...
vorp1 = Eq(AT) T (v, um) = A(vo, um) + B(vm) + Cum) + 3e1, N=1,2,....
we obtain uym — u* and vy — u* as N — oco.

Proof. Using the (J1), (J2) and relations (3.9), (3.10), and (3.11), for any 7 € (0,1) and u,v € pp ., we get:
1

A (7'71’& + (7‘71 - 1)61,7”0 + (T — 1)61) S WA(U,'U) + (m — 1)61, (312)
1 1
Bir7'u+ (171 = 1)e1) < —=B(u) + (—= — 1)ey, (3.13)
7—0'(7‘) 7—0'(7')
1 1
C(T'U + (T — 1)61) S wC(U) + (W — 1)61. (314)
T T

Now, we disply that A : pp e, X pre, = pher s BiC: pre, = phe,- Since A(ho, ho) € pn, B(ho) € pn and C(ho) € pp,
exists constant ; > 0 and p; >0, (i =1,2,...) S.T:

Eq(A)y1h < A(ho, ho) < Eq(AT)psh, (3.15)
Eq(AT)v2h < B(ho) < Eq(AT)u2h, (3.16)
Eq(AT)v3h < C(ho) < Eq(AT)push. (3.17)
Because hg € pp, C phe, , there exist constant 5 € (0,1) S.T:
Toh+ (70 — 1)eg < hg < lh + (i —1)es.
To 70

By using of relation (3.9)-(3.17), we have:

1 1
A(h,h) <A (ho + (7 — 1)61,’7’0h0 + (’7’0 — 1)61)
70 70

1 1
< et Alhe ho) + (o iamy
0 0

Eq(AT)p1h ( 1 B
- 7_6%(7'0)4'/3(7'0) 7_61(7'0)'*-5(7'0)

— 1)61

es, (3.18)

1 1
A(h,h) > A (’Toh() + (TO — 1)61, —ho + (7 — 1)61)
70 70

> 75T Ahg, ho) + (g TP 1)ey

> Eq()\T),ylthé(m)-i-ﬁ(m) + (7_61(7-0)4-5(7—0) ~ e, (3.19)
1 1 1 1
B(h) < B (ho +(— - 1)61> < WB(hO) + (ﬁ —1)ey
70 70 o 0 7_0 0
E 1
< BODR | (i ~ e, (320)
o0 o0
B(h) > B (roho + (1o — )ex) > 777 B(ho) + (777 — 1)e
> Eq()\T)’}/Qth(TO) + (Tg(TO) — 1ey. (3.21)
C(h) < C(1oho + (10 — 1)e1)
1 1
S O'(T )C(ho) + (ﬁ — 1)61
50 T °
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)M3h 1

—1)ey, (3.22)

o (7o) + U(TO)

Eq(\
-
. L
am) o+ ( o) Je1

T°>c (ho) + (7 "W ~ e

> Eq(AT)ygth (0) 4 (7800) _ 1)ey. (3.23)
It is obvious that W’ 717'5(7‘]”6(70), U‘fim, Yo 75(70), c,(m) and 7370( ©) are greater than zero. As a result, we

proved that A(h, h) € Ph,ers B(h) € ppe, and C(h) € Pher- For every u,v € pp.e,, we select a sufficiently tiny number
like £ € (0,1) S.T:

Eh+(€E—1)eg <u< éh—l—(é—l)el, (3.24)
Eh+(€E—1eg <v< 2h+(%—1) (3.25)

By using of relations (3.9)-(3.14) and (3.18)-(3.25), we have:

Al v) > A (gh + (€= 1ex, %h + (% - 1)61)

> QT8 A(h, h) + (€2OFBE) _1)e,
> ga(f)-&-ﬁ(&) (Eq()\T)7_(‘)34(‘F0)+ﬁ('ro),y h +( a(to)+B(10) _ 1)61) + (504(&)-&-/5’(5) —1)ey

_ Eq()\T)Tél(To)+ﬁ(ro)%€a(g)+5(g)h + (é-a(f)+ﬁ(£)7.004(7'0)+5(7'0) — ey,

Afu,v) < A (2h (2= Denght (e - 1>e1>

€
1
S s AN + (Ggrse — Ve
1 Eq(AT)p1h 1 1
T <T(t)l(fo)+ﬁ(To) * (73(70)”“0) ~ Ve |+ (mmem — Ve
Eq(\)pih 1
- a(AT) 1 + De.

