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Abstract
This study uses a classic fixed point theorem of cone type in a Banach space to identify the eigenvalue intervals
of parameters for which an iterative system of a Hadamard fractional boundary value problem has at least one
positive solution. To the best of our knowledge, no attempt has been made to obtain such results for Hadamard-
type problems in the literature. We provided an example to illustrate the feasibility of our findings in order to
show how effective they are.
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1. INTRODUCTION

The area of fractional differential equations (FDEs) have expanded over the past several years as a result of its
applicability in numerous real-world situations in the disciplines of physics, thermodynamics, economics, modeling,
and possibly other fields as well [17, 18]. Many real-world problems benefit significantly from using fractional calculus
(FC) in mathematical modeling. However, we are still in the early stages of implementing this powerful tool in a variety
of research domains. At this point, differential calculus expanded its scope to include the dynamics of the complex
real-world, and new theories began to be put into effect and assessed on real data [31]. The nonlocal nature of the
FC facilitates a precise description of a wide range of materials and processes with characteristics related to memory
and heredity [16, 23]. There are numerous applications in a variety of scientific disciplines, including biomathematics
[11], random processes [28], viscoelasticity [29], non-Newtonian fluid mechanics [3], and characterization of anomalous
diffusion [30].

The theories of an iterative system of Hadamard FDEs (HFDEs) under diverse boundary conditions (BCs) are not
sufficiently established. The main focus of research on FDEs, as per the literature, is on Riemann—Liouville or Caputo
derivatives. The literature on FDEs of the Hadamard-type is not enriched yet. Contrary to the sort of derivatives noted
above, the Hadamard derivative, which originally appeared in 1892, has a logarithmic function with any exponent as
the integral’s Kernel [12]. For a detailed description of Hadamard derivative and integral, see [2, 5, 6, 14, 15]. In
literature, different investigations on Hadamard fractional order boundary value problems (HFBVPs) have appeared
to explain the existence, and uniqueness of solutions, and positive solutions under suitable conditions, see Thiramanus
et al. [32], Pei et al. [33], Tariboon et al. [34], Wang et al. [35], Zhang et al. [38, 40].

In [36], Yang investigated the existence of at least one positive solution for the coupled system of HFDEs. Zhai
et al. [37], in their research article, have established the existence results for the FBVP. By means of a fixed point
theorem (FPT), Zhai et al. [39] investigated the existence, uniqueness of solutions for a system of HFDE with integral
BCs. They arrived at a unique conclusion for the problem that rely on twin parameters. Ding et al. [8] studied
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the existence of positive solutions for a system of HFDEs with semipositone nonlinearities via the fixed-point index
and nonnegative matrices. Abbas et al. [1] in their publication, briefly discussed the random solutions to a coupled
system of Hilfer—-HFDEs with finite delay. Matar et al. [22] addressed the uniqueness, stability in the sense of Ulam
to a system of nonlinear Langevin equations including Caputo-Hadamard derivative with nonperiodic BCs. BVPs
are widely employed in a variety of sectors, including telecom devices, chemical compounds, motor vehicles, and
pharmaceuticals. Positive solutions seem to be beneficial in these operations, see [13, 20, 24-27].

In contrast to the aforementioned approaches, it has the advantage of being able to include integral and multi-point
fractional BCs via Guo—Krasnosel’skii FPT of cone compression and expansion of norm kind (see [10, 19]) to the
considered FDE. As a result, we are able to determine the eigenvalue intervals of parameters in a Banach space for
which there are positive solutions on the appropriate cone. In order to locate suitable fixed points for the newly
indicated operator, we create the Kernel for the related linear FBVP explicitly and compute its bounds in a better
way. In the current work, the two primary strategies for achieving the required results are the fixed point technique
and the bootstrapping argument. The main attraction of this article lies in the fact that it is the first to study the
novel iterative systems of HFDE with fractional integral BCs:

D}, w1 (2) + Aipi(z)g1 (a2(2)) =0,
D}, uz(2) + Aop2(2)g2 (us(z)) =0,

D ur(2) + Aepe(2)ge (urt1(2) = 0,
w1(z) =ui(z), z € (1,e),

. € dz
wP (1) =0,5=0,1,--+,£—2, "% uy(e) — [B(z)ul(z)?fZU iy

. d p
ug‘])(l):o’ J =0,1,---, I 2, HD1+ 112 / B 112 z ZU H:[YI

ugJ)(l):Oa J :Ovla"' £ — 2 HD1+ 'l.lg / ﬁ uf Z ZU HIY1

where g € (¢ —1,4], £ € Nfor{ > 3,0 € (1,e),v; € [1l,q—1],0; >0, i =1,2,---,p, "D}, "I}, are the Hadamard
derivative and integral respectively.
Throughout the entire work, we propose a few hypotheses:

(Hy) px : [1,¢] — RT is continuous and pyx does not vanish identically on any closed subinterval of [1,¢], for

k=1,2,--
(Hs) g : RT — RT is continuous, for k =1,2,--- , £,
(Hz) 8:[1,e] — (0,00) is continuous,

ge(x) and gy = lim ge(x)

X X—00 X

(H4) each of gy = lim+ , for 1 <k </, exists as positive real numbers.
x—1

The rest of the paper is organized as follows. In section 2, we generate the Kernel and its bounds. In section 3, we
address the key theorems related to the main problem. In section 4, an example is provided to support the validity of
the results obtained in the previous sections.

2. PRELIMINARIES, KERNEL AND BOUNDS

Definition 2.1. [16] The Hadamard fractional integral of order q € R* of the function h(z) is defined as

HIdp(z) = 1“(1q)/1 (m ;)q_lh(y)cs’, ze (L.
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Definition 2.2. [16] The Hadamard derivative of order q € (¢ — 1,¢], £ € Z* of the function h(z) is defined as

1 d\"* [z z\ et dy
"pin (z) / (ln) h(y)—, ze€|[l,e].
@-eg(zz) [ (w2)  ww =eing
Lemma 2.3. [16] If a,q,w > 0, then

NG

)
) - mtg (D)
)

(3) (HD§<IHZ q_k>(y)_o, k=1,2-,[q+1

Denote
O L T
—~T(q+vi)
e T1="T-— [ B(z)(In z)qfl%
z

Lemma 2.4. Let h(z) € C([1,¢],R). Then the FBVP
"D ui(z) +h(z) =0, z € (1,e), (2.1)

<J)() 0, O<j§€—2

G(Z7Y) = G1(27Y) + GQ(ZaY)7 (23)
and
P _
U;(Inz)a-t
G Z, = N Z, + — N o, ’
1(z,) (z,y) ; gyt (@)
lnz)a~t e d
ey = P2 [eEyneE,
1 1 z
(nz)*"% 1 ()2 v 1<y<z<
~  _ _— _(In= , <y<z<e,
- I'(q) INCI AN
N(Z7Y) (lnz)q—l | < < <.
b Z f— - )
T(q) d
N ) o q+vi—1
« Ino)¢ Yimd In — 5 S 0,
N*(o,y) = (o) < Y) v
(Ino)atYi=1, o<y.

Proof. Let ui(z) € Cl4T1[1, ¢] be a solution of FBVP (2.1)-(2.2) and is uniquely expressed as
¢

i (z) = > ¢ (Inz) " — /1 ﬁ <ln ;)qlh(y)d;. (2.4)
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From ugj)(l) =0,0<j<{l—-2 wegetc=c_1=-=cg=0. Therefore

By using Lemma 2.3, we obtain

Then

implies that

" % [/1€B(Z)u1(z)dzz +/1€h(y)cs, —iz:P(qU_:yi)/l“ (hl;)qﬂu—

Hence the unique solution of FBVP (2.1)-(2.2) is

uy(z) nfr)q ' [/ B(z)us(z
[l } W
(nz)*7 / Bz (z) 2 ;(Eg) )}(mz)ql /1 e

T )
e [ <m;‘, T [ (e

Ty
|
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= B om0 [
+ HF%} ey 1/fh<y>d;’

1 q+yi—1
- RS [(w8) T w0

- [Trg(f) o

= 7(111 2)T /1e B(z)ul(z)% + (h;z(():) /1e h(Y)%

lnz a-1 at+yi—1 dy
+ 1 * “h(y)—

1 q 1 a+vi—1
- Z e / (02)""
TT(q+vi) y y

<>

¢ (Inz)a=t re dy
Nz er [ G@me

(a+vi)

+ ““f[/fﬁ@)/fcmz,y)h(y)dydz

=

—

)

y z
e e (lnz)q—l /e dj ﬂdj
+ [ @[ B ez Taln 2
(Inz)a~! ] dy
= N(z,y) + 0,y)|h(y)—
JRECY erqﬂ (0.9 |nn 2
(Inz)a=t 7T /e /e dy dz
+ T T B(z) : G1(z, y)h(y) vz
e dy
-/ [G1(27Y)+G2(ZaY)]h(Y)?
(& dy
= z
| stz ymn L.
where G(z,y) is given in (2.3). The proof is completed. O

Lemma 2.5. The Kernel G(z,y) given in (2.3) is nonnegative, for all z,y € [1,€e].
Proof. The Kernel G(z,y) is given in (2.3). Let 1 <z <y <e. Then:

_(In z)a1

e g =0
Let 1 <y <z <e. Then: B
N(z,y) = I‘Lq) {(lnz)q_1 - (ln ;) ]
O ]
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On the other hand, let 1 < 0 <y <e. Then:
X*(0,y) = (Ino)3™Yi~t > 0.

Let 1 <y <o <e. Then:
)

qtvi—1
R*(0,y) = (Ino)3tyi=t — (ln )
y

(ln 0')q+'Yi -1

> T T@

[1-(1—Iny)¥™:~'] >0.
Hence G(z,y) > 0.

Lemma 2.6. The Kernel X(z,y) has the properties:
(1) N(z,y) <N(e,y), Vz,y € [l,e],

(2) N(z,y) > (i)qlN(e,y), vz € [\“/E, f/g},y € (1,e).

Proof. We prove (1). Let 1 <z <y <e. Then:

on (Inz)a—2 0
0z T(q—1) =

Let 1 <y <z <e. Then:

e 1(1)]

a1z Ay
(Inz)32 1—(1—1Iny)a2
“T(q-1) . =0

Hence the inequality (1). We establish the inequality (2). Let 1 <z <y <eand z € {\‘VE, \47;3} Then:

NEZ”) = (lnz)* ! > (1>q_1-

4

Let 1<y<z<eandz€ {%,\‘7@73}. Then:

q—1
ey ()
N(e,y) 1—(1—1Iny)e!
(Inz)*! — (Inz — InyInz)3~!
N 1—(1—Iny)at!
21— (1= Iy
1—(1—-1Iny)at

= (lnz)%! > (i)q_l-
1

Hence X(z,y) > (4)q_1N(e,y), Y(z,y) € {%, {1/;3] x (1,e).

(=)=
E)NE
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Lemma 2.7. The Kernel G(z,y) has the properties:
(1) G(z,y) <@e(y), Vzye[leé,

(2) .

ola) >

4

min

ze[%,@}

p .
y)+ZTF O

PO =W+ 2 g vy

where

Proof. To show (1). For this we have:
G (z’ Y) + GQ(Z’ Y)

G(z,y)

IN

+

797

29—2
) wo(y), ¥ 2,y € [L, ¢,

R*(0,y), @ —1+—/fs )9z

Hence the inequality (1). We establish the inequality (2). For z,y € [1, ], we have:

min
ze [{4/5, \4/673}

<
<

min

G(z,y)
ze [%, \4/573]

1

4

vV

1

4

L
Ty

"

N (0,y)|8(z

1

€

%

4
Oy

1

4
1

4

(
(

ey)z (1) =)

)2(1—2

min
ze [{4/5, 3/873]

Hence

>q1 [N(a 9+

fAﬂw+(

; T(q+v:)

)q_lw(Y) + ( :
7) {1—&—,1}1/1813(2)(12].

Vz,ye[lel.

lnqu

0,y
(a+v:) Wiey)

EITF

m@wma%

p

§3rnqlwﬂ““”}

[ [sey
\dz

Z

1

4

1

>2q—2

Ty

[ [xew

N (0,9)]8() 2

V4
>2q—2

1

4

1
Ty
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3. MAIN RESULTS

From [4, 9, 21], it can be seen that an ¢-tuple (u1 (z),u2(2),- - ,ug(z)) is a solution of the FBVP (1.1)-(1.2) if and
only if uy(z) € Cld+1[1, ¢] satisfies

A1 /16 G(z,y1)p1(y1)E1 <>\2 /16 G(y1,y2)p2(y2) - -
gr—1 <)\e /16 G(ye—1,¥e)pe(ye)ge <u1(W)) dye) dyQ) W

ui(z) =

ye y2 V1 ’

and

us(z) = g / Gz y)ps (v)es (wi(y) 2.,

w(z) = Ae/1€G(2,y)pe(y)ge(11/z+1(y))C?,

where uy11(z) = u;(z), 1 <z < e. By a positive solution of the FBVP (1.1)-(1.2), we mean (u;(z),uz(z),- -,
¢

w(z)) € (c[ql+1[1, e]) which satisfying the FDE (1.1) and BCs (1.2) with wg(z) > 0,k =1,2,--- £V z € [1,¢].
Let B = C([1, €], R) be the Banach space endowed with the norm

x| = Jnax, |x(2)]

and P C B be a cone defined as

1 29—2
P= {x €B : x(z) >0on [l,e] and min _x(z) > () w||x||}
ze[%,é/;)‘] 4

Define an integral operator T : P — B, for uy € P, by

Tui(z) = M\t /jG(ZaYl)Pl(Yl)

g1 <A2 /:G(Y1,Y2)pz(Y2)~-~ge—1(Ae /18G(w-hw)pe(ye)gz(m(yz)) ?Z) ~-~dyz)dm- (3.1)

y2 Y1

Notice from (Hs) and Lemma 2.5 that, for u; € P, Tuy(z) > 0 on [1,e]. In addition, we have

A1 /16 e(y1)p1(y1)er (/\2 /16 ¢(y2)p2(y2) -

gr-1 <)\z /16 (ye)pe(ye)ee (u1<YZ)> C?’Z) C?;) %

Tui(z) < w

so that
[T < @l /1 ¢(y1)p1(y1)e <A2 /1€<P(Y2)P2(Y2) -
go-1 (M /16 o(ye)pe(ye)ge (ul (Ye)) ?j) C?;) % (3.2)
[c[v]
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If uy € P, from Lemma 2.6 and (3.2), we deduce that

min Tul(z) = min )\1/ G(Z,Y1)p1(Y1)g1<)\2/ G(yl,yg)
ze[é/é,{‘/?] ze[\%ﬁ‘/g] 1 1

pave) g1 (A [ Greny0pilyilee ()
dW) ...‘lﬁf?)dyl

Ye y2 / Y1

<i>2q_2w& /1e e(y1)p1(y1)er </\2 /1e ©(y2)x

p2(y2) - ge—1 (/\e/ o(ye)pe(ye)se (u1 (Ye))
1

ye Y2 Y1

1 2q9—2

29—2

1

Therefore min  Tuy(z) > () w||Tuy||. Hence Tu; € P and so T : P — P. Further the operator T is a
Az 4

completely continuous by an application of the Arzela—Ascoli Theorem [7].

v

Y

3.1. Notations. We introduce:

I 1 2q—2 \/873 dy -1
\Ill = max Z w @(y)pQ (Y)?gQOO ’

and

-1

Uy =min{ | / g20] :
-1

w/ geo]

Theorem 3.1. Suppose (Hy)-(Hy) hold. Then for each A,k =1,2,--- £ satisfying
Uy <A< ¥y, k=1,2,--- 4, (33)
there exists an (-tuple (w1, s, ,u¢) satisfying the FBVP (1.1)-(1.2) s.t. ux(z) >0, k=1,2,--- ,£ on (1,e).




800

Proof. Let A\, k=1,2,--
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,¢ be given as in (3.3). Now let € > 0 be chosen s.t.

d _
[
y )\17
dy -1 )\27
max (4) w/% 2 y)?(g%o B 6)] * ¢ < min '
- 1 2q—2 w dy - )\f
1 w / o(¥)Pe(y)— (800 — €)
_ ¥ y
and
-1
A w/ (810 +e|
)\25 -1
max : < min w/ (gQO + 6) )
Ao -t
= / D +o)

Now from the definitions of gyg, k = 1,2, --
X S 51.
Let u; € P with |luy]| = ¢;. By Lemma 2.6 and the choice of €, for 1 < y,; <e,

A /16 G(ye—1,ye)pe(ye)ge(ui(ye)) %
< )\e/AWP(Yz)PZ(Yé)(gzo + 6)111(}’4)@

dy,
< Ae/ Do(ye)pe(ye) == - (g + )l
<l = 1.

It follows from Lemma 2.6, in the same way, for 1 <y, o <e:
)\471/ G(Ye—2, ye—1)Pe—1(ye-1)8e—1 (Ae/ G(Ye-1,Ye)
1 1

dw>dwl
u dye\ dye—1
pe(ye)ge(ui(ye)) ) R

¢

e dy .
Azq/l w@(W—l)P@A(W*l)ﬁ(gmo + ) Ju

IN

IN

las |l = 1.

Continuing with this bootstrapping argument, for 1 <z <e:

A1 /16 G(z,y1)p1(y1)g1 ()\2 /1E G(y1,y2)p2(y2) - - 8¢

so that, for 1 <z < e, Tui(z) < £;. Hence ||Twy| < €1 = |lu1]|. If we set Ey

||T111|| < ||111||7 for u; € PN IE;.

(=)=
E)NE

L, there exists an ¢1 > 0 s.t., for each 1 <k </, gy (x) <

1()\[/15 G(ye— 17Y£)P£(Yz)gl(u1(y£))oi;;£>

={x€B: x| <}, then

..alyQ>dyl<g1

(gro + €)%, 1 <
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o~

, £, there exists 62 > 0 s.t., for each 1 <k <4, gi(x) > (groo — €)%, x > lo.

From the definition of gkoo, =1,2
2y,
Choose (2 = max {2&, <> 2} Let u; € P and |lui|| = ¢2. Then
w

1 2q—2 N
min _ uy(z) > <> w||uy]| > £o.
ze[%, \4/873] 4

Based on Lemma 2.6 and choice of €, for 1 < y,_1 < e, we have:

A /leG(yz—l,YZ)PE(W)ge(ul(yZ))Ci’yj

1 29—2 Ved dye
> (4> wkz/4 P(ye)pe(ye) (8o — e)m(ye);

€

1)22 ver dye
>(3) wn [ eter) T gre — )l
e Ve

(&

>l = Lo
It stems in the same way from Lemma 2.6 and choice of €, for 1 <y,_o <e:

1 29—2 Ve
<4> w1 / o(ye—1)x
{L/>

(&

)\z71/ G(Yez,w1)p£1(y31)ge1<)\£/ G(ye—1,¥¢)
1 1

dw) dye1 (= dyo_1
u I —— -
pe(ye)ge (wi(ye)) ve ) i pe—1(ye—1) — (87=70c — €) sl

V

v

[ur || = L.

By bootstrapping argument, we discover:

€ e e d d d
/\1/ G(z,y1)p1(y1)g1 (/\2/ G1(y1,yz)pz(y2)~--gz-1</\4/ G(ye—1,ye)pe(ye)ge(wi(ye)) y};[> ' ;[22) > 1,
1 1

so that Tuy(z) > ¢ = |luy||. Hence |[Tuy|| > [lu1]|. So if we set E; = {x € B : [|x|| < {2}, then
ITus|| > ||ws|, for u; € P N OE,. (3.5)

By utilizing (3.4), (3.5) and Guo—Krasnosel’skii FPT (see [10, 19]), we conclude that T has a fixed point u; €
PN (E2\E1). Setting u; = ugy1, we obtain a positive solution (ui,u,---,u¢) of the FBVP (1.1)—(1.2) iteratively
indicated by:

© d
u(z) = Ak/l G(27Y)pk(Y)gk(uk+1(Y))?y, k=/(/{0-1,---,1

3.2. Notations.

Ve

[ 1 2q—2 {L/e? ( dy -1
Vs = max 1 w ve ‘PY)PZ(Y)?gzo )

_ N -1
1\2a2 Ve d
(4> w @(Y)PZ(Y)%%@O

[ 71\ 2972 V3 dy -1
1 @ w(y)p1(y)?g1o ;

e
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and

~1
’(ﬂ/ g100‘| )
~1
W, = min w/ gzoo‘| ’

< [ ot ]

Theorem 3.2. Suppose (Hy)-(Hy) hold, then for each A,k = 1,2,--- £ satisfying

Uy < A < Wy, k=1,2,--- 4,
there exists an £-tuple (ul,ug, e ,Ug) satisfying the FBVP (1.1)-(1.2) s.t. we(z) >0, k=1,2,--- £ on (1,e).

Proof. Let A\, k =1,2,--- ,¢ be given as in (3.6). Now let € > 0 be chosen s.t.

_ 1 -1
1)\ 292 Ve3 dy
<4> w/% Py (y) g0 =) AL
r 29-2 Yes -t Az,
max <1> q w/ o(y)p2 (Y)dl(g20 —€) ) < min 2
I 4 e y = . ’
_ 1 -1 .
1 29—2 Ve3 d AZ
<4) @ / o(¥)pe(y) = (g0 — €
L % y
and
-1
W oo T € 5
)\17 / (gl )
)\Qa !
max ' < min w/ (g200 + 6) ’
Ao B
w/ (gfoo + 6)

From the definitions of gyp, 1 < k < ¢ there exists Zg >0 s.t., foreach 1 <k </,

ge(x) > (gro —€)x, 1 <x < 7.

According to the definitions of gy, it follows that gro(1) = 0, 1 < k < £ and so there exist 1 < Oy < Oy < - -+

Oy < 23 s.t.
)\kgk(z) S #, Z € [1,@k], 3 S k S E, and
Ji e (yo)px(y)dy R
L3
)\Qgg —, z € |1,0,].
fl @(ye)pa(y)dy [1,6:]
[c[v]

<
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Let uy € P with ||uy]| = ©p. Then:

Ao /16 G(ye—1,ye)pe(ye)ee (ul(ye))%

e dy
< M [ plrpitrge(n )
_ Ji e(ye)pe(ye) 94 1dy£
B i o(ye)pelye) e
< Op.

Utilizing this bootstrapping technique, it implies that

o~

A2 /1@ G(y1,y2)p2(y2)82 ()\3 /16 G(yz,y3)P3(y3)...ge—1<)\g /1C G(ye—hyz)pe(ye)ge(m(w))0?;) dy?)‘lyl < 0.

y2 Y1

Then

A1 /16 G(z,y1)p1(y1)g1 (/\2 /1e G(y1,y2)p2(y2) - -

T'Lll(Z)* € d

Ve dyz dy1
_ )\Z/G.Wfayfpé ge\uilye ) ’ )
(0 [ et ypitre ) 2 ) - 22) &

1 2q—2 Ved d

> (4) w/\l/ e(y1)p1(y1) (810 —6)““1”£

e n

> [lua -

So ||Tuy|| > [Jus |- If we set Es = {x €B: |x|| < @e}, then

ITus|| > ||wa|, for uy € P N OE3. (3.7)

Since each gy, is taken to be a positive real number, it follows that gy, 1 < k < £ is unbounded at oo. For each
1<k<V/, set

gr(x) = sup gu(y)-
y€E[l,%]

By definition of gy, 1 < k < ¢, there exists {4 s.t., for each 1 < k < ¢,
g (%) < (Broo + €)%, x > 0,

It follows that there exists /4 = max {2[73, 24} s.t., for each 1 <k </,

gn(x) < gu(ls), 1 <x <ty
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Choose u; € P with ||uy]| = ¢4. Then, by using bootstrapping argument, we have:

A1 /1e G(z,y1)p1(y1)E1 <>\2 /16 G(y1,y2)p2(y2) -

¢ d d d
g51<)\z/ G(ye—1,ye)pe(ye)ge (wi(ye)) yf) : yz>y1
1 ye y2 y1

3 A /1€<P(Y1)p1(y1)gi (M /1€s0(yz)pz(y?)~~ge_1</\e/l e(ye)
- Pe(w)ge(ul(w))dye) : dm)?;

Tui(z) =

Ye y2
<\ / o(y1)p1(y1)8} (54)@
1 Y1
<M /18 (Y1)P1(Y1)C;y (8100 + €)ls
<Ly =l
Thus ||Tus || < |Jw]|. So, if we let Es = {x €B: x| < 64}, then

||Tu1|| S ||111||7 for u; € PN 8E4.

(3.8)

By utilizing (3.7), (3.8), and Guo-Krasnosel’skii FPT (see [10, 19]), we get that T has a fixed point u; € PN (E4\E3),

which in turn with u; = upy; yields an ¢-tuple (ul, ug, - ,llg) satisfying the FBVP (1.1)-(1.2
of \p, k=1,2,--- L.

4. EXAMPLE
Let 0 =2,n=3,9=2.5,v; = 1.2,p = 1. Consider the FBVP for z € (1,e):
"DiPui(z) + Mp1(z)g1 (2(z)) = 0,
D3 us(z) 4 Aapa(z)g2 (us(z)) = 0,
"D} us(z) + Asps(z)gs(w(z)) =0,

w() =0, w(1)=0, "D uy( / B @2 =Y

_ dz P 1
u3(1) = 07 11/3(].) = 07 1+ 111 / B ul = Z 5 HI%fu1(2)u

i=1

where

B(z) = z,p1(z) = p2(z) = p3(z) = z,

1
g1 (u) =u (20 — 0.0496“) ,
g2 (u) % —0.049sin u,
(w) = u? 4 15u

& = 155 x 10° +u)”

[c[m]

) for the chosen values

O
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In view of the data given, we get T ~ 1.237371600, T; =~ 0.4025348954, g19 ~ 0.001, g10, = 0.05,g209 ~ 0.001, gooo =~

0.05,g30 ~ 0.2 x 1073, g3, ~ 0.07,

I 2q—2 Y 1

1 dy
<4> W/ o(¥)P1(y) =810
e vy

29—2 Ve -1
1 dy
V) = max <4> w/ o(y)p2(y) — 8200
i ve o
[ /1 242 Ve dy -1
1 w (y)p3(¥) = 8300
L % y

and

= max {550.0030423, 550.0030423, 412.5022817}
~ 550.0030423,

Uy = min{ [w /1 esa(y)pl(y)dyygw] ; [w /1 eso(y)Pz(y)d;gzo] ; [w /1 e @(y)pz(y)?g:ao] }

= min {1632.763452, 1632.763452, 6834.572496}
~ 1632.763452.

Then all the conditions of Theorem 3.1 are fulfilled. Therefore, by Theorem 3.1, we get an optimal eigenvalue interval
550.0030423 < A < 1632.763452, for k = 1,2, 3 in which the FBVP (4.1)-(4.2) has at least one positive solution.
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