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Abstract

In this article, a numerical method is presented to solve Abel’s equations. In the given method, the solution
of the equation is found as a finite expansion of the shifted Legendre polynomials. To this end, the integral
and differential parts of the equation are converted to vector-matrix representations. Therefore, the equation is
converted to an algebraic system of the equations and by solving it, the solution of the equation is obtained.
Further, the numerical example is given to illustrate the method’s efficiency.
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1. INTRODUCTION

Modeling many problems in engineering and applied sciences are transformed to integral equations. Abel’s equations
are one of the integral equations which are directly derived from problems of physics [2, 5]. Various types of mathe-
matical methods are used to solve them. For example, the operational matrix of Bernstein’s polynomials, collocation
method, and Chebyshev wavelet methods are used to solve Abel’s equations [4, 6, 8, 12]. We solve Abel’s equation
with the shifted Legendre polynomials with suitable convergence. We use the properties of fractional calculators and
operational matrix [1, 7]. Some of the preliminaries and properties are expressed as follows. Section 2 lists the essential
theorems. In the section 3, the solving method and an example are presented.

Definition 1.1. ([3]) The Riemann-Liouville fractional integral operator of order o € R is defined on Lj[m, n] by

I? f(x) = F(loé)/Jg(av—s)o‘_lf(s)ds7 m <z <mn, (1.1)

where I'(.) denotes the Gamma function.
Definition 1.2. ([3]) The Caputo differential operator of order o € R is defined on L;[m, n] by
1 x
D%fxzi/ z—s)P o (g)ds, m<az<n, p=al, 1.2
() T —a) (@=9) (s) [a] (1.2)

where [.| denotes the ceiling function.

Example 1.3. ([3]) Consider f(x) = (x —m)" for some v > —1 and § > 0. Then

B (0) = ppor s o= m) e,
I'(v+1) (13)
Dy f(z) = m(f —m)’" "
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Definition 1.4. ([9]) The shifted Legendre polynomials are defined as

¢(T) = [¢0(r)7 ¢1 (T)v ¢2(T)7 . ']7 (14)
with
= (DR 4 R+ 1) o
@(T)ig T(k+ 1)kl — k)! r i=012 (1.5)

We have ¢(r) = ®R,., which ® is the Legendre coefficient matrix and R, = [1,r,7%, .. ]T.

Definition 1.5. ([3]) Hypergeometric function is defined by

. o) > (al)n(CLQ)n...(ap)n 2"
PFq<a1,a2, .. .,ap,b1,bz,...,bq,z>_ Z RN S (16)

that (a), = a(la+1)(a+2)...(a+n—-1), n=1,2,... and (a)g = 1.

n=0

The parameters of the function must be such that the denominator of the fraction in the sentences of series not be
Zero.

2. OPERATIONAL MATRICES OF THE SHIFTED LEGENDRE POLYNOMIALS
We obtain operational matrices related to the shifted Legendre polynomials for some types of Abel’s equations.

Theorem 2.1. Let ¢(r) is the shifted Legendre polynomial vector and b € (0,1), then

") 0w
| 2= o) 2.1)
with
Q=9rC,

T(1—b)(m+1)

where I' is the diagonal matriz with array I'p, m = , m=20,1,2,... and C is a matriz with array as

I'2—-b+m)
follows
: (1) T(i + k + 1)
cm, ];)r(k+1)(z—k)!k!(k+m+2—b) (22)
Proof.
Togi(t) [T PR,
IS A
0 0
r 1 r ¢ r tQ r pm T
— 9 / 1 / o, / L / dt} 2.3
e N e e e 23
T1-OP() 4 TA=DTR) 5  TO-BLm+D) oy t_ -
r1—-bv+1) "TA-b+2) T T(2-b+m) ’
that IT = [rl_b, r2=b, ...,rm+1_b]T. By approximation ™1~ we have
Tm+17b - Zcm,igbi(r) - Cm(I)RT; Cm - [Cm,O»Cm,lv Cm,2, ]7 (24)
i=0
therefore
II = [COCDRT,Cl(I)RT,CQCI)RT, ey Cn® R, }T = COR,, C=[Cy,C4,Cy,..]", (2.5)
[c [m]
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with replace in (2.3) we will have

/ %) 4 _ orCar, - QOR, = Qo(r), (2.6)
o (r—=1)°
which cofficient ¢,, ; is obtained with < r™+1=% ¢,(r) > as follows
1 kF 1
Fk:+1 ) (k+m+2—0b)
|

Theorem 2.2. Let ¢(r) is the shifted Legendre polynomial vector, then

1 .
/ (t@(?)bdt — 0o(r), (2.8)
that © is a matrix to form
- m!
;02!( —om b=z 1) O (2.9)

Proof.

bogi(t) ' OR,
/T <t—r>bdt:/r DD

I 1y 1 1oym T (2.10)
=0 ———dt ——dt ——dt, ... —dt| .
|:/r (t—r) /r (t—r)P /r t—r)p /r (t—r) }
We use variable substitution v =t — r, so
1 1—r 1—r m m —b—2z+1
t - _ m! (1—r)™
" dt= m bd _ um Tz b Zdy = z )
/r (t—r)b /0 ()" u"du /0 Zz' ran ;)z!(mfz)!r m—b—z+1
(2.11)
For approximation 7*(1 — r)™~2=*+1 we let
rz(l - Tn et = Zcm z¢z Cm(bRra Cm = [Cm,Oacm,l7cm,2a ]y (212)
then (2.11) is as follows
1 m
tm m!
—dt = Cn®R,, .
/T E—rp ;)z!(m—z)( Y (2.13)
and
1 m
dt = o Cn®R, =0OPR,. =0 . 2.14
| @ = o O o 244
Cofficient ¢, ; is obtained with < r#(1 — 7)™ =0=*+1 ¢.(r) > as follows
(=) (i 4+ k+ DDz 4+ k+ DD(m —b— 2 +2
s =3~ DTG4 K4 DN 4 k4 D0 b2 42) o5
P Dk+ 1)@ — k)ET(k+m+3—0)
O
an
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Theorem 2.3. Let ¢(r) is the shifted Legendre polynomial vector and B > 0, then