£ +B(§) 751 (T0)HA (7o)
Thus, A(u,v) € phe,-
B(u) > B(¢h + (€ —1)er) > E7OB(h) + (€70 )ey
> ¢ (E ( W) y2hrd 70 4 (7700 — 1)61) (7O —1)e
= B,(A)e7 O 77 noh 4 (7O ™) — 1),

1 1 1 L
B(u) < B (fh + (g — 1)61) < WB(M + (W -

1 E,(AT)ush 1 1
G ( e+ (o Ve | (g D

To To
 Eq(Am)uah 1
£o@750) o) 0

gal€)+B(€) ro(ro) +AT)

7o) — 1)61.
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Then, B(u) € ppe, -

Clv)>C (éh + (% — 1)61) > §G(£)C(h) + (50(5)71)61

> 67O (By(Ar)shtd ™) + (557 = Der ) + (€7@ = 1)ey
_ Eq()\7—)50(5)T{)T(To),ygh+ (50 Tg(m) — 1er,

1 1
Cv) <C(Eh+(—1)er)) < @cm) + (W —1)e;
1 E,(A\T)ush 1 1
= &® ( ng(m) + (Tg(m) - 1)61) + (@ —1ey
E,(AT)ush 1 “er.

@7 o) om0

Therefore, C(v) € ph,e,. That is A: ppe; X Phe; — Phiess ByC : Phey — Phie,- We define operator

Eq(A7)T(u,v) = A(u, v) + B(u) + C(v) + 3e1, Yu,v € ppe,-

According to A(h, h) € ppe,, B(h) € pe, and C(h) € pp, e, We have,
Eq(AT)T(h,h) = A(h,h) + B(h) + C(h) 4+ 3e1 € phe, -

Now we demonstrate that for any 7 € (0, 1) there exist ¢(7) € (7,1], S.T for each w,v € pp.e,,
T(u+ (r—De, 7 o+ (771 = 1)er) = o(7)T(u,v) + («(1) — L)es

For any u,v € pp, and by using of (Jy) there is constant 6 > 0 S.T:
(A+e))+0(A+e)>06(B+C+2e)+0(A+er)+ (6 —1)e.

Thus, we obtain:
(A+e)(14+0)>0[A+B+C+3ei]+ (0 —1)er, Yu,v € phe, -

We divide the sides by the (1 + §):

0 0—1
>
(A+er) > 1 +5Eq()\T)T(U,U) + 1+561
1) €1
> -1 .
2 7 +5Eq()\T)T(u7’U) 55 Yu,v € pp e

Using relations(3.9), (3.10), (3.11), and (3.26), we get:

E;OD)T(ru+ (1 — Ve, 7o+ (771 = 1)er) — 77T Eq(A)T(u, v)

=A(tu+ (1 — Ve, 7w+ (17 = Dey) + Blru+ (7 — Dey) +C(r7 o+ (771 — 1)ey)

+3ey — 77 [A(u, v) + B(u) + C(v) — 3e1]

> TCY(THB(T)A(%U) + (Toz(f)Jrﬁ(T) —1)e; + TU(T)B(U) + (TU(T) —1ey

+ 77 (v ) (TU(T) —1)ey +3e; — 77D A(u, v) — 77D B(u) — 77C(v) — 377 (Me;

= (B _ 19N (A+ eq) + 3e1 (1 — 7))
> (rHBT) _ oMY (A 4 €)
(

)

)
> (r(MHA) _ T)) A—|— e1) + () _ 1)y

)

a(T T T € (T T
> (re)+B(T) _ N[ Eq(A)T(u, v) — 1;6]+(T (M+B(T) _ 1)ey

(3.26)
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So, we have:

1

EqO)T(tu+ (1 — e, 7w+ (171 = 1)ey) > (rMH0) TU<T>)[1T5Eq(AT)T(u, v) (3.27)
__a a(r)+B(r) _ 1 oM g T

enias Je1 + 770 By \r)T(u,0)

67_o¢('r)+5(7') _ 57_0'(7') 57_0'(7') 4 TO'(T)
— 1 T 6 Eq()\T)T(U, U) —+ 17_|_5Eq()\7—)T(U, U)

7e(m)+B(T) L po(7) Sre(MAB(T) 4 raln+B(T) _ (1 4 6)
B 146 “ 146 “

a(r)+pB(T) o(T) a(r)+B(T) o(T)

T + 7 T + 7

= s Eq(AT)T(u,v) + ( 1535 —1ey, Yu,v € ppe, - (3.28)
If o(1) = W thus, ¢(7) € (1,1],7 € (0,1). By using (3.28), We draw conclusions

T(ru+ (1 — Der, 7 to+ (771 = Der) > o(7)T(w,v) + («(7) — ey, Yu,v € ppe, -
Therefore, condition (J) of Lemma 3.6 is true. Therefore, using Lemma 3.6, we draw conclusions that
(1) There are wo,Jg € ph,e, and r € (0,1) S.T rdy < wo < Eq(A7)V0;
wo < Eq(AT)T(wo, P0) < Eq(AT)T(99, wo) < Eq(AT)J0;

(2) T has an unique q-EFP u* in pp ¢, ;
(3) For any primitive value ug, vy € pp.e,, by making recursive sequences

up = Eq(A7)T(up—1,vm-1),
Um = Eq(AT)T(’Um—lvu‘ﬁ—l)a N = 17 27 sty
we get um — u* and vy — u* as 9 — co. Means that, conditions 1-3 are fulfilled. O

Theorem 3.8. Assume that the conditions (J]) — (J§) in (1.1) are satisfied :

(J]) x:OxYTxYT =T and 9,0 : 0 x YT —= T are continuous. x(7,0,1) Z0, o(r,0) Z 0 and ¢(7,1) # 0;

(J}) For each constant 7 € O and 9 € T inw € Y, function x(7,w(7), (1)) is increasing and for every constant
7€ (0,1) andw € T in ¥ € YT function x(1,w(7),9(7)) is decreasing. For constant 7 € O in w € Y, the
function o(T,w) is increasing and for constant T € O in ¥ € Y, the function ¢(1,9) is decreasing;

(J3) For anyt,n € (0,1), w,¥ € T and the continuous functions 0 < a(n) < 1,0 < B(n) <1land0 < a(n)+5(n) <
1. There is a function n*M+FM) >y G T:

(w4 (= Ve, 10+ (071 = Der) = D0 x (7, 0,9) + (n* WO —1)ey;

(J3) For any 1,m € (0,1), w,¥ € Y and continuous function 0 < o(n) < 1, there is a function n°™ >n, S.T
o(r,mw + (n = Der) > 17 o(r,w) + (7 = ey,
S(rn 0+ (07" = Ver) = 7P o(r,9) + (17 = 1)ey;

(JL) For every T,m € (0,1), w,d € Y exists a constant 6 >0, S.T:
X(m,w(7), 9(7)) = blo(r, w(r)) + ¢(7,9(7))] + (6 — 1)es.

Thus,
(1) There are 7 € O, wo, Vo € ph,e, and € € (0,1), S.T ¥y < wy < Eq(AT)Yy and

wo(7) < Eq(AT)/O &(7,6)1q,0[x(s; wo(s), Yo(s)) + o(s, wo(s)) + ¢(s, Jo(s))lds — 3ex,

1
Eq(AT)d0 > Eq(AT)/O &(7,5)1q,0[x(s,Fo(s), wo(s)) + os, wo(s)) + ¢(s, wo(s))]ds — 3ex,
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where h(t) = 7771 | 7€ [0,1];
(2) The hybrid ¢-FBVP (1.1) has an unique q-EFP w* in ppe,;
(3) For any ug,vo € ph.e,, by making recursive sequences

um 1 = Eq(A7) /O B(7, ) Iq.0[x(s, um(s), vm(s)) + o(s, un(s)) + ¢(s, v (c))]ds — e,

1
Vi1 = Eq(A7) /05(77 ) g0l (s, v (<), um(s)) + o(s, v (<)) + (s, un(s))]ds — 3ex,
0
N=0,1,2,..
we have ||lun — w*|| — 0 and |Jwn — w*|| — 0 as N — oo.

