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Abstract , \

In this paper, we acquire novel traveling wave solutions of the generalized seventh-order Korteweg—de Vries
equation and the seventh-order Kawahara equation as a special case with physical interest. Primarily, we use
the advanced exp(—p(§))-expansion method to find new exact solutions of the first equation, by considering two
auxiliary equations. Then, we attain some exact solutions of the seventh-order Kawahara equation by using this
method with another auxiliary equation, and also using the modified (G’/G)—expansion method, where G satisfies
a second-order linear ordinary differential equation. Additionally, utilizing the recent scientific instruments, the
2D, 3D, and contour plots are displayed. The solutions obtained in this paper include bright solitons, dark solitary
wave solutions, and multiple dark solitary wave solutions. It is shown that these two methods provide an effective
mathematical tool for solving nonlinear evolution equations arising in mathematical physics and engineering.
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1. INTRODUCTION

Nonlinear evolution equations (NLEESs) are useful for describing a wide range of phenomena in many fields, including
fluid dynamics, fiber optics, plasma waves, mathematical biology, etc. Finding the exact traveling wave solutions to
these equations are crucial for the study of many nonlinear scientific fields. These solutions aid physicists and engineers
in better comprehending the mechanisms at work and addressing physical issues. Analytical solutions of nonlinear
partial differential equations (PDEs) enable the deciphering of underlying mechanisms behind many nonlinear complex
phenomena. They provide insights into various aspects such as the absence or abundance of steady states under
different necessary conditions, the existence of peak regimes, and the spatial localization of transfer processes.

Over the past ten years, numerous effective techniques have been developed and extended for finding traveling wave
solutions to NLEEs. Some of these techniques include the modified simple equation method, the simplified Hirota’s
method, the modified (G’ /G)-expansion method, the (1/G’)-expansion method, the generalized (G /G)-expansion
method, the Jacobi elliptic function expansion method, the modified exponential function method, the improved
tan(@)—expansion method, Painlevé transformation, Kudryashov method, the extended trial equation method, the
modified extended direct algebraic method, and others (see [1, 18, 19, 21-23, 29, 38, 41-44]). Furthermore, significant
advancements have been made in the search for analytical solitary wave solutions for PDEs. Some notable references
in this area are [4, 6, 8, 13, 14, 24, 25, 33].

Among the most efficient and reliable techniques are the exp(—¢p(€))-expansion method and the (G /G)-expansion
method. The former was first introduced by Zhao and Li [45] and has since been extensively used and expanded upon
in various studies [2, 7, 11, 12, 15-17, 26, 27] to derive different variations. The latter was initially introduced by

Received: 14 September 2022 ; Accepted: 07 July 2023.
* Corresponding author. Email: rhedlil9@gmail.com.

392



CMDE Vol. 12, No. 2, 2024, pp. 392-412 393

Wang et al. [39] and has been utilized and extended in several works [3, 20, 31, 36, 37, 44, 46]. It has been shown
that these methods provide many explicit solutions to the NLEESs.

In this study, we use two integration schemes known as the advanced exp(—¢(&))-expansion method and the modified
(G’ /G)-expansion method to attempt to find new exact solutions of the generalized seventh-order Korteweg-de Vries
equation.

The advanced exp(—p(§))-expansion method is based on the assumption that the traveling wave solutions can
be described by a polynomial in exp(—¢(£)). This method takes into account three ordinary differential equations
(ODEs) as auxiliary equations:

©'(€) = exp(—p(£)) + pexp(p(€)) + A,
©'(&) = —Aexp(p(§)) — pexp(—¢(£)),

and ¢/(€) = —y/ A+ p (exp(—o()))".

While the modified (G /G)-expansion method is predicated on the idea that the traveling wave solutions can be
expressed by a polynomial in (G /G), where G(€) fulfills the second-order linear ODE:

G"(§) + AG'(&) + nG(E) = 0.

The generalized seventh-order Korteweg—de Vries (gsKdV) equation can be expressed as:

ur + auty, + bus, + cusy + durz, =0, (1.1)
where a, b, ¢, d are real constants, d # 0, and Uy, = g;ﬁ.

This equation plays an important role in mathematical physics, engineering, and applied sciences. The case a =
6, b=1, ¢c=—1, and d = « corresponds to the seventh-order Kawahara (sKawahara) equation. It describes various
phenomena, such as the dynamics of long waves in a viscous fluid, shallow water waves with surface tension, and
magneto-acoustic waves in plasmas.

