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Abstract f )
We aim at presenting results including analytical solutions to linear fully fuzzy Caputo-Fabrizio fractional differ-
ential equations. In such linear equations, the coefficients are fuzzy numbers and, as a useful approach, the cross
product has been considered as a multiplication between the fuzzy data. This approach plays an essential role in
simplifying of computation of analytical solutions of linear fully fuzzy problems. The obtained results have been
applied for deriving explicit solutions of linear Caputo-Fabrizio differential equations with fuzzy coefficients and
of the corresponding initial-value problems. Some of the topics which are needed for the results of this study from
the point of view of the cross product of fuzzy numbers have been explained in detail. We illustrate our technique
and compare the effect of uncertainty of the coefficients and initial value on the related solutions.

Keywords. Caputo-Fabrizio operator, Cross product, Initial value problem, Linear fuzzy differential equations.

2010 Mathematics Subject Classification. 34A07, 34A12, 34A08.

1. INTRODUCTION

Differential equations of fractional order appear more and more frequently in various research areas and engineering
applications. Some applications of fractional differential equations are appeared in the field of chemistry, computer
networking, control theory, complex medium with electrodynamics, aerodynamics, image processing phenomenon,
polymer rheology, signal, etc., [8, 9, 29]. Theory of fractional differential equations is making use of the derivatives
of fractional orders such as Riemann-Liouville, Caputo, Gtiinwall-Letnikev, etc. Recently in [18], Caputo-Fabrizio
fractional derivative has been presented in where the singular kernel has been replaced with a nonsingular kernel. Many
studies have been done by several authors on the theory of Caputo-Fabrizio differential equations [13, 21, 22, 26, 31].
The advantages of the large number of fractional derivatives become apparent in different models of mechanical and
electrical properties of real materials which provide the best reflection of the behavior of systems.

The idea of arithmetic operations on fuzzy numbers, a spacial kind of fuzzy subsets with extra conditions, are mainly
based on the Zadeh’s extension principle. It is well known that the calculation based on the Zadeh’s product operation
depends on the shape of the fuzzy numbers are complicated. Considering the extension principle-based product on
the same kind of fuzzy numbers, the shape of the resulting fuzzy number is not preserved. In many situations, these
problems are solved by redefining the product operation named as the cross product [15].

As soon as the idea of a function with fuzzy number values was born, it also raised the idea of fuzzy ordinary,
partial, and fractional derivatives and consequently fuzzy differential equations [2—4, 7, 10-12, 16, 17, 30]. Many of
the fuzzy differential equations that describe real natural phenomena are fuzzy linear differential equations. Such
fuzzy linear differential equations can admit crisp or fuzzy coefficients. There are different approaches to interpreting
the concept of a solution to linear fuzzy differential equations with crisp and fuzzy coefficients [5, 6, 23-25, 27, 28].
Methods, described in detail in [23-25, 27, 28] for linear fuzzy differential equations with crisp coefficients, do not work
in the case of fuzzy coefficients. There are some studies in this fields such that the concept of the product of a fuzzy
number and unknown function is the Zadeh’s product [19]. However, this approach is complicated in computational
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point of view. On the other hand, there are some numerical methods described in [20], which allow solutions of linear
differential equations with fuzzy coefficients but they work effectively only for numerical solutions of homogenous fuzzy
differential equations.

The authors in [5, 6] apply a method which is free of these disadvantages and suitable for a wide class of initial value
problems for differential equations. The method has been applied for linear fuzzy partial and ordinary differential
equations and is based on the cross product of fuzzy numbers.

As we know, linear fuzzy fractional differential equations have not been considered with fuzzy coeflficients until now
and effective general methods for solving them cannot be found even in the most useful research on fuzzy fractional
differential equations. In [1], fuzzy linear Caputo-Fabrizio fractional differential equations with crisp coefficient have
been investigated. Method, described in detail in [1] for linear fuzzy Caputo-Fabrizio fractional differential equations
with crisp coefficients, does not work in the case of fuzzy coefficients and an effective and easy-to-use approach for
solving such equations is needed.

In this contribution, we apply the approach based on the cross product for linear fully fuzzy Caputo-Fabrizio
fractional differential equations with fuzzy initial values. We investigate all of analytical solutions considering all of the
possible options on the data of the problem. We hope that this method could be a useful method for obtaining solutions
of different applied problems appearing in physics, chemistry, electrochemistry, engineering, etc. The main objective of
this paper is to complement the contents of the papers mentioned above. We aim to present, in a systematic manner,
results including the cross product and explicit solutions of linear fully fuzzy Caputo-Fabrizio differential equations.
This paper consists of four sections. Section 2 (Preliminaries) provides some basic definitions and properties from
such topics of fuzzy numbers, arithmetic operations on them, the cross product of fuzzy numbers, calculus of fuzzy
number-valued functions, and so on. The usages of the cross product in calculus of differential and integral has indeed
motivated a major part of section 2. Section 3, Fuzzy CF Fractional Derivative and Integral, includes the definitions
and some potentially useful properties of fuzzy Caputo-Fabrizio fractional integral and fractional derivative. Sections
2 and 3 are meant to prepare the reader to understand the various mathematical tools and techniques which are
applied in the later sections of this paper. The explicit solutions of the fully fuzzy initial value problem of linear
Caputo-Fabrizio differential equation are derived in section 4. At the end of this paper, for the convenience of the
readers interested in further investigations on these and other closely-related topics, we include a rather large and
up-to-date references.

2. PRELIMINARY

In this section, we extended the cross product of fuzzy numbers in which the core of them consists of one element.
So, we present new results and their proof in the context of this section.

Fuzzy numbers are spacial kind of fuzzy sets u : R — [0, 1] such that they are normal, fuzzy convex, upper semi-
continuous, and compactly supported. The a-level of fuzzy number w is defined by (u)q = {t € R: u(t) > a,0 < a < 1}
ie. (u)o = [ug,ur]. (u); is called the core of the fuzzy number and (u)g = cl{t € R : u(t) > 0} is called the support
of the fuzzy number. For 0 < a < 1, the length of a-level set is denoted by len(u), = uf — u;. The space of fuzzy
numbers is denoted by Rx. Let u,v € Rr, 0 < a <1 and A € R. The triangular and the space of triangular fuzzy
numbers are denoted by u =< uy, U, u, > for which u; < u. < u, and R, respectively.

The following definitions about arithmetic operations on Rz are based on Zadeh’s extension principle [14].

e Addition:

(44 Ve = {2+l € Wary € (V)a} = (Wa + V)a-
o Scalar product:

(M) = {Az|z € (u)a} = AMu)a.
o Difference:

(u =) = (Wa + (=1)(v)a-

BE
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e Product:

(wv)o = [min{ug vy, ug vt ubvy  ubvl}, maz{uivy  ugvl, ufvy , utv?

(e a o

fuly].
The following definitions about the difference of fuzzy numbers are not based on Zadeh’s extension principle.

Definition 2.1. [14] Let u and v be two fuzzy numbers. If there exists a fuzzy number z such that z + v = u. Then
z is called Hukuhara difference of v and v and is denoted by z = u & v and we have

(2)a = [tq — vo,ul —v]]

a) o ol

—v

Definition 2.2. [14] Let u,v € Rz, the generalized Hukuhara difference (gH-difference for short) is the fuzzy number
w, if it exists, such that
_ (i) u=v+w,
UegHU—U)@{ or (i1) v=u+ (—1)w.
Lemma 2.3. Let u,v,w,z € Rr and a € R. Then the following assertions are true
(au) © (av) = a(u S ), (uev)+(woez)=(u+w)S (v+ 2), ue (vow)=(u+w)Ow,
ut+Wow) =@w+v)ow, ud (W+w)=(uov)ow,

provided the above H-differences exist.
Proposition 2.4. Let u € RF and a,b € R.

(1) If ab > 0, then (a + b)u = au + bu.
(2) If ab <0, then (¢ +b)u = au Syu (—1)bu.

Proof. In fact, this proposition is a generalized version of Case 1 presented in [14]. In order to prove Case 2, we let
a,b € R and ab < 0. There are two choices for the signs of a and b. Firstly, we assume a > 0 and b < 0. Therefore,
we havea+b>0o0ra+b<0. If a+b <0, then from Case 1 we have

bu=(a+b—a)u=(a+bdu+ (—a)u.

Hence, we have

(a+b)u=buo (—1)au. (2.1)
Similarly, if a + b > 0, then from Case 1 we have
(a+b)u=auec (—1)bu. (2.2)

From (2.1) and (2.2), we deduce
(a+bu=auoysm (—1)bu.

Secondly, we let a < 0 and b > 0. Therefore, we have a+b>0or a +b < 0. If a + b < 0, then from Case 1 we have
au=(a+b—>bu=(a+bu+ (—b)u.

Then, we have

(a+b)u=auoc (—1)bu. (2.3)
Similarly, if a + b > 0, then from Case 1 we have
(a+b)u=buc (—1)au. (2.4)

From (2.3) and (2.4), we can deduce
(a+bu=auoysm (—1)bu.
|
Definition 2.5. Let u € Rr such that the Core(u) consists of exactly one element i.e. (u)1 = {uc}. wu is called

non-negative (= 0) or non-positive (< 0) if we have u. > 0 or u. < 0. The set of non-negative (or non-positive) fuzzy
numbers is denoted by RI(R3).

[E)E
(=
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The following definition is a spacial case of Definition 5.13 in [14]. In fact in this paper, we have used the fuzzy
numbers with singleton core.

Definition 2.6. Let u,v € R and o € [0,1]. The cross product of u and v is denoted by w = u ® v and defined as
follows

(W)a = [Uy, Ve + UV, — UV, UL Ve + v — ucvy].

Definition 2.7. Let u,v € R} (R;). We say u = v, if u. > v.. Also, we say u < v, if ue < ..

Proposition 2.8. Let u,v,w € R (R3).
(1) Ifu =0 and v < 0, then
uov=—(ud(-v)),
(2) If u <0 and v = 0, then
uov=—((-u)Ov),
(3) If u,v %0, then
uOv=(-u) O (-v),
(4) If either u = v =0 oru <v =<0, then
(UeV)OW=uCWwevOwW
(5) If either v =u =0 orv<u =0, then
uwev)ow=(vow+(w-—w) o Uov) Ovow.
(6) If either u,v =0 or u,v <0, then
(u+v)Ow=udw+v0Ow,
(7) Ifu,u+v>=0andv <0 oru,u+v =0 and v = 0, we have
(u+v)ow=(Low+vOw)o (w—w) O,
provided the involving H-differences exist.

Proof. Case 4: If we assume v = v = 0, then u & v = 0. We assume w = 0. Hence, we have
(wew) Ow), = [(ue —ve)wy + (ug —vg Jwe — (e = ve)we, (ue — ve)wd + (uf — v )we — (ue — ve)we]
= [(ucw; + (u; — uc)wc) — (Ucw; + (vy — ’UC)’LUC) , (ucw;t + (u;t — uc)wc) — (vcwg + (v:; — vc)wc)]
= (u@w)a © (v@w)a.
We assume w < 0. Then, we get
(vev)o® w)a = [(ue — ve)wy + (ud — vHwe — (ue — ve)we, (e — ve)wd + (ug — vy Jwe — (ue — ve)we)
= [(ucw; + (uz — uc)wc) — (vcw; + (1}3‘ — ve)wc) , (ucw; + (u; — uc)wc) — (vgw;'; + (vg — vc)we)]
=(uow), ©(Wow),.

The proof of other states are similar.
Case 5: Let 0 = u < v. Hence, u © v < 0. We assume w > 0. Thus, we get

((“ Ov) O w)a = [(uc —ve)(wd —we) + (ug —v3 Ywe, (ue —ve)(wg —we) + (uf — Ui)U)C]
= [(“c - UC)(wa_ —we) + (“; — Uy Jwe, (ue — ’UC)(U’;— —we) + (“g - 'U;;)U’C}
+ [len(w)a(ue — ve), —len(w)a(uec — ve)]
=uow+(w-—w)O o), 6 ®WOwa.

We suppose w < 0. Then, we have

((u ov) O w)a = [(“C - ’UC)(w-aF —we) + (“;t - ”;)wm (ue — UC)(wa_ —we) + (u
= [(ue — ve)(wg —we) + (uf — v )we, (ue — ve)(wd —we) + (u
+ [len(w)a(ue — ve), —len(w)a(uec — ve)]
=(uOw+ (w—w) @(u@v))Q O (Wow)a-

Rl R
|
S
Q]
-
g
S

BE
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The proof of other states are similar. O

Lemma 2.9. If u,v,w € R{(R;), then
(1) () Ov=u0(-v) == (uOW).
(2) uOV=v0Ou.
3) (V) OWw=ud (vOw).
Proof. The proof immediately follows from Proposition 2.8. O

Definition 2.10. [14] The Hausdorff distance of fuzzy numbers is as D, : Rz x Rx — RT defined by

Doo(uvv) = Ssup maX{' Uy — Vo |v | ujxr - v;r |}7
a€l0,1]

where (u) = [uy,ul] and (v), = [v5,v}]. The following properties of the Hausdorff metric are well-known

a) Yo

(1) If u,v € Rx and a € R, then
Deo(a,av) =| a | Do (u,v).
(2) If u,v,w € Rg, then
Do (u+ w,v +w) = Dy (u,v).
(3) If u,v,w,z € Rx, then
Doo(u+v,w+ 2) < Doo(u, w) + Do (v, 2).
(4) If u,v,w, z € Rr and the H-differences u © v and w © z exist, then
Doo(uSv,w6 z) < Doo(u,w) + Doo (v, 2).
Proposition 2.11. Let k,u,v € R (R5). Then
Dol @ u, k ©v) < K Do (u,0),
where K = ( | k. | +diam(k)).
Proof. Since k,u,v € R;(Rg), there are several states for the sign of k,u, and v. We assume k,u,v € Rér. From
Definition 2.10, we have

Deo(k®u,k©v) = sup max{| (k — ke)(uc — ve) + ke(ug —v3) || (kY = ke)(ue — ve) + ke(ud —vZ) |}

a€l0,1]
< sup max{| (kg — ke)(ue —ve) || (kd —ke)(ue —ve) [} + sup max{| ke(ug —vy) || ke(ud —vd) [}
«€l0,1] «€l0,1]

<Jue—ve | sup max{| Ky — ke || KE — ke [} | o | Doo(u,)
ag(0,1]

< ( | ke | +diam(k)) Doo(,v) = K Doo(u, v).
We assume k,u € R%‘ and v € R5. Therefore from Definition 2.10, we have
Doo(k®u,k ®v) = sup max{| (kg — kc)uc — (k;r —ko)ve + ke(ugqg —va) | ] (/c;f — ke)ue — (kg — ke)ve + kc(uj{ — vi) [}

a€l0,1]
(2.5)
< sup max{| ke(ug —va) |, | ke(ug —va) [}
a€l0,1]
+ sup max{| (ko — ke)uc — (k& — ke)ve || (k& — ke)ue — (ka — ke)ve [}
a€(0,1]
<| ke | sup max{|uy —vy |, ul — vl [} + diam(k) | uc + ve |
a€(0,1]
<| ke | Doo(u,v) + diam(k) | ue — ve |
< ( | ke | +diam(k))Doo(u, v) = K Doo (u, ).
The proof of other states are similar. O

[E)E
(=
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Lemma 2.12. Let u,v € RI(R3). Then

§

Core(u ®v) = Core(u)Core(v).
Proof. The proof immediately follows from [5]. |
= [f (&), fF ()] for all « € [0, 1].
= [f, (), fF(t)]. We define

Remark 2.13. [ : (a,b) — Ry is called fuzzy function and its a— cuts are as (f(t))

[

Definition 2.14. [14] Let the integrable function f : (a,b) — Rz be such that (f(t))

(/abf(S)ds> = [/: 15 (s)ds, /ab fa (s)ds].

Definition 2.15. [14] Let f : (a,b) — Rx and =g € (a,b). We say f is strongly generalized differentiable at xq if
there exists an element f’(x¢) € R such that one of the following statements is true
(7) For all h > 0 sufficiently small, 3f(xo + h) © f(z0), f(x0) © f(wo — h) such that

flxo+h)© flwo) _ . flzo) © flwo—h) _ (o).
h

87

lim
R\ h h\O0

(4¢) For all h > 0 sufficiently small, 3f(z0) © f(zo + h), f(zo — h) © f(xo) such that

.S o flwot+h) . flwo—h)S fxo) _ o
fi, Fen S St — iy Slzo =R 0] — g

(4i2) For all h > 0 sufficiently small, 3f(zo + h) © f(x0), f(xo — h) © f(x0) such that

;ILIQ% Flzo + h}i@ flzo) _ }11% flzo — _)hG f(wo) _ F(z0).

(iv) For all h > 0 sufficiently small, 3f(z0) © f(zo + h), f(z0) © f(zo — h) such that

K% f (o) G_figxo +h) _ K% f (o) Gi(wo —h) _ (o).

Lemma 2.16. [1/] Let f : (a,b) = Rx such that f € C((a,b),Rx). Then

f f )ds is (i)-differentiable and we have F'(t) = f(t).
= [ f(s)ds is (ii)-differentiable and we have F'(t) = —f(t).

Lemma 2.17. [16/ Let f: (a,b) = R be a fuzzy function, i.e. (f(t)), = [fs (t), 3 @)] for a €0,1].
(1) If f is (i)-differentiable, then f. (t), f.X(t) are differentiable functions on (a,b) and

(f'®), = (f2 ®), (f& ®)]. (2.6)
(2) If f is (ii)-differentiable, then f,, (t), fF(t) are differentiable functions on (a,b) and
(f'®), = (f3 @), (f ). (2.7)

Definition 2.18. [8] We say that a point zg € (a,b) is a switching point for the differentiability of f, if in any
neighborhood V' of x( there exist points x1,zs such that

e type(I) at z;1 (2.6) holds while (2.7) does not hold and at zo (2.7) holds and (2.6) does not hold, or
o type(II) at z; (2.7) holds while (2.6) does not hold and at x5 (2.6) holds and (2.7) does not hold.

Remark 2.19. Throughout this paper, f : J — Rz is called GH-differentiable if it is (i)- or (i7)-differentiable on J
and we consider J = [0, 7.

Lemma 2.20. [1/] Let f be GH-differentiable on J. Then

/ f'(s (T) &g £(0).

Lemma 2.21. [14] Let f : J — Rx be GH-differentiable on J, then we have
(1) If f(t) is (i)-differentiable, then diam(f(t)) is increasing with respect to t.

BE
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TABLE 1. GH-differentiability of f + g and f o g.

Case | Diff f | Diff g | Diff (f +9) | (f+9) | Diff (feg) | (fog)
1 (4) (4) (i) I'+4q (4) f'ed
2 (1) | () (i1) f'+y (i) f'od
3 (4 (44) (i) f'e(=1)d (4) [+ (=g
4 () | (4 (i1) EIG (i) [+ (=g

TABLE 2. GH-differentiability of fg.

Case | f | f" | Diff g | Diff (f9) (fg)
1 [>20[>0] (i) (4) f'ag+fd
2 [20]<0] (9 (4) fgo(=1)fg
3 [<o0[>0] (3) (44) fge(=1)f'g
4 [<o[<o| (i (i) f'g+fd'
5 [>0[>0] (i) (44) IS
6 |[>0[<0] (i) (i) f'g+fd'
7T | <0 >0] (i) (4) f'g+fdg'
8 | <0 <0 (i7) (z) fdoe(=1)fg
9 [>0]>0] (i) (4) flgo (=1)fd

(2) If f(t) is (ii)-differentiable, then diam(f(t)) is decreasing with respect to t.

Lemma 2.22. [j] Let f : J — Rz be such that (f(t))a = [fo (), f.X(t)]. Suppose that real functions f, (t), fI(t) are
differentiable with respect to t.
(1) If the intervals [(f5 (£)), (fF(t))] for all « € [0,1] and t € J, determine valid o cuts of a fuzzy number, then
the H-differences f(t +h) © f(t) and f(t) © f(t — h) exist for all h > 0 sufficiently small.
(2) If the intervals [(fF (1)), (f7(t))] for all « € [0,1] and t € J, determine valid o cuts of a fuzzy number, then
the H-differences f(t) © f(t + h) and f(t —h) © f(t) exist for all h > 0 sufficiently small.

Lemma 2.23. [/, 14, 27] Let f,g : J — Rz be GH-differentiable on J. Then f+g,f &g :J — Rx are GH-
differentiable on J provided that the involving H-differences exist and the details of their kind of GH-differentiability
are stated in Table 1.

Lemma 2.24. [25] Let f: J — R and g : J — Rx be GH-differentiable on J. Then fg:J — Rx is GH-differentiable
on J provided that the involving H-differences exist and the details of their kind of GH-differentiability is stated in
Table 2.

Lemma 2.25. Let f:J — RI(R;) be GH-differentiable on J and k € Rf(R;). Then k® f:J — RI(R;) is GH-
differentiable on J provided that the involving H-differences exist and the details of their kind of GH-differentiability
is stated in Table 3.

Proof. Case 1: Since k € R (R3) and f® f' = 0, we have four states with the sign of k, f and f’. We suppose k € Ry
and f, f' = 0. Therefore

(k © f(t))a = [(k; - kc)fc(t) + kcf;(t)v (k;;r - kc)fc(t) + kcf(; (t)]
On the other hand, f is (¢)-differentiable. Hence, we have

(kO f'(1) = (kg — ke)(fe(0) +Ee(fa (1)), (kS — ke)(fe(1)) + ke(fo (1))'].
Since ((k® f(t))a) = (k© f'(t)a and (k@ f()E) = (k@ f/(t))L, we claim that k® f(t) is (i)-differentiable. So, from
Lemma 2.22; the H-differences k ® f(t +h) © k © f(t) and k© f(t) © k © f(t — h) exist. Also, from (¢)-differentiability
oo
EE
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TABLE 3. GH-differentiability of k ® f

Case | f & f'| Diff f | Diff (k® f) (ko f)
T [ =0 [ () @ Ko f
2 =<0 (1) (1) kofek-—Fkof
3 | 20 | () (i) k—KofODkoS
4 =<0 (i1) (17) ko f
5 =0 ) (44) koflek-kof
6 =0 (i1) (i) (k=Ko fo(=Dko f

of f the H-differences f(t + h) © f(¢) and f(t) © f(t — h) exist. Consequently, from Lemma 2.8 and Proposition 2.11
along with f, f/ = 0, we have

lim D <k®f(t+h)@k®f(t) k@f/(t))zlimD <k@7f(t+h)@f(t) k@f/(t))
N0 h ’ N h ’
< ( | ke | -l-diam(k)) ]11{‘% Do (f(t#)@f(t)’f,(t)> (2.8)

=0.

Similarly, we can deduce

lim D.c (k:@f(t)@:@f(t—h)’kGf/(t)) = Jim D (kQW’kQJN(”)
< (| ke | +diam(k)) Jim Do (W,f’(t)) (2.9)

=0.

Therefore from Definition 2.15, we can conclude (k ® f)/ =k @ f’. The proof of other states are similar.
Case 2: Since k € Rg(Rg) and f ® f’ <0, we have several states with the sign of k, f and f’. We suppose k € R%r
and f <0, f' = 0. Therefore, we have

(k@ f(t), = (k3 — ko) fe(t) + kefo (1), (kg — ko) fe(t) + ke f3 (2)].

On the other hand, f is (¢)-differentiable. Hence, we have
(kO f'(1) = (kg — ke)(fe(1)) + ke(fa (8))', (kS — ke)(fe(1)) + Ke(fa (1))'].

Now, we suppose that the H-difference k® f'(t) © (k — k) ® f'(t) for t € J exists. On the other hand, ((k® f(t));)/ =

(ko f'(t)o(k—k)of'(t)), and ((k;@f(t))j")/ = (ko f(t)o(k—k)of'(t))F which are valid a-level set of a fuzzy number.
Therefore, we claim that k& ® f(¢) is (z)-differentiable. So, from Lemma 2.22, the H-differences k ® f(t +h) &k ® f(t)
and k© f(t)©k® f(t—h) exist. Also, from (i)-differentiability of f the H-differences f(t+h)© f(t) and f(¢t)© f(t—h)
exist. Consequently, from Definition 2.10, Lemma 2.8, and Proposition 2.11 along with f = 0 and f/ < 0, we have

. kO f(t+h)0 kO f(t) / /
}11\1110Doo< b Jf@f(t)@(k’_k)@f(t)>
L ft+h)O f(?) _ ft+h)o f(t) / B y
= Jim D (ko LENEIO & sy o LLEDETO o0 0y 0 (- 1y 0 7'(0))
) . fe+hnofit) ., _
< <|kc|+3dlam(k)> A{‘nODw(;h 7f(t)) =0.

(&)
(EE
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TABLE 4. CF-differentiability of f + g and fo&g

Case | Diff f | Diff g °FDI(f +9) °rpl(feyg)

1 (i) (i) | °FDZf +CFDZg (i)-CF | C¥DPf o (=1)°FDZy (i)-CF
2 (i) | (i) | CFDEf+CFDlg (ii)-CF | °*DJ f o (=1)CFDlg (ii)-CF
3 ) | @) | “DIf o (-1)°TDlg (i)-CF | “™Df + (-1)°TDlg (i)-CF
4 (i) (i) | “ DI f o (-1)°fDlg (i))-CF | °FDI f + (-1)°"Dlyg (ii)-CF

Similarly, we can deduce

. ko ft)oko f(t—h) / y
}PSIDOQ< o ,ksef(t)e(k—k)@f(t)>

f®eflt—h
h

< (| ke | +3diam(k)) Jim Deo (w,f’(ﬂ) -0

:1imDoo(k:® @(k_k)@w
R\0 h

ko ft)e(k—k) @f’(t))

Therefore from Definition 2.15, we can conclude (k© f) = k® f'© (k—k)© f'. The proof of other states are similar.
]

3. Fuzzy CF FRACTIONAL DERIVATIVE AND INTEGRAL

In this section, we present some definitions and properties of fuzzy Caputo-Fabrizio fractional derivative and integral
which we will use throughout this study. Moreover, we give some theorems about the solution of linear fuzzy fractional
differential equation involving Caputo-Fabrizio operator. Throughout this paper, we assume 0 < § < 1.

Definition 3.1. [1] Let f : J — Rz be GH-differentiable such that f’ € L*(J,Rx). The fuzzy CF derivative of f is
defined as

CEDB (1) =1 B/exp t—s))f(s)ds, ted
Definition 3.2. Let f : J — Rz be GH-differentiable such that f’ € L'(J,R7).
(1) If f is (i)-differentiable, then
(“DIf(1)),, = [T"DLf (), “DIfE(®)].

and f is called (7)-CF differentiable.
(2) If f is (ii)-differentiable, then

(“DIF#), = [TDIE®), TDLfZ ()]

and f is called (ii)-CF differentiable.
Remark 3.3. Throughout this study, f is called CF differentiable on .J if it is (i)- or (i4)-CF differentiable on J.
Definition 3.4. Let f: J — Rz such that f € L'(J,Rz). The fuzzy