Proof. The hybrid -FBVP (1.1) has a solution as below according to Theorem 2.11:

w(T) = Eq(AT)/O B(7, ) g,0[x(s, w(s),V(s)) + o(s, w(s)) + ¢(s, V(s))]ds — e,

where &(7,¢) is the same as (2.3).
We display that w is a q-EPS of problem (1.1) <> w = A(w, ) + B(w) + C(¥) + 3e1 = Eq(A1)T(w, ). We express
operators A: p x p — E and B,C : p — E as below:

A(w,9) (1) = Eq()\T)/O &(7, ) Iq.0x (s, w(s), V(s))ds — e,
B(w)(r) = Ey(A7) / &(r, ) Ia00ls, w(s))ds — e,

C(9)(r) = Fq(A7) / S(r,6) I 06(s, 9())ds — 1.

For w;,¥; € ph,e,, (i = 1,2) with wy < we and ¥ > ¥2, we know that ¥1(7) > Y2(7), w1 () < wa(7). We show that
operators A, B and C apply to the following relations, respectively.

A(wy, 1)(1) < A(wz, 92)().
B(w:)(7) < B(ws)(7),
C(0h)(1) < C(92)(7).

Using of (J}), we have:

1
Awi, ) (1) = Eq ()\T)/O &(T, ) q,0x(s, wi(s),1(s))ds — ex

1
= Eq(AT)/ &(7, ) Iq.0x(s, wa(s), V2(s))ds — ex
0
— A(wg, ’192)(7')
That is, A(wi,9Y1)(7) < A(ws,92)(7). Similarly, for B and C we obtain.

1
B(w:)(r) = Eq(Ar) /O & (7, ) Ty 00(s, w1 (<))ds — 1

< Eq(>\7—) /O ®<7—7 g)Iq,OQ(ga wz(g))dC — €1
= B(ws)(7).
Means that, B(wy)(7) < B(ws) (7).
CO) = Bylr) [ @(re) yoots.vh (©)ds = e

(=)=
E)NE
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< Eq(A7) ; B(7,6)1q,00(s,V2())ds — €1
= C(ﬁg) T).

(
That is, C(¢1)(7) < C(¥2)(7). Now, for each w, 9 € ppe,, n € (0,1) and 7 € O using of (J5), we show that operator
A satisfy in condition (3.9).

Alqw + (n = Der,n "9+ (7' = 1)er)(r)

= E«;(AT)/0 &(7,9)qox (s, nw(s) + (n— Ler,n ") + (7" — 1)ey)ds — e

1

> na(")*‘ﬂ(")Eq()\T)/ &(7,6) Iq.0x (s, w(s),0(s))ds + (n>MW+BM _1)e; — ¢
0

= n*MHBM A(w, 9)(7) 4+ (n®MFBM) _ 1)ey.

That’s mean, the operator A satisfies in condition (3.9). Now, for any w,?d € ppe,, n € (0,1) and 7 € [0, 1], by using
of (J}), we show that B and C apply in conditions (3.10) and (3.11).

1
Bnw+ (n—1)ey) = Eq()n')/o &(T,¢)1q,00(s,mw(s) + (n —1)e1)ds — eq

1
> B0 Bo(3r) [ 8(m6) ans. w)ds + (7 = Des] e
=77 B(w)(r) + (7 — Ve,

That is, the operator B applies in condition (3.10).