Model equation (1.1) was initially introduced by Pomeau et al. [35] to study the stability of a solution to the KdV
equation when higher-order spatial derivative terms are added. Ma [28] was the first to find an explicit solution to (1.1)
with a sechS-term, which, unfortunately, does not satisfy this equation as pointed out by Duffy and Parkes [10]. They
corrected Ma’s solution and found another solution, Parkes et al. [34] surveyed the generalized (2m + 1)-order KdV
equation, but the solutions were not written explicitly. Mohyud-Din et al. [32] studied the solitary wave solutions of
(1.1) using He’s polynomials. Their suggested iterative scheme leads to the desired solution. Mancas and Hereman [30]
investigated the applications of (1.1) using an elliptic function method, which calculated hump-type solitary waves and
cnoidal wave solutions. Several researchers have studied a special case of this equation using analytical and numerical
methods [5, 9, 40].

The rest of this paper is arranged as follows: In Section 2, we present the exp(—y(€))-expansion method combined
with three auxiliary equations and the modified (G// G)-expansion method. In Section 3, these methods are imple-
mented to the gsKdV equation and related equation. Results and discussion are given in Section 4. Finally, a brief
conclusion is given in Section 5.

2. DESCRIPTION OF THE METHODS
Let us consider the NLEE as follows:
P(uaut7uwauttauajw7umt7"') :07 (21)

where P is a polynomial and u(z,t) is an unknown function.
Firstly, suppose u(z,t) = u(§), where £ = z + wt. Then, Eq. (2.1) reduces to a nonlinear ODE for u = u(§):

Q (u,u’ u" " ... ) =0, (2.2)

where @ is a function of u and its derivatives.

(&)
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2.1. Description of the advanced exp(—¢(§))-expansion method. This method is performed by the following
steps:
Step 1 . Let us consider the solution of Eq. (2.2) to be of the form:

m

u(€) = Y ai (exp(—¢(€))", am #0, (2.3)

=0

where m is a positive integer, a; (0 < i < m) are constants to be evaluated and ¢ = ¢(&) satisfies one of the
following three ODEs:

©'(€) = exp(—p(&))+ mexp(p(§)) + A, (2.4)
©'(€) = —Xexp(p(§)) — pexp(—¢(£)), (2.5)
FE) = —\A+ ulexp(—p(©)*. (2.6)

Here, A and p are arbitrary constants. It is important to note that the solutions of Egs. (2.4), (2.5), and
(2.6) can be found in [15].
Step 2 . Calculate m by using the homogeneous balance principle in Eq. (2.2).
Step 3 . By substituting Eq. (2.3) into Eq. (2.2) and using Eq. (2.4) or (2.5) or (2.6) recursively, we obtain a system
of algebraic equations for a;, A, pt, and w. In this way, the exact solutions of Eq. (2.1) can be found.

2.2. Description of the modified (G'/G)-expansion method. The following steps are used to carry out this
method:

Step 1 . Let’s say the solution to Eq. (2.2) can be stated as follows:

u(f) = Z Q; (g) y O # 0, amy # 0, (27)

=—m

where m is a positive integer, «; (—m < i < m) are constants to be evaluated, and G = G(§) satisfies the
following second-order linear ODE:

G"(§) + AG'(§) + nG(&) =0, (2.8)

where A and p are arbitrary constants.

Step 2 . Apply the homogeneous balancing principle to Eq. (2.2) to obtain m.

Step 3 . By substituting Eq. (2.7) into Eq. (2.2) and using Eq. (2.8), we obtain a system of algebraic equations for
@i, \, i, and w. Since we are aware of the general solutions to Eq. (2.8) depending on the sign of A% — 4, we
can find the exact solutions of Eq. (2.1).

3. APPLICATIONS OF THE PROPOSED METHODS

3.1. Application of the advanced exp(—p(§))-expansion method to the gsKdV equation. The general form
of the gsKdV equation is

Uy + autty + bus, + cusy + dug, = 0. (3.1)
By using the change of variables u(x,t) = uw(§) and £ = x — wt, this equation reduces to a nonlinear ODE:
_wul + auu/ + bu/// + Cu///// +dul/l//// — 0 (3.2)

Integrating Eq. (3.2) with respect to &, and taking the integration constants as zero, we obtain:

—wu + gu2 +bu” + e + du""" = 0. (3.3)

(=)=
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By applying homogeneous balance, we obtain m = 6. Therefore, the solution to Eq. (3.3) can be expressed as follows:

6

u(€) = Y _ailexp(=¢(£)))"; ag # 0. (3-4)

i=0
where ¢(§) satisfies one of the ODEs (2.5), ( 2.6), and (2.4). The constants «; are unknown constants that need to
be determined.
Substituting Eq. (3.4) into Eq. (3.3) and using the auxiliary equation (2.5), we can equate the coefficients of

(exp(—@(€))" to zero. This leads to a system of algebraic equations. For the sake of convenience, this system has been
overlooked. By solving the resulting system, we obtain the following sets of solutions:

Set 1
769 2 1 o 18é
S 4.5%d’ -~ 200dp’ TN
o — 639 i or o — 72079& o =0 o — 6237 cu?
07850 ad? 07 850 ad? e 2 5 ad’
49896 cu* 6
ag =0, ag= 220, g = —665280 2
) a a
Set 2
_21595 _ 1 c . n c3
S 104 d’ 400 dp’ 104 @2’
o __@i or o __2079i o =0 o __207902/12
07105 ad? 7105 ad® e 7102 ad
33264 cut dp®
az =0, oy = 202 =0, ag = —665280 2.
) a a
In accordance with Set 1 and Set 2, the solutions of the gsKdV equation are obtained in the following form:
2
e For Set 1, we have b = %%

Case 1.1 When Ap > 0,

3

ul(C):—% (g+3tan2 (¢) + 3tan* (¢) + tan® (()), .
3 3.5

us(¢) = —% (0 + 3cot? (C) + Bcot* () + cot® (),

where p = %, 0= %, (= 110\/5(5 +k), E=a— %Z—Zt , and k is a constant of integration.

Or

3

u3(0) = =255 (1+ 8tan? () + Btan’ () + tan® (¢),

(3.6)

3

ug(¢) = —% (14 3cot? (€) + 3cot* () + cot® (¢)) ,

where £ = z+ 67852—2
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(a) usg in 3D with —100 < z < 8, (b) w3 in 2D with —110 < z < 90, (c¢) w3 in contourplot:
~0.01<¢<0.01 t=1, t =20, t =40 100 < z < 10, —0.01 < ¢ < 0.01

Figure 1: Multiple dark solitary wave solution of ug fora =6, b=1,c=1,d = 165%, Ap = %, and k = 1.

Case 1.2 When A\ < 0,

3

us(¢) = —% (g — 3tanh? Q)+ 3 tanh? ¢) - tanh® (C)) ,
ug(¢) = —Z—z; (Q — 3 coth? )+ 3 coth? ) — coth® (C)) ,

2079 71 1 [=¢ 18 ¢3
where p = o=, 0= o0, ¢ 10\/2d(£+ ), and § =

6252
Or
pc’ 2 4 6
ur(¢) = ol (1 —3tanh” (¢) 4+ 3tanh® (¢) — tanh® (¢)),
ug(¢) = _ZTSZ (1 — 3coth? (¢) + 3 coth® (¢) — coth® (¢))
where £ = z+ %2—21&
B8O
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(a) ur in 3D with —50 < z, ¢ < 50 (b) w7 in 2D with —50 < x < 50, (¢) w7 in contourplot: —50 < z, t <
- t=1,t=10, t =20 50

Figure 2: Bright soliton solution of w7 fora =6,b=1,c=-1,d= %, A= 1_5—23‘2, and k = 1.

2159 ¢2

oForSet,Q,wehavebzl—Oéld.

Case 2.1 When Au > 0,

3

ug(¢) =~ (o4 5 tan? (¢) + 4 tan® () + tan’ (¢))

(3.9)
u10(C) = —Z—CC; (Q+ 5cot? (¢) + 4cot? (¢) 4 cot® (C)) ,

2079 1318 1 /c 71 3

h = = = — — = — — 1.
where p = 5505 ¢ 2079° ¢ 20\/;(€+k)’ and ¢ == 751 2!

Or

_ PC3 2 4 6
u11(¢) = = (2 + 5tan” (¢) + 4 tan” (¢) + tan® (¢))
a ; (3.10)
ur2(¢) = —% (2 + 5 cot? (C) + 4 cot? () + cot® (¢)) ,
71 3

where £ = z+ 1_04Et'
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(a) w12 in 3D with —70 < z < 70, (b) w12 in 2D with —20 < 2 < 60, (c) w12 in contourplot: —60 < z <
~01<t<0.1 t=1, t =20, t = 40 70,

—-01<t<0.1

Figure 3: Multiple dark solitary wave solution of u1s fora=6,b=1,c=1,d = 21105119, Al = %, and k = 1.

