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Abstract

In this study, we give results on the existence and uniqueness of solutions for generalized fractional integrodiffer-
ential equations with a nonlocal terminal condition. We have proved the existence of solutions to the problem

proposed using the Schauder fixed point theorem and the uniqueness of its solutions is proved using the Banach

fixed point theorem. At the end, we discussed the examples to support our results.
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1. Introduction

Fractional calculus is the branch of mathematics that has grown a lot in the last five decades through the study
of various fractional differential equations and fractional integrodifferential equations via initial conditions, boundary
conditions, nonlocal conditions, etc. It is very natural to describe many phenomena occurring in science, engineering
such as biology, geology, elasticity, etc. made it quite popular among researchers and motivated to develop numerous
models using different fractional derivatives.

In 1991, Byszewski initiated the study of fractional differential equations with nonlocal conditions, see ([2–4]). After
that, many researchers have turned to the fractional differential equations with nonlocal conditions. To name a few,
authors studied fractional integrodifferential equations with Caputo fractional derivative with nonlocal conditions in
Banach space and studied existence results for the problem in [9], also see [5, 8, 10–15, 23, 24]. Fractional terminal
value problems have been found interesting by many researchers. One may refer to [17, 18, 21, 22].

Motivated by all the aforementioned work, in this article, we propose generalized fractional integrodifferential
equation with terminal condition of the type{

(δDµ,η
a+ u)(t) = g(t, u(t), H(u(t))), 0 < µ < 1, 0 ≤ η ≤ 1, t ∈ (a, T ],

(δI1−ζu)(T ) =
∑n
i=1 λiu(ξi), µ ≤ ζ = µ+ η(1− µ), ξi ∈ (a, T ],

(1.1)

where

H(u(t)) =

∫ t

0

k(t, p)u(p)dp, (1.2)

and µ ∈ (0, 1), η ∈ [0, 1], δ > 0, µ ≤ ζ = µ+η(1−µ), ξi ∈ (a, T ] and δDµ,η
a+ and δI1−ζ denote generalized Katugampola

fractional derivative of order µ and Katugampola fractional integral of order 1 − ζ, function g : (a, T ] × R × R → R
is a given function, ξi are pre-fixed points satisfying 0 < a < ξ1 ≤ ξ2 ≤ · · · ≤ ξn < T and λi = 1, 2, · · · , n are real
numbers.
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2. Preliminaries

In this section, we see some important definitions and results that we use in the paper. Beta and Gamma functions
are defined by

Γ(µ) =

∫ ∞
0

tµ−1e−tdt, B(µ, η) =

∫ 1

0

(1− t)µ−1tη−1dt, µ, η > 0.

Definition 2.1. [16] The space Xq
c (a, T ), c ∈ R, q ≥ 1 consists of all real valued Lebesgue measurable functions g on

(a, T ) for which ||g||Xqc <∞, where

||g||Xqc =
(∫ b

a

|tcg(t)|q dt
t

)1/q

, q ≥ 1, and ||g||X∞c = sup
a≤t≤T

|tcg(t)|.

In particular, when c = 1
q we get Xc

1/q(a, T ) = Lq(a, T ).

Definition 2.2. [19] We denote by C[a, T ], a space of continuous functions g on (a, T ] with the norm

||g||C = max
t∈[a,T ]

|g(t)|.

The weighted space

Cζ,δ[a, T ] =
{
g : (a, T ]→ R :

( tδ − aδ
δ

)ζ
g(t) ∈ C[a, T ]

}
, (2.1)

with the norm

||g||Cζ,δ =‖
( tδ − aδ

δ

)ζ
g(t) ‖= max

t∈[a,T ]

∣∣∣( tδ − aδ
δ

)ζ
g(t)

∣∣∣ and C0,δ[a, T ] = C[a, T ].

Definition 2.3. [19] Let ∆δ =
(
tδ−1d/dt

)
, 0 ≤ ζ < 1. Also denote Cn[a, T ] the Banach space of functions g which

are continuously differentiable, with ∆δ on [a, T ] upto order (n − 1) and have derivative ∆k
δg on (a, T ] such that

∆n
δ g ∈ Cζ,δ[a, T ].