1
Clp '+ —1)er = Eq(AT)/0 &(7, ) Iq.00(s, 7 9(s) + (7" = Der)ds — e

> By ()7 /O (7, ) Io.00(s, 9(s))ds + (7™ — 1)er] — €1
= @)+ (07 e

That’s mean, the operator C satisfies in condition (3.11). Now we need to demonstrate that A(h, h) € pp e, , B(h) € pp e,
and C(h) € ppre,. So we need to prove A(h,h) + e1 € pp, B(h) + e1 € pp and C(h) + e1 € pp. By using of (J]) and
(J3), we have:

A(h, h)(7) +e1 = Eq(AT)/O &(7, <) Ma,0x(s, h(<), h(s))ds

1
= Eq()\T)/ &(7,6) Iq,0x(s, 67, —Iq.067 " 1)ds
0

According to Lemma 2.6, we know that if (A =+ —1,a =0, = 1), thus,

—Iq 05"t = F:%S:Yl))g”. Therefor, by using of Lemma 2.12 we get:

1 3 -T ol
A(h,h) + e = Eq()n-)/o &(7,¢)Iq.0x (5,677, I‘cl(yq—(i—)l)a)dg

vt —T'q(v)

Iqox(s,¢7 71, §")ds
a0X( Lq(v+1) )

71%0)((@ 1, 0)d§,
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A(h B)(r) + 1 = Eq(A) / &(r, ) Iq0x(s, h(s), h(s))ds

1
= Eq(A7) / &(7,9) Iq.0x(5, 67", —Iq,067 " )ds
0

' —T4(7)
= B, ()1 / &(7,¢)1 ¢, 7 — M
CI( ) 0 ( ) CI,OX( Fq(,y_’_l) )
1 1— g)'erafl o (1 _ g)'yfl
> Eq (AT 7771/ ( I g,gvfl
q( ) 0 F(’Y) q,OX(
_Fq('y) Yy
, ———~5")ds
T+ 1))

1 — _
1—c)yte—1_ (1 _)7—D
2 Eq ()\T)T’y_l /O ( <) F(’y)( g) Iq,OX(§7 0, ].)d§

From (J]) and (J3), we obtain:
x(s,0,1) # 0, x(s,1,0) = x(s,0,1).

So, fol x(s,1,0)ds > fol x(s,0,1)ds. Consequently,

L —o)yrte—1 _ (1 — )1
Eq()\T)T'Y_l/ (1<) ( ) I5,0x(s,0,1)ds
0

I'(y)
1— g)’y+a71

1
< A(h,h) (1) +e1 < E’q(/\T)TV*1 /0 ( () Iq0x(s,1,0)ds.

So, we define that:

1 1— yt+a—1 __ 1— v—1
Ly := Eq(AT)T’Y_l/O - L'(v) — Iq,0x(<,0,1)ds

1 _ \rta-—1
Ly := Eq(AT)T"’_l/O A= lf()'y)

Therefore, for L1777~ < A(h,h)(7)+e1 < Lo~ Y, 7 € O where h(7) = 7771, Then, we obtain Lih(7) < A(h, h)(T)+
e1 < Loh(7) that’s mean, A(h,h) + e1 € pp. Thus, according to define py, ,, we conclude that A(h, h) € ppe,. By
using of (J7), (J4) and Lemma 2.6, we get:

Iq,OX(Ca ]-» 0)d§

1
B(h) +e; = Eq()\T)/O &(7,¢)1q,00(s, h(s))ds

1
= Eq(AT)/ &(7,5)Iq,00(s,s7 " H)ds
0

A—grert— (-
I'()

1
> Eq(Ar)m ! / &(7,9) Iy.00(s,0)ds,
0

1
B(h)+e; = Eq()\T)/O &(7,¢)Iq,00(s, h(s))ds

1
= Eq(AT)/ &(7,5)Iq00(s,s7 " )ds
0

1— g)'erafl

1
SEq()\T)TW*1/O ( e Iq00(s,1)ds.
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Because o(s,0) #Z 0 and o(s, 1) > o(s,0), consequently

Eq(Ar)rr! /O &(r, o)L= <>”+“_F1(v—) (1- <)7‘11q709(§’ 0)de

1 _ \y+a-—1
< B(h)(7) + €1 < Eq(Ar)r7 ! /0 (1&)7;

that’s mean, L1h(7) < B(h)(7) + e1 < Lah(7). So, according to define py, .,, we get B(h) € ppe, -
#(s,1) # 0, we have:

Iq,00(s, 1)ds,

R L ¢ e
()

1 _ \vt+ta—1
<+ s s |10

1
Bq(Ar)ri—! / (7<) Iy06(s, 1)ds
0

Iq,06(s,0)ds,
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Similarly, since

that’s mean, L1h(7) < C(h)(7) +e1 < Loh(7) and C(h) + e1 € p;, consequently, C(h) € pp.e,. For any w, ¥ € pp,, and
!

every 7 € O by using of (J{) there is a constant § > 0 S.T

1
A(w, ) (1) +e1 = Eq()\T)/O &(1, ) q,0x(s, w(s),d(s))ds

> 5[Eq(AT)/O &(7,6)Iq.0{0(s, w(s)) + ¢(s, 9()) Yds] + (6 — 1)es
= 6[B(w)(1) + C(I)(7) + 2e1] + (0 — 1)ey,
S0, we obtain
A(w, ) (1) + e1 > 0[B(w)(7) + C(I)(7) + 2e1] + (§ — 1)eq.

Finally, using Theorem 3.7, we conclude that there exists wo, ¥ € pp,e, and € € (0,1) S.T
ey < wo < Eq(A1)¥ and

) < By(\r / & (7,6) .0 [x (s, wo(s), Do(s)) + o(s, wo(s)) + (s, o (<))]ds — 3ex

q(/\T)/O &(7,5)Lq.0[x (<, Po(<), wo(s)) + o5, Do (<)) + &(s, wo(<))]ds — 3ex
S Eq()\T)ﬁo.

Operator equation w = A(w,?) + B(w) + C(V) + 3e1 = Eq(A7)T(w, ) has a unique solution q-EFP w* in pj, .,. For

any primitive value ug, vg € pp.e, by making recursive sequences
1
un = Eq()\Ty(’ﬂTa a0 (6, un-1(5), vor-1(<)) + (s, um-1(<)) + d(s, vm-1(s))] ds — 3ex,
0

;= Eq()\T%@(ﬂ $) g0 (s v—1(s)s um—1(s)) + o(s, vr—1(s)) + ¢(s, um—1(s))] ds — 3ex,
N=1,2,..

We obtain uyp — w* and vey — w™* as 9 — oo. Therefore, conditions Theorem 3.8 is satisfied.

4. EXAMPLES

Example 4.1. We consider the following problem in the case where g > % and A\ = 2.

Do}, (M08} et - B ) B o e
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+ w(r) + e (NI ET 4 [0(7) + ex (7)) T A (4.1)
w(0) = w'(0) =e1(0) =€1(0) =0,
yo(w()+3e (1))
for ( E,0) ) 0
In this problem v = 5, o = 3, a(7) = 2 cos Z7, B(7) = o(7) = isin Z7 and I(7) = 1 — M Thus, we have:
X(rw,d) = [w(r) e ()] FT 4 [0(r) e ()] T AT
o(rw) = [er(ryw(r) +ex(7)]55 5,
$(r.0) = ler(r)d(r) +er(r)T I

Obviously, the functions x : O x T x T — T and g,¢: O x T — T are continuous with x(7,0,1) Z 0, o(7,0) £ 0 and
¢(1,1) £ 0. The function x (7, w,¥) is increasing with respect to w € T for fixed 7 € O and ¥ € T, and function x is
decreasing with respect to ¥ € Y for fixed 7 € O and w € Y. The function o(7,w) is increasing with respect to w € T
for fixed 7 € O and ¢(7,9) is decreasing with respect to ¥ € T for fixed 7 € O. For each n € (0,1), 7 € O, w, ¥ > 0,
we have

X (rymw + (n = Dew, ™0 + (07" = Dex) = [en(r) (muo(r) + (1 = Dex) + ex (7)) 157
+ [31(7') (777119(7') + (7771 _ 1)61) + 61(7’)] = sin
> B EmETEOsED { fey (rYu(r) + ea (7)) F T