Case 2.2 When A\ < 0,

3
u13(¢) = —% (0— 5tanh? (¢) + 4 tanh® (¢) — tanh® Q).
a (3.11)
u14(¢) = —% (g — 5coth? )+ 4 coth? €) - coth® (C)) ,
2079 1318 1 /- 71 3
where p = 5105° = 5079° ¢= 20 Fc(é—i—k‘), and £ = 2— W%t'
Or
u15(€) = _pTSZ (2 — 5tanh? )+ 4 tanh* ¢) - tanh® (C)) ,
¢ 3 (3.12)
ui6(¢) = —% (2 = 5 eoth? (¢) + 4 coth? (¢) — coth® (¢))
where £ = z+ %S—Zt.

Again, by substituting Eq. (3.4) into Eq. (3.3) and using the auxiliary equation (2.6), and by equating the
coefficients of (exp(—¢(£))" to zero, we obtain a system of algebraic equations that is overlooked for convenience.
Solving the obtaining system, we obtain the following sets of solutions:

Set 3
769 2 1 c 18 3
=1 7 = T onn 70 w:i__a
4-5% d 200 d 54 d?
3
g :2—46# or ap =0, a; =0, az =0, ag =0,
665280 dy®
ay =0, as =0, QGZ—TM.

(=)=
E)NE
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Set 4
2159 ¢2 1 ¢ 71 &
b:__a = T A w:j:__a
104 d 400 d 104 ¢2
71 &
Qg :m# or ag =0, a; =0, ag =0, as =0,
8316 cu? 665280 du?
ay=——— as =0, ag=——"7H-—.
5 a a

According to Set 3 and Set 4, the solutions of the gsKdV equation are derived in the following form:

2
e For Set 3, we have b = %%
Case 3.1 When A >0, u >0,

3
pc
u17(¢) )
2079 160 1 /—c 18 ¢
Wherep—ﬁ)«g_ﬁag_l_o %(§+k),and§—$—@¥t
Or

(0+csch® (Q)), (3.13)

3

uis(¢) = %CSChG ©), (3.14)

18 C3t
625 d2

where £ =z +

(a) u1g in 3D with —15 < z < 15, (b) u1s in 2D with —10 < z < 10, (¢) u1s in contourplot: —15 < z < 15,

—0.01 < ¢<0.01 t=1,t=5 t=10 ~0.01 <¢<0.01
Figure 4: Dark solitary wave solution of uig fora=6,b=1,c=—-1,d= 16594, A= %, and k= 1.

Case 3.2 When A <0, p >0,
3

C
u9(C) = =5 (0 = sec” (€)) (3.15)
2079 160 1 [ 18 ¢
h = — = — = — _— = — ——t.
where p= 5750 0% 551 T 10 5q (& T k), and & =z — upt
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Or
pc’ g
u20(C) = — —sec” (), (3.16)
1
where £ =z + 6285 22
Case 3.3 When A >0, p <0,
pc? 6
u21(¢) = wdl? (0 —sech® (¢)), (3.17)
2079 160 1 /—c 18 ¢
where p = 35 27 3 ¢= I_O"Z_d(g—i_k)’ andﬁ—x—ﬁﬁt.
Or
pc’ 6
u2(C) = — gz tech (OF (3.18)
18 ¢*
where { = + — ke

(b) u21 in 2D with —40 < z < 40, (¢) w21 in contourplot:—20 < z, t <
t=1, t=10, t =20 20

(a) u21 in 3D with —20 <z, t <20

Figure 5: Bright soliton solution of us; fora =6, b=1,c=—-1,d = Z_%, A= 1538, and k = 1.

Case 3.4 When A <0, u <0,

/003 6
u23(<) d2 ( — CsC (C))a (319)
2079 160 1 c 18 3
here p = - _1/c _y_ B,
where p= S50 0= 55 (= g\ 2§ H Ry and S =7 - e
Or
3
pe 6
u24(C) = — st (C) (3.20)
18 ¢*
whereg—x—k@ﬁ .
[c[v]
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2159 ¢?
e For Set /, we have b = 10t 4
Case 4.1 When A >0, u >0,
_ PCB 4 6
ug5(¢) = e (0 — csch® (¢) 4 esch® (¢)) (3.21)
2079 2840 1 —c 71 &
where p = 5105 0= 5079’ (= %’/7(5—1—@, and £ = x — 1_()4ﬁt’
Or
ch 4 6
u26(C) = ol (csch (¢) — csch (C)) , (3.22)
71 &
where £ =z + ﬁﬁt'
Case 4.2 When A <0, p >0,
PC?’ 4 6
uz7(C) = w7l (Q —sec” () — sec (C)) ) (3.23)
2079 2840 1 /¢ 71 3
where p = 5105 ©= 2079° ¢= 2—0\/5(5—%1{:), and £ = o — 1—O4d—2t.
Or
PC?’ 4 6
uns(€) = — 25 (sect (O) + sec® () (321)
71 &
where £ =z + Wﬁt'

T
A
I [ i |
I |I|| H I H '
T O
0 [ |l |||lz.x107 | I |
05 Iy 1 || || I|
’ Il 1! [} |
-0.05 " Il |I| || ‘ ||
"o do Ja 0 20 40 60 o Ikl |.Lx107, || ||
x [—- 51l — - =20 — - =40] i
(a) u2g in 3D with —70 < z < 70, (b) u2g in 2D with —60 < z < 50, (¢) uas in contourplot: —60 < x < 50,
—01<t<0.1 t=1, t =20, t =40 —0.1<t<0.1
Figure 6: Multiple dark solitary wave solution of uss for a=6,b=1,c=1,d= 232 A= 2> and k = 1.
Case 4.3 When A > 0, u <0,
pc? 4 6
ug9(C) = o (g — sech® (¢) — sech (C)) , (3.25)
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2079 2840 1 /—c 71 ¢
Wmmp_zqm’”‘mm’C‘mﬂ/d@+k%wd§_x_uﬂﬁt
Or
pc’ 4 6
usn(€) = — L5 (sech® (¢) + sech® (¢)) (3.26)
71 ¢
Where g =x+ Wﬁt

Case 4.4 When A <0, p <0,

3

C
unn () = 255 (0 = ese (¢) — ese® (€)) (3.27)
2079 2840 1 [c 71 &3
WmmpQJW’QMN’CMVZ@+k%”d5zuﬂ£t
Or
pc’ 4 6
usa(€) = L% (ese' (O) + 5 (0)), (3.28)
1 3
where £ = x + 17—04%t.

Again, by substituting Eq. (3.4) into Eq. (3.3) and using the auxiliary equation (2.4), we obtain a system of
algebraic equations that is very difficult to solve using symbolic computation. Consequently, we restricted our study
to the special case of the gsKdV equation, specifically the Kawahara equation.

3.2. Application of the advanced exp(—p(§))-expansion method to the sKawahara equation. In Eq. (3.1),
when we have a =6, b =1, ¢ = —1, and d = «, it corresponds to the standard form of the seventh-order Kawahara
equation [40]:

Ug + 6uly + Usy — Usy + atig, = 0. (3.29)
This equation can be reduced to a nonlinear ODE:
—wu 4 3u? +u" — " + o/ = 0. (3.30)

By substituting Eq. (3.4) into Eq. (3.30) and using the auxiliary equation (2.4), we can equate the coefficients of
(exp(—p(€))" to zero, which leads to a system of algebraic equations. However, for convenience, we neglect this system
and proceed to solve the obtained system, obtaining the following sets of solutions:

Set 5
769 50 18- 10*
-7 A=y [Ap+ — =t
C Tt ST 7692
426333 . 4263336 ,  G-10' 12790008 ,
0= 795 # 0= "7 yo5 M T hg13617 M 125 H
12790008 , 33264 11088
_ — — —_ 77)\
o2 o5 M g My a3 55 AMT690 + 5),
12790008 33264 12790008 4263336
ay =— M= , Qs =—————\, ag=—————.
25 5 125 125
[c[w]
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Set 6

2159 100
a=Tor AT EVI T oy
1386 2159
aoz—T,uQ(T{)u—l) or ap
1386
= — — 4 — =
a 13% (64770 — 50),  as
2772
o3 = — 55~ A(2159u +5), a4 =—
stz 2992374
5 125 7 70T 195

8977122 15246
w—

403

7110t
21592 °
2992374 1386 ,  71.10°
-T2 M 5 7 13983843
8077122 , 8316 27720
T M T 2159

25 5

Depending on Set 5 and Set 6, and given that A2 — 4y > 0, the solutions of the Kawahara equation are obtained in

the following form:
769

4-54

e For Set 5, we have o =

Case 5.1 When p # 0,

3 6pAd 60(pp+o)p® 8o (T69u + 5)Aud
sl =L T @ 9i0)
240 (pp+ o)t | 96pAp®  64pp®
IR G [} s
wsa(C) = — pi® + 6pAp® 60 (pp+o) p* | 8o(T69u + 5)A\p®
¥2(¢) ¥3(C) ¥3(C)
240 (pu + o) u*  96pAu®  64pub
G EIGIER=IGK
where p = 42(152236, o= %, 1/11(04: \/%tanh@) + A 2(C) = \/llgﬁcoth(g) + A
(= \/155@(6-1-@, andézx—%t.
[c [m]
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- - _ NI
4 3 Xz" “ |I| 0 1

" || || -1.x 101

|| || || -2.x 101

— -5l — =2 — -3

(a) ussq in 3D with —10 <z <5, (b) uza in 2D with -4 <z <1, (¢) us4 in contourplot: —10 < z <
~0.01<¢<0.01 t=1,t=2 t=3 5, —0.01 < ¢<0.01

Figure 7: Dark solitary wave solution of uzy for a = %, p=1 and k= 1.

Or
_ 5 6 10* 6pAu? ~ 60(pp+0) w? 8a(769u + 5)Au?
uas(¢) =~ pp (7697 910 ¥ (C) ¥3(C)
240 (pp + o) p* N 96pAu>  64pp®
TS BT S T35 i
4 3 3 3 :
wan(C) — — gyt — G110 GoM® 60 (pp o)t So(T69%+ 5)hn
(769)%  ¥2(C) ¥3(C) ¥3(C)
240 (pp+ o)t | 96pAp® 64pp®
¥3(C) V30 ¥3(Q)
where £ =z + 1?6—51)20475.
Case 5.2 When p =0,
_ 50 A% exp(3¢)
uz7(¢) = (op(0) —1)° (3.33)
where \2 = %, o= %, C=AME+k), and € = 2 — T2\
Or
uss(C) = —242% — 5o\ exp(30) (3.34)

(exp(¢) = 1)*
where & = x + T2)\%.

21
e For Set 6, we have oo = T549'
an
BE
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Case 6.1 When u # 0,

5 (6477 — 500 u2 60 (pp? + op — 1) p?
uso(Q) = — pu + Doy 4 ZOATIU—SONE B0 )

2 5¢3(¢) ¥3(C)
80(2159u + 5)Au® 240 (pp + 72) p* N 96pAu®  64puS
¥3(C) ¥3(¢) P30 P80’ (3.35)
5 o (6477 — 50)A\u? 60 (pu? + op — 1) p?
ug0(¢) = — pp® + Sop® + —
(@)=t gon 502(0) 1)
80(2159u + 5)Au® 240 (ppu +y2) u* | 96pAp®  64pp®
¥i(C) ¥1(C) P30 P80’
2992374 2772 1848 5082 10
where p= Ta 0= Yv Y1 = m7 Yo = Ta ¢3(C) - T{)Qtanh (C) + )‘7
10 5 71-10%
= coth(¢)+ A, ¢ = +k),and { =z — t.
¥4(C) 5150 (©) ¢ 5750 (€+Fk) 3 51502
e
; 40 40
(a) was in 3D with —50 < z, t < 50 (b) w41 in 2D with —30 < z < 30, (¢) w41 in contourplot:—50 < z, t <
t=1,¢t=10, t =20 50
Figure 8: Bright soliton solution of u4; for a = %97 uw=1 and k= 1.
Or
5 71-10%  o(6477u — 50)Au? 60 (pp? +op — 1) p?
— 3 C 2 _
un(Q) ==t SO = s 51p3(¢) ¥3(0)
80(2159u +5)A\u® 240 (pp + o) p* | 96pAp®  64pp®
¥3(C) ¥3(¢) P30 P50’ (3.36)
5 71-10* (6477 — 50)Au® 60 (pp? + op — 1) p? '
_ 3 C 2 _
u(Q) == o+ g0 — 3oeg 514(C) A
80(2159u + 5)Ap® 240 (pp + y2) u* | 96pAp®  64pp®
¥i(C) ¥i(C) i) Y80’
71-104
Where g =x+ Wt
[c ][]
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Case 6.2 When p =0,

_ 5oA* [exp(4¢) — 6exp(3¢) + exp(2()
ua3(Q) = —5 ( n(C) 1) ) ; (3.37)
where \2 = %, o= %, C=Mé+ k), and € =2 — TIN.
Or
. 7MY 5ot [exp(4¢) — 6exp(3¢) + exp(2()
uaa(C) = ——5 5 ( ep(0) 1) > , (3.38)

where £ = x + 71\,

3.3. Application of the modified (G//G)—expansion method to the gsKdV equation. As the second method,
we use the modified (G /G)-expansion method for Eq. (3.3), which is given as:

—wu + guz +bu” + e + du""" = 0. (3.39)

Considering the homogenous balance, we obtain m = 6. So the solution of (3.39) can be described as:

6 N
u(§) = Z oy <g> , a_g #£0, ag #0. (3.40)

1=—6
where G(&) satisfies the second-order linear differential equation (2.8), and «; are unknown constants to be identified.
Substituting Eq. (3.40) into Eq. (3.39) and using the auxiliary equation (2.8), we can equate the coefficients
NG
of (%) to zero. However, this leads to an algebraic system that proves to be difficult to solve using symbolic

arithmetic. Similarly to the previous method utilizing the auxiliary equation (2.4), the study of the sKawahara
equation was consequently limited.

3.4. Application of the modified (G//G)-expansion method to the sKawahara equation. We use the mod-
ified (G’ /G)-expansion method for Eq. (3.30) which is given as:

—wu 4 3u? +u” — " 4+ o = 0. (3.41)
By substituting Eq. (3.40) into Eq. (3.41) and using the auxiliary equation (2.8), and by equating the coefficients

/ K2
of (%) to zero, we obtain a system of algebraic equations. For the sake of convenience, this system is disregarded.

Solving the obtained system, we obtain the following sets of solutions:

Set 7
a:ﬂﬁ N0 . 25 w:;wlm
4.547 ’ 769. 23’ 7692
693- 59 2079-57 2079 56
06 =" ggmgrs -5 =00 @ma = gagrom @ =0 ac2 = ToaEs
oy =0 ao:,% or QOZM 0L =0, ay— 22970
- ’ 7692. 24 7692. 24’ ’ 769. 23’
Q3 :0 Qg = @ a5 — 0 Qg — 774263336
’ 5 "’ ’ 125
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Set 8
2159 N0 2 71-10*
REETITI =% BT om0 YT T
N 6935 o0 693- 58 N 0 o | 2148355
=6 21595.2117  ©75 T % T4 T oypgaosy 3 T S22 o503 9T
N aA772%WL53 o 7623 53 Lo o 107415
R D VD 1T P 07 91592.930 LT T2 T9159.93”
2092374
Q3 :0, ay = 693, a5 — 0, g — — 125 .
Given that A = 0 and g < 0, we can infer for A2 — 4u > 0 that
¢ _ (c& sinth (/=i €) + Cp cosh (=71 5))
G Cy cosh (y/—p &) + Cysinh (/= &) (3.42)
= /—ptanh (vV—=p (£ +&))

where tanh (/—pu &) = %
1

Depending on Set 7 and Set 8, the solutions of the sKawahara equation are obtained in the following form

e For Set 7, we have oo = 769

4-5%
s (C) = — 526372105 — 158 tanh? (¢) + 68 tanh? (¢) — B tanh® () (3.43)
— 158 coth? (¢) + 68 coth? (¢) — B coth® (¢),
693- 53 5 18-10%
where 8 = 55,7692 ¢= Wit (E+ &), and £ =z + 602 t.
Or

u46(C) =208 — 156 tanh? (¢) + 65 tanh® (¢) — B tanh® (¢) "
— 158 coth? (¢) + 68 coth® (¢) — B coth® (¢), (3.44)
18-10%

h =x—
where £ =z 692
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R -0.00010
] -0.00005
1 1] t

15 % 10%] 00005

(a) ugs in 3D with —10 < z < 10, (b) ugs in 2D with =10 < 2 <10, (c) was in contourplot: —10 < z <
~0.0001 < ¢ < 0.0001 t=1,t=5, t=10 10,
— 0.0001 <t <0.0001

Figure 9: Dark solitary wave solution of uys5 for a = 4—9 and & = 1.

e For Set 8, we have a = %.
usr(€) = — D5 316 tank? (¢) + 108 tanh (¢) — 6 tank® (¢) 5)
— 318 coth? (g) + 108 coth® (¢) — Bcoth® (¢),
693- 53 71-10*
where 3 = 5521597 (= 5 —215 (E+&),and £ =z + 51502 —t.
Or
uyg(€) =448 — 313 tanh? (¢) + 108 tanh* (¢) — Btanh® (¢) 516
— 318 coth? (¢) + 103 coth* (¢) — B coth® (¢), (3.46)
where £ =z — 7211.—519024

Remark 3.1. All of the solutions found in this study were checked with Maple by reinserting them into the original
equations, and they were found to be correct.

4. RESULTS AND DISCUSSION

In this paper, two analytical techniques are employed to investigate the generalized seventh-order KdV equation
with constant coefficients (1.1). The specific components of this parametric equation describe various phenomena,
including magneto-acoustic, hydrodynamic, and electrical impulses in plasmas. This study enabled the calculation of
bright solitons, dark solitary wave solutions, and multiple dark solitary wave solutions. These findings are crucial for
understanding practical physical problems and can serve as references for numerical solvers and perturbation methods.
It was observed that the coefficients cannot be chosen arbitrarily; instead, they satisfy specific algebraic relations. The
results of these analyses are highly intriguing and offer appealing insights. Furthermore, a broader and significant
number of exact traveling wave solutions were obtained.

While many of the solutions in this study are brand new, several of them show results that have already been
documented in the literature. To the best of our knowledge, every solution that came from Sets 1 and 2 derived from

(=)=
E)NE
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the solutions of Eq. (2.5), and a large number of solutions that came from Sets 3 and 4 derived from the solutions
of Eq. (2.6) are all novel solutions. Solution (3.18) is equivalent to a solution reported by Ma [28], Duffy and Parkes
[10], and by Mancas and Hereman [30]. Actually, the solution (25) on page 114002-4 in [30] that reads as follows:

154 33.53 b2 18 10% b2
u(x,t) = h® ——t] . (4.1)
© 7692 ac v/1538 7692 ¢
. 769 c?
To convert Eq. (3.18) into Eq. (4.1), we set & = 0 and substitute the value of d as d = T

Solution (3.26) was initially overlooked by Ma [28], but later computed by Duffy and Parkes [10], and subsequently
confirmed by Mancas and Hereman [30]. The solution (21) on page 114002-3 in [30] is given by

385-3%10° 07 4 71-10% b2
u(z,t) = — —t
1721272 ac ,/215 USTERvIEY:
71-10% b2
1 h? —— :
e (m ( T ))1
2159 ¢*

To convert Eq. (3.26) into Eq. (4.2), we set k = 0 and substitute the value of d as d = ——

Regarding the comparison of the two methods, we would like to point out that the reliability, applicability, and
validity of both methods have been tested. Additionally, due to the utilization of different auxiliary equations, the
solutions generated by both methods exhibit distinct characteristics. It is important to note that the advanced
exp(—¢(&))-expansion method successfully identified novel solutions to the gsKdV equation using the two auxiliary
equations (2.5) and (2.6), in contrast to the auxiliary equation (2.4). However, the modified (G’ /G)-expansion method
was unsuccessful in solving the gsKdV equation. On the other hand, when it comes to the sKawahara equation, both
methods performed well and provided us with some solutions.

Three fascinating types of traveling wave solutions for solitary wave theory are presented in this study. Some
solutions are described and presented graphically. We created 2D, 3D, and contour plot views in specific finite fields
using Maple’s computational tools. The bright soliton-type solution is presented in Figures 2, 5, and 8, corresponding
to uy, us1, and w4y, respectively, for the fixed values of the parameters indicated in the captions. Figures 4, 7, and 9
show the dark solitary wave solution corresponding to wuig, uss, and uys, respectively. Figures 1, 3, and 6 show the
multiple dark solitary wave solution corresponding to us, w12, and usg, respectively, with fixed parameters indicated
in the captions of the figures.

5. CONCLUSION

In summary, we have successfully obtained more explicit and exact traveling wave solutions to the gsKdV equation
(1.1) and the sKawahara equation (3.29) as a special case. The advanced exp(—¢p(§))-expansion method and the
modified (G’/ /G)-expansion method have been effectively used to achieve the goals of this work. These methods not
only reproduce known solutions but also uncover new solutions that were previously missed by other researchers. The
results indicate that the mentioned equations admit exact traveling wave solutions with different values of arbitrary
coefficients. These solutions represent three types of traveling wave solutions: bright solitons, dark solitary wave
solutions, and multiple dark solitary wave solutions. The results demonstrate that the advanced exp(—p(€))-expansion
method is an efficient and reliable approach for discovering new exact solutions for NLEEs in various scientific and
physical fields. The obtained solutions can be utilized by physicists and engineers for more in-depth analysis in different
cases.
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