Cn∆δ,ζ
[a, T ] =

{
∆k
δg ∈ C[a, T ], k = 0, 1, · · · , n− 1,∆n

δ g ∈ Cζ,δ[a, T ]
}
, n ∈ N,

with the norm given by,

||g||Cn∆δ,ζ =

n−1∑
k=0

||∆k
δg||C + ||∆n

δ g||Cζ,δ , ||g||Cn∆δ,ζ =

n∑
k=0

max
t∈(a,T ]

|∆k
δg(t)|.

In particular, for n = 0, we get C0
∆δ,ζ

[a, T ] = Cζ,δ[a, T ].

Definition 2.4. [6] Let µ > 0 and g ∈ Xq
c (a, T ), where Xq

c is as defined in Definition 2.1. Then the left-sided
Katugampola fractional integral δIµa+ of order µ is defined as

δIµa+g(t) =
1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

g(p)dp, t > a. (2.2)

Definition 2.5. [7] Let µ ∈ R+ − N and n = [µ] + 1, where [µ] is the integer part of µ. The left sided Katugampola
fractional derivative δDµ

a+ is defined as

δDµ
a+g(t) = ∆n

δ (δIn−µa+ g(p))(t) (2.3)

=
(
tµ−1 d

dt

)n 1

Γ(n− µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)n−µ−1

g(p)dp. (2.4)
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Definition 2.6. [19] The left-sided generalized Katugampola fractional derivative δDµ,η
a+ of order 0 < µ < 1 and type

0 ≤ η ≤ 1 is defined as,

(δDµ,η
a+ g)(t) = (δI

η(1−µ)
a+ ∆δ

δI
(1−η)(1−µ)
a+ g)(t), (2.5)

for the functions for which the right-hand side expression exists.

Lemma 2.7. [20] Suppose that µ > 0, η > 0, q ≥ 1 and δ, c ∈ R such that δ ≥ c. Then for g ∈ Xq
c (a, T ), the

semigroup property of Katugampola integral is valid. i.e.

(δIµa+)(δIηa+)g(t) =δ Iµ+η
a+ g(t). (2.6)

Lemma 2.8. [7] Suppose that µ > 0, 0 ≤ ζ < 1 and g ∈ Cζ,δ[a, T ]. Then for t ∈ (a, T ],

(δDµ
a+)(δIµa+)g(t) = g(t). (2.7)

Lemma 2.9. [7] Suppose that µ > 0, 0 ≤ ζ < 1 and g ∈ Cζ,δ[a, T ]. and δI1−µ
a+ g ∈ C1

ζ,δ[a, T ]. Then,

(δIµa+)(δDµ
a+)g(t) = g(t)−

δI1−µ
a+ g(a)

Γ(µ)

( tδ − aδ
δ

)µ−1

. (2.8)

Lemma 2.10. [1] If δIµa+ and δDµ
a+ are defined as in Definition 2.4 and 2.5 respectively, then

δIµa+

( tδ − aδ
δ

)σ−1

=
Γ(σ)

Γ(σ + 1)

( tδ − aδ
δ

)σ+µ−1

, µ ≥ 0, σ > 0, t > a,

δDµ
a+

( tδ − aδ
δ

)µ−1

= 0, 0 < µ < 1.

Remark 2.11. [1] For 0 < µ < 1, 0 ≤ η ≤ 1, the generalized Katugampola fractional derivative δDµ,η
a+ can be written

in terms of Katugampola fractional derivative as,

δDµ,η
a+ = (δI

η(1−µ)
a+ )∆δ(

δI1−µ
a+ ) = (δI

η(1−µ)
a+ )(δDζ

a+), ζ = µ+ η(1− µ).

Lemma 2.12. [19] Let µ > 0, 0 < ζ ≤ 1 and g ∈ C1−ζ,δ[a, b]. If µ > ζ, then

δIµa+g(a) = lim
t→a+

(δIµa+g)(t) = 0.

To discuss the main results, we need following spaces.

Cµ,η1−ζ,δ[a, T ] =
{
g ∈ C1−ζ,δ[a, T ] :δ Dµ,η

a+ g ∈ C1−ζ,δ[a, T ]
}
, 0 < ζ ≤ 1, (2.9)

and

Cζ1−ζ,δ[a, T ] =
{
g ∈ C1−ζ,δ[a, T ] :δ Dζ

a+g ∈ C1−ζ,δ[a, T ]
}
, 0 < ζ ≤ 1,

as δDµ,η
a+ g = (δI

η(1−µ)
a+ )(δDζ

a+)g, it is clear that Cζ1−ζ,δ[a, T ] ⊂ Cµ,η1−ζ,δ[a, T ].

Lemma 2.13. [7] Let µ > 0, η > 0 and ζ = µ+ η − µη. If g ∈ Cζ1−ζ,δ[a, T ], then

(δIζa+)(δDζ
a+)g(t) = (δIµa+)(δDµ,η

a+ )g(t) =δ D
η(1−µ)
a+ g(t).

Lemma 2.14. [1] Let 0 < µ < 1, 0 ≤ η ≤ 1, ζ = µ + η − µη. If g : (a, T ] × R × R → R is a function such that

g(·, u(·), H(u(·))) ∈ C1−ζ,δ[a, T ] for any u ∈ C1−ζ,δ[a, T ] for any u ∈ Cζ1−ζ,δ[a, T ] satisfies Terminal Value Problem

(TVP) {
(δDµ,η

a+ u)(t) = g(t, u(t)), 0 < µ < 1, 0 ≤ η ≤ 1, t ∈ (a, T ],
(δI1−ζu)(T ) =

∑n
i=1 λiu(ξi), µ ≤ ζ = µ+ η(1− µ), ξi ∈ (a, T ],

(2.10)
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iff u satisfies the mixed-type nonlinear Volterra integral equation

u(t) =
K

Γ(µ)

( tδ − aδ
δ

)ζ−1 n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

g(p, u(p))dp

+
1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

g(p, u(p))dp, (2.11)

where

K =

(
Γ(ζ)−

n∑
i=1

λi

(ξδi − aδ
δ

)ζ−1
)−1

. (2.12)

Theorem 2.15. Let 0 < µ < 1, 0 ≤ η ≤ 1, ζ = µ + η − µη. If g : (a, T ] × R × R → R is a function such that

g(·, u(·), H(u(·))) ∈ C1−ζ,δ[a, T ] for any u ∈ C1−ζ,δ[a, T ] for any u ∈ Cζ1−ζ,δ[a, T ] satisfies TVP (1.1) iff u satisfies
the mixed-type nonlinear Volterra integral equation

u(t) =
K

Γ(µ)

( tδ − aδ
δ

)ζ−1 n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

g(p, u(p), H(u(p)))dp

+
1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

g(p, u(p), H(u(p)))dp, (2.13)

where

K =

(
Γ(ζ)−

n∑
i=1

λi

(ξδi − aδ
δ

)ζ−1
)−1

. (2.14)

Proof. The proof follows from the Lemma 2.14. �

3. Main Results

In this section, we prove the existence and uniqueness results for our problem. For this, we state some hypotheses:

(H1) g : (a, T ]×R×R→ R is a function such that g(·, u(·), v(·)) ∈ Cη(1−µ)
1−ζ,δ [a, T ] for any u ∈ C1−ζ,δ and there exists

a positive constant M, N > 0 such that for all u1, v1, u2, v2 ∈ (a, T ],

|g(t, u1, u2)− g(t, v1, v2)| ≤M |u1 − v1|+N |u2 − v2|. (3.1)

(H2) The constants

Ω1 =
Γ(ζ)

Γ(ζ + µ)

(
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
(T δ − aδ

δ

)µ)
, (3.2)

and

Ω2 =
T ζNkT
Γ(µ+ 1)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+
(T δ − aδ

δ

)µ−ζ+1
]
, (3.3)

are such that

MΩ1 + Ω2 < 1. (3.4)

(H3) The function g : (a, T ] × R × R → R is such that g(·, u(·), H(u(·))) ∈ C
η(1−µ)
1−ζ,δ , for any u ∈ C1−ζ,δ and

∀ t ∈ (a, T ], there exist constants M, N > 0 and L ≥ 0 such that

|g(t, u, ū)| ≤M |u|+N |ū|+ L. (3.5)

Theorem 3.1. If the hypotheses (H1)− (H3) holds then the problem (1.1) has at least one solution in Cζ1−ζ,δ[a, T ] ⊂
Cµ,η1−ζ,δ[a, T ].
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Proof. Define Bε = {u ∈ C1−ζ,δ[a, T ] : ||u||C1−ζ,δ ≤ ε} with ε ≥ L̄ Ω2

(1− (MΩ1 + Ω2))
, L̄ =

L

NT ζkT
. Define an operator

F : C1−ζ,δ[a, T ]→ C1−ζ,δ[a, T ] by

(Fu)(t) =
K

Γ(µ)

( tδ − aδ
δ

)ζ−1 n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

g
(
p, u(p), H(u(p))

)
dp

+
1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

g
(
p, u(p), H(u(p))

)
dp. (3.6)

Claim 1: F(Bε) ⊂ Bε. Consider

∣∣∣∣( tδ − aδδ

)1−ζ
(Fu)(t)

∣∣∣∣ ≤ |K|Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1∣∣∣g(p, u(p), H(u(p))
)∣∣∣dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1∣∣∣g(p, u(p), H(u(p))
)∣∣∣dp

≤ |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1[
M |u(p)|+N |H(u(p))|+ L

]
dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1[
M |u(p)|+N |H(u(p))|+ L

]
dp

≤ |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1(pδ − aδ
δ

)1−ζ[
M |u(p)|+N |H(u(p))|+ L

]
dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1(pδ − aδ
δ

)1−ζ[
M |u(p)|+N |H(u(p))|+ L

]
dp

≤ |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1
[
M ||u||C1−ζ,δ + L

(pδ − aδ
δ

)1−ζ
]
dp

+N
|K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

kT

∫ p

0

(τ δ − aδ
δ

)ζ−1

||u||C1−ζ,δdτ dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1
[
M ||u||C1−ζ,δ + L

(pδ − aδ
δ

)1−ζ
]
dp

+N
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

kT

∫ p

0

(τ δ − aδ
δ

)ζ−1

||u||C1−ζ,δdτ dp
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≤ ||u||C1−ζ,δ

M |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

dp

+ L
|K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

dp+ T ζNkT ||u||C1−ζ,δ

|K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

dp

+M ||u||C1−ζ,δ

( tδ − aδ
δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

dp

+ L
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

dp

+ T ζNkT ||u||C1−ζ,δ

( tδ − aδ
δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

dp

≤ ||u||C1−ζ,δ

M |K|Γ(ζ)

Γ(ζ + µ)

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
L|K|

Γ(µ+ 1)

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+
T ζNKT |K|

Γ(µ+ 1)

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+ ||u||C1−ζ,δ

MΓ(ζ)

Γ(ζ + µ)

(T δ − aδ
δ

)µ
+

L

Γ(µ+ 1)

(T δ − aδ
δ

)µ−ζ+1

+ ||u||C1−ζ,δ

T ζkTN

Γ(µ+ 1)

(T δ − aδ
δ

)µ−ζ+1

≤M Γ(ζ)

Γ(ζ + µ)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
(T δ − aδ

δ

)µ]
||u||C1−ζ,δ

+N
T ζkT

Γ(µ+ 1)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+
(T δ − aδ

δ

)µ−ζ+1
]
||u||C1−ζ,δ

+ L
1

Γ(µ+ 1)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+
(T δ − aδ

δ

)µ−ζ+1
]

≤ (MΩ1 + Ω2)ε+
L

NT ζkT
Ω2

≤ (MΩ1 + Ω2)ε+ L̄ Ω2 ≤ ε.

That is,

||Fu||C1−ζ,δ ≤ ε,

which gives F(Bε) ⊂ Bε.

Claim 2: F is completely continuous. Let {xn} be a sequence such that xn → x in Bε. Then for every t ∈ (a, T ],
consider∣∣∣∣( tδ − aδδ

)1−ζ(
(Fun)(t)− (Fu)(t)

)∣∣∣∣
≤ |K|

Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

|g(t, un(t), H(un(p)))− g(t, u,H(u(p)))|dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

|g(t, un(t), H(un(p)))− g(t, u,H(u(p)))|dp
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≤ |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)1−ζ
× ||g(·, un(·), H(un(·)))− g(·, u(·), H(u(·)))||C1−ζ,δdp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)1−ζ
× ||g(·, un(·), H(un(·)))− g(·, u(·), H(u(·)))||C1−ζ,δdp

≤ Γ(ζ)

Γ(µ+ ζ)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
(T δ − aδ

δ

)µ]
× ||g(·, un(·), H(un(·)))− g(·, u(·), H(u(·)))||C1−ζ,δ

≤ Ω1||g(·, un(·), H(un(·)))− g(·, u(·), H(u(·)))||C1−ζ,δ ,

which shows that F is completely continuous.

Claim 3: F(Bε) is relatively compact. As F(Bε) ⊂ Bε, it implies that F is uniformly bounded. Also, F is
equicontinuous. For, for any 0 < a < t1 < t2 ≤ T , consider

|(Fu)(t1)− (Fu)(t2)|

≤ |K|
Γ(µ)

[( tδ1 − aδ
δ

)ζ−1

−
( tδ2 − aδ

δ

)ζ−1
] n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

|g(p, u(p), H(u(p)))|dp

+
1

Γ(µ)

[ ∫ t1

a

pδ−1
( tδ1 − pδ

δ

)µ−1

−
∫ t2

a

pδ−1
( tδ2 − pδ

δ

)µ−1
]
|g(p, u(p), H(u(p)))|dp

≤ |K|
Γ(µ)

[( tδ1 − aδ
δ

)ζ−1

−
( tδ2 − aδ

δ

)ζ−1
] n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

||g||C1−ζ,δdp

+
1

Γ(µ)

[ ∫ t1

a

pδ−1
( tδ1 − pδ

δ

)µ−1

−
∫ t2

a

pδ−1
( tδ2 − pδ

δ

)µ−1
](pδ − aδ

δ

)ζ−1

||g||C1−ζ,δdp

≤ ||g||C1−ζ,δ

|K|Γ(ζ)

Γ(µ+ ζ)

[( tδ1 − aδ
δ

)ζ−1

−
( tδ2 − aδ

δ

)ζ−1
] n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+ ||g||C1−ζ,δ

Γ(ζ)

Γ(µ+ ζ)

[( tδ1 − aδ
δ

)µ+ζ−1

−
( tδ2 − aδ

δ

)µ+ζ−1
]
→ 0,

as t2 → t1. Therefore, F is equicontinuous.
Hence, F(Bε) is an euquicontinuous set which implies that F(Bε) is relatively compact. Thus, from claims (1)-(3)

and Arzela-Ascoli theorem, we can say that F : Bε → Bε is completely continuous. Hence, by Schauder fixed point
theorem, the operator F has at least one fixed point and hence the problem has at least one solution. �

Now, we prove uniqueness theorem.

Theorem 3.2. If the hypotheses (H1)− (H2) holds, then the problem (1.1) has unique solution.

Proof. From the operator defined in the previous Theorem (3.1), we have F : C1−ζ,δ[a, T ]→ C1−ζ,δ[a, T ] by

(Fu)(t) =
K

Γ(µ)

( tδ − aδ
δ

)ζ−1 n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1

g
(
p, u(p), H(u(p))

)
dp

+
1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

g
(
p, u(p), H(u(p))

)
dp, (3.7)
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from the Claim (1) of the previous Theorem 3.1, we can see that for u ∈ Bε, ||Fu||C1−ζ,δ ≤ ε. Next, we prove that F
is a contraction. Consider∣∣∣((Fu)− (Fv))(t)

( tδ − aδ
δ

)1−ζ∣∣∣
≤ |K|

Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1
∣∣∣∣g(p, u(p),

∫ t

0

k(p, τ)u(τ)dτ
)
− g
(
p, v(p),

∫ t

0

k(p, τ)u(τ)dτ
)∣∣∣∣dp

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1

×
∣∣∣∣g(p, u(p),

∫ t

0

k(p, τ)u(τ)dτ
)
− g
(
p, (v(p),

∫ t

0

k(p, τ)u(τ)dτ
)∣∣∣∣dp

≤ |K|
Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1
[
M |u(p)− v(p)|+N

∣∣∣∣ ∫ t

0

k(p, τ)[u(τ)− v(τ)]dτ

∣∣∣∣]dp
+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1
[
M |u(p)− v(p)|+N

∣∣∣∣ ∫ t

0

k(p, τ)[u(τ)− v(τ)]dτ

∣∣∣∣]dp
≤ |K|

Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

×
[
M
(pδ − aδ

δ

)1−ζ
|u(p)− v(p)|+NkT

(pδ − aδ
δ

)1−ζ
∣∣∣∣ ∫ p

0

(τ δ − aδ
δ

)ζ−1

||u− v||C1−ζ,δdτ

∣∣∣∣]dp
+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

×
[
M
(pδ − aδ

δ

)1−ζ
|u(p)− v(p)|+NkT

(pδ − aδ
δ

)1−ζ
∣∣∣∣ ∫ p

0

(τ δ − aδ
δ

)ζ−1

||u− v||C1−ζ,δdτ

∣∣∣∣]dp
≤ |K|

Γ(µ)

n∑
i=1

λi

∫ ξi

a

pδ−1
(ξδi − pδ

δ

)µ−1(pδ − aδ
δ

)1−ζ
[
M +NkTT

ζ
(pδ − aδ

δ

)ζ−1
]
dp ||u− v||C1−ζ,δ

+
( tδ − aδ

δ

)1−ζ 1

Γ(µ)

∫ t

a

pδ−1
( tδ − pδ

δ

)µ−1(pδ − aδ
δ

)ζ−1

×
[
M +NkTT

ζ
(pδ − aδ

δ

)1−ζ
]
dp||u− v||C1−ζ,δ

≤ |K|
[
MΓ(ζ)

Γ(µ+ ζ)

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
T ζNkT
Γ(µ+ 1)

n∑
i=1

λi

(ξδi − aδ
δ

)µ]
||u− v||C1−ζ,δ

+

[
M

Γ(ζ)

Γ(µ+ ζ)

(T δ − aδ
δ

)µ
+NT ζkT

1

Γ(µ+ 1)

(T δ − aδ
δ

)µ−ζ+1
]
||u− v||C1−ζ,δ

≤
{
M

Γ(ζ)

Γ(µ+ ζ)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ+ζ−1

+
(T δ − aδ

δ

)µ]

+
T ζkTN

Γ(µ+ 1)

[
|K|

n∑
i=1

λi

(ξδi − aδ
δ

)µ
+
(T δ − aδ

δ

)µ−ζ+1
]}
||u− v||C1−ζ,δ

≤ (MΩ1 + Ω2)||u− v||C1−ζ,δ .

||Fu−Fv||C1−ζ,δ ≤ (MΩ1 + Ω2)||u− v||C1−ζ,δ ,∀u, v ∈ Bε. (3.8)



CMDE Vol. 12, No. 1, 2024, pp. 89-99 97

Thus, F is a contraction map and hence by the Banach fixed point theorem, the operator has unique solution in
C1−ζ,δ[a, T ]. �

4. Examples

In this section, we apply the result to examples.

Example 4.1. Consider the nonlocal problem{
(δDµ,η

a+ u)(t) = g
(
t, u(t),

∫ t
2
k(t, p)u(p)dp

)
, t ∈ (2, 3],

(δI1−ζ
a+ u)(3−) = 4u( 7

3 ), ζ = µ+ η(1− µ).
(4.1)

Solution:
Set µ = 1

2 , η = 1
4 then ζ = 11

16 . Also, let δ = 1
2 and

g
(
t, u(t),

∫ t

1

k(t, p)u(p)dp
)

=
2

11
sinu+

1

5

∫ t

2

u(p)dp, k(t, p) = 1, so that kT = 1, T = 3,

Also, |g(t, u1, u2)− g(t, v1, v2)| ≤ 2

11
|u1 − v1|+

1

5
|u2 − v2|, ∀ u1, u2, v1, v2 so M =

2

11
, N =

1

5
.

|K| =
∣∣∣∣(Γ(

11

16
)− 4

( (7/3)
1
2 − (2)

1
2

1
2

)−5/16
)−1∣∣∣∣ ≈ 0.198305 < 1.

Now, we find Ω1 and Ω2.

Ω1 =
Γ(11/16)

Γ(19/16)

[
0.1676673047(4)

( (7/3)
1
2 − (2)

1
2

1
2

) 3
16

+
( (3)

1
2 − (2)

1
2

1
2

) 1
2

]
≈ 1.68066,

Ω2 =
311/16 1

5
· 1

Γ(
3

2
)

[
0.1676673047(4)

( (7/3)
1
2 − (2)

1
2

1
2

) 1
2

+
( (3)

1
2 − (2)

1
2

1
2

) 13
16

]
≈ 0.513743.

Then MΩ1 + Ω2 =
2

11
× 2

11
× 1.68066 + 0.513743 = 0.819317 < 1 Hence, by the Theorem 3.2, the problem (4.1) has

unique solution in C5/16,1/2[2, 3].

Example 4.2. Consider the nonlocal problem (δDµ,η
a+ u)(t) = g

(
t, u(t),

∫ t
2
k(t, p)u(p)dp

)
, t ∈ (2, 3],

(δI1−ζ
a+ u)(3−) =

1

2
u(2.1) + u(2.2), ζ = µ+ η(1− µ).

(4.2)

Solution:
Set µ = 1

3 , η = 1
2 then ζ = 2

3 . Also, let δ = 1
2 and

g
(
t, u(t),

∫ t

1

k(t, p)u(p)dp
)

=
1

5
cosu+

1

4

∫ t

2

e−(t+p)u(p)dp, k(t, p) = e−(t+p),

so that kT = e−4, T = 3 , ξ1 = 2.1, ξ2 = 2.2, λ1 =
1

2
, λ2 = 1.

Also, |g(t, u1, u2)− g(t, v1, v2)| ≤ 1

3
|u1 − v1|+

1

4
|u2 − v2|, ∀ u1, u2, v1, v2 so M =

1

3
, N =

1

4
.

|K| =
∣∣∣∣(Γ(

2

3
)−

[
1

2

( (2.1)
1
2 − (2)

1
2

1
2

)−1/3

+
( (2.2)

1
2 − (2)

1
2

1
2

)−1/3
])−1∣∣∣∣ ≈ 0.5571505 < 1.
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Now, we find Ω1 and Ω2.

Ω1 =
Γ(2/3)

Γ(1)

[
0.5571505

(
1

2
× 1 + 1

)
+
( (3)

1
2 − (2)

1
2

1
2

) 1
3

]
≈ 2.29597941,

Ω2 =
32/3 × 0.25× e−4

Γ(
4

3
)

[
0.5571505

(
1

2

( (2.1)
1
2 − (2)

1
2

1
2

) 1
3

+
( (2.2)

1
2 − (2)

1
2

1
2

) 1
3

)
+
( (3)

1
2 − (2)

1
2

1
2

) 2
3

]
≈ 0.0121803.

Then MΩ1 + Ω2 =
1

3
× 2.29597941 + 0.0121803 = 0.77750677 < 1 Hence, by the Theorem 3.2, the problem (4.2) has

unique solution in C1/3,1/2[2, 3].

5. Conclusion

Here, we have studied the existence and uniqueness results for generalized fractional integrodifferential equations
via terminal value condition and minimal hypothesis. Further, the results obtained are justified by examples. In the
future, we are planning to extend the results for different fractional derivatives and numerous boundary conditions.

Acknowledgment

The authors express their gratitude to dear unknown referees for their helpful suggestions.

References

[1] S. P. Bhairat and D. B. Dhaigude, Existence of solutions of generalized differential equation with nonlocal condi-
tion, Mathematica Bohemica, 144(2) (2019), 203–220.

[2] L. Byszewski, Theorems about the existence and uniqueness of solutions of semilinear evolution nonlocal Cauchy
problem, J. Math. Anal. appl., 162 (1991), 497–505.

[3] L. Byszewski and H. Alca, Existence of solutions of a semilinear functional-differential evolution nonlocal problem,
Nonlinear Anal., 34 (1998), 65–72.

[4] L. Byszewski and V. Lakshmikantham, Theorem about the existence and uniqueness of a solution of a nonlocal
abstract Cauchy problem in a Banach space, Appl. Anal., 40 (1990), 11–19.

[5] T. B. Jagtap and V. V. Kharat, On Existence of Solution to Nonlinear fractional Integrodifferential System, J.
Trajectory, 22(1) (2014), 40–46.

[6] U. N. Katugampola, New approach to a generalized fractional integral., Appl. Math. Comput. 218 (2011), 860–865.
[7] U. N. Katugampola, A new approach to generalized fractional derivatives, Bull. Math. Anal. Appl., 6 (2014),

1–15.
[8] U. N. Katugampola, Existence and uniqueness results for a class of generalized fractional differenital equations,

available at https, //arxiv.org/abs/1411.5229, (2016).
[9] S. D. Kendre, T. B. Jagtap, and V. V. Kharat, On nonlinear fractional integrodifferential equations with nonlocal

condition in Banach space, Non. Anal. Diff. Eq., 1(3) (2013), 129–141.
[10] S. D. Kendre, V. V. Kharat, and T. B. Jagtap, On Abstract Nonlinear Fractional Integrodifferential Equations

with Integral Boundary condition, Comm. Appl. Nonl. Anal., 22(3) (2015), 93–108.
[11] S. D. Kendre, V. V. Kharat, and T. B. Jagtap, On Fractional Integrodifferential Equations with Fractional Non-

separated Boundary conditions, Int. Jou. Appl. Math. Sci., 13(3) (2013), 169–181.
[12] S. D. Kendre, V. V. Kharat and R. Narute, On existence of solution for iterative integro-differential equations,

Nonl. Anal. DIffer. Equ., (3) (2015), 123–131.
[13] V. V. Kharat, On existance and uniqueness of Fractional Integrodifferential Equations with an Integral Fractional

Boundary Condition, Malaya J. Matematik, 6(3) (2018), 485–491.



REFERENCES 99

[14] V. V. Kharat, D. B. Dhaigude, and D. R. Hasabe, On nonlinear mixed fractional integrodifferential inclusion with
four-point nonlocal Riemann-Liouville integral boundary conditions, Indian J. Pure Appl. Math., 50(4) (2019),
937–951.

[15] V. V. Kharat and T. B. Jagtap, Existence of iterative fractional differential equation with non local condition,
The Journal of Indian Mathematical Society, 83 (2016), 97–106.

[16] A. A. Kilbas, H. M. Srivastava, and J. J.Trujillo, Theory and Applications of Fractional Differential Equations,
North-Holland Mathematics Studies 204. Elsevier, Amsterdam, 2006.

[17] S. Krim, S. Abbas, M. Benchohra, and E. Karapinar, Terminal value problem for implicit Katugampola fractional
differential equations in b− Metric spaces, J. Funct. Spaces, 2021 (2021), 7 pages.

[18] A. A. Nanwate and S. P. Bhairat, On Nonlocal Terminal value Problems in generalized fractional sense, Palest.
J. Math., 11 (Special Issue III) (2022), 62–74.

[19] D. S. Oliveira and E.Capelas de Oliveira, Hilfer-Katugampola fractional derivative, 37(3) (2018), 3672–3690.
[20] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, (1999).
[21] H. Sussain Shah and M. Rehman, A note on terminal value problems for fractional differential equations on

infinite interval, Appl. Math. Lett. 52 (2016), 118–125.
[22] W. Shreve, Terminal value problems for second order nonlinear differential equations, SIAM J. Appl. Math., 18(4)

(1970), 783–791.
[23] S. R. Tate, V. V. Kharat, and H. T. Dinde, A nonlocal Cauchy problem for nonlinear fractional integrodifferential

equations with positive constants, J. Math. Model., 7(1) (2019), 133–151.
[24] J. Wang and Y. Zhang, Nonlocal initial value problems for differential equations with Hilfer fractional derivative,

Appl. Math. Comput. 266 (2015), 850–859.


	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Examples
	5. Conclusion
	Acknowledgment
	References