IPi(r) = Ag(r), (2.16)
that A is as follows
)i kt+i=ip k+1 I'G+1i+1
A= ZZ (i+k+1) G+i+1) (2.17)

ar WET(B+k+1) TI+D)(G—DNB+k+1+1)

Proof. Due to Definition 1.1 and Example 1.3, we have

9 i

5 8 +k+1)k_ (— ykTu+k+1)ﬂk (=) *Pli+k+1) 5.4
Feir) =1 Z "R =) °F Tk + 1) = Ry Z( “RWTBE k1) o
(2.18)
Let
= Zci,jqﬁj(r) = O(I)Rr, C = [0170,67;71,61'72, ], (219)

using < rAtF qu (r) > coefficient ¢; ; is obtained as follows

YT+ 14 1)
2.2
i = ZFZ+1 G- DB+ k+1+1) (2:20)

therefore

P =S VTR D pap  vpp — Ag(r),

2 i~ KRB+ + 1)
| ‘ (2.21)
A Zﬁi( kT + k+ 1) (=170 +1+1)
N — = (i —R)RT(B+k+ 1) T+ 1) - DB +E+1+1)
U
3. IMPLEMENTATION OF SOLVING ABEL’S EQUATIONS
In modeling of some natural phenomena, Abel’s integral appears as follows [11],
1
sw) =2 [ 02 =) Dployrdr, ye 1), be(0.1) (3.)
y
The other form of (3.1) is as follows
1
sw)= [ =9 ID e ) = eV, (32)
y
with the initial condition (0) = a, where a is a constant. Suppose
DFy(r) Zcm = CTo(r), (3.3)
$(0) = a=ATo(r), (3.4)
s(y) = F'o(y), (3.5)
that C' and ¢(r) are vectors as follows
¢(T) = [¢0(T)7¢1(T)7~'~7¢m(r)]7 C= [COvClv"'vcm]v R, = [1,0470,270,37...], (36)

(=)=
E)NE
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which ¢;(r),i =0, ...,m, is the shifted Legendre function of degree i that is given by (1.5). We have ¢(r) = ®R,. that
® is Legendre coefficient matrix.
We obtain with integration (3.3)

¥(r) = CTI¢(r) + AT¢(r), (3.7)

using (3.3) and (3.2) is obtained

1
FT(y) = C7 / (r — ) De(r)dr, (3.8)

and due to Theorem 2.2,

/ (r — )"V (r)dr = O (r). (3.9)

So from (3.8) and (3.9) is obtained

FT =ocT, (3.10)
and with substitution in (3.7) is given

B(r) = (FTO 1 129(r) + AT)o(r), (3.11)
and thus the solution of (3.2) is obtained.

Example 3.1. ([10]) Let the first type of Abel’s integral as follows

! pi
/ DI 4 1), 0<y<1, 0<r<1, with (0)=0, (312)
y (r—y)?

where
2 14

I(Z/>=T%) 7

Tyil(—1
(1—y)5+fy(r§i ), 2

r(-2) 21
and the exact solution of Equation (3.12) is ¥(r) = r2.
The shifted Legendre polynomials for ¢ = 6 of Example 3.1 is

1
—-142y
_ 1 — 6y + 6y
oy) = —1+ 12y — 3092 + 2093
1 — 20y + 90y% — 140y> + 70y*
—1 + 30y — 210y? + 560> — 630y* + 252y°

For the right side of (3.12), we consider I(y) = FT¢(y), so
1
Fi= [ 1o (3.13)
0

and

FT = {1.286539 —0.044836 — 0.226179 — 0.075085 — 0.027091 — 0.014647|.



Due to Theorem 2.2

[ 1.333333  —0.461880 —0.085184 —0.033596 —0.017316 —0.010308]
0.461880  0.571428 —0.344265 —0.079351 —0.035529 —0.019895
o— —0.085183  0.344265 0.432900 —0.283162 —0.069695 —0.032811
0.033596 —0.079351 0.283162  0.363636  —0.245819 —0.062378
—0.017316  0.035529 —0.069695 0.245819  0.319891 —0.220107
| 0.010308  —0.019894  0.032811  —0.062378  0.220107  0.288983 |
and according to Theorem 2.3
[ 0.621751 0.293701  —0.025277  0.007871  —0.003492  0.001858 |
—0.293701 0.124350  0.172825 —0.020271 0.007442 —0.003667
A —0.025277 —0.172825 0.081098  0.127109 —0.016272 0.006373
—0.007871 —0.020271 —0.127108 0.062262  0.102321 —0.013645
—0.003492 —0.007442 —0.016272 —0.102321 0.051315  0.0865047
| —0.001858 —0.003667 —0.006374 —0.013645 —0.086504  0.044036 |
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and by setting in (3.11), we obtain
Y(r) = 0.01269042457 + 0.2556851715r — 0.66590557287% + 4.304544937r% — 4.761160033r* + 1.879229689r°,
that is the approximate solution of Equation (3.12).

CONCLUSION

We know that using orthogonal polynomials bases in approximating functions creates a sparse matrix. In this work,
we apply the shifted Legendre polynomials to solve Abel’s integral equation with fractional operators. This method
gives the desired accuracy of the equation solution.
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