F e (1)) + e (7)] T SET} 4 (nECETHOSEN) )

™
ZT

Q(T, nw + (T] — 1)61) = {61(7') [nw(r) -+ (77 — 1)61] + 61(7)}%sin T
> 77% ST [(el(T)w(T) + 61(7'))% sin %T} + (77% SET _ 1)ey,

¢(T77’]—119 + (’17—1 _ 1)@1) = 81(7') (77—119(7_) + (77—1 _ 1)61) te (7_) SlsinZ 7

For w, ¥ > 0 there is a constant § = % S.T

T LlginZTr

X(rw,0) = [ex (T)w(r) + e (1)]3 5 + [ea (1)I(r) + ea ()] T "5
(er(Tw(r) + e (S + (e (T)I(r) + e1(r) T | = Zey
5
[o(T,w) + &(7,9)] — ger
Therefore, we conclude that the condition of Theorem 3.7 is satisfied and Theorem 3.8 guarantees that the problem

(4.1) has a unique g-EPS in py,_,, where h(r) =72, 7 € O.

Example 4.2. Now, for a better understanding of the issue, we consider another example with a different lambda
and q and check the existence and uniqueness of its positive answer.
We consider the following problem assuming that A = % and q > %

Dyof (M) = )+ a0 - B2 )
+ [w(r) + e (n)]FT + () +er ()T, (4.2)
w(0) = w/(0)=ei(0) =€} (0) =0,
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Eq(3)
In this problem v = I, a =4, a(r) = 47, B(1) = o(7) = 7 and ¥(7) = 1 — M Thus, we have:
X(rw,9) = [w(r) +er(n)3 + [9(1) +ex(r)] T T
orw) = [a(w) + @)
o(, 19) = [61 (7)19(7-) + 61(7)]%17

Obviously, the functions x : O x T x T — T and g,¢ : O x T — T are continuous with x(7,0,1) £ 0, o(7,0) # 0 and
@(1,1) £ 0. The function x(7,w,d) is increasing with respect to w € T for fixed 7 € O and ¢ € T, and function x is
decreasing with respect to ¥ € T for fixed 7 € O and w € Y. The function o(7, w) is increasing with respect to w € T
for fixed 7 € O and ¢(7,9) is decreasing with respect to ¥ € T for fixed 7 € O. For each € (0,1), 7 € O, w, ¥ > 0,
we have

X (ronw+ (n—Der,n "9+ (n7" —1)ex) = [er(7) (quw(r) + (1 — Der) + ex (7))}
+ Jex(r) (7990 + (17! = Dea) +ea ()] ° 7
> 07 { [er(r)w(r) + e (7)]57
+en (D) (W) +ex(MT T} + (BT = Dex,

T

ol

+ei(r)}sT
] + ("7%7 - 1)617

o(mnw + (= Der) = {ea(7) [nw(7) + (n — e
>t |(er(Pw(r) + ex(r)

)
o0+ (7 = Der) = [en(r) (5710(0) + (171 = er) +ex(n)] 77
=ne’ [(61(7')19(7) + 61(7))%7} + (757 — 1)ey.

For w, ¥ > 0 there is a constant § = % S.T

o=

1 1

X(7,w,9) = [er(r)w(r) + ex(7)]*7 + [ea(T)9(r) + ex(r)] ©

T

> % (e1(T)w(T) + e1(1))57 + (ey(T)I(7) + el(T))%lT} _ %61
=4 [Q(Tv U/) + ¢(T, 19)] — %el.

5
Therefore, we conclude that the condition of Theorem 3.7 is satisfied and Theorem 3.8 guarantees that the problem
(4.2) has a unique q-EPS in pj.,, where h(t) =73, 7 € O.

5. CONCLUSION

In this paper, we firstly consider existence and uniqueness of g-Exponential positive solution of the hybrid g-
fractional boundary value problem on Banach space E with a new set ¢(h, e). Using the abstract result, we give some
sufficient under which g-fractional boundary value problem (1.1) has a uniqueness positive solution. In addition, we
also construct two iterative sequences to approximate the unique solution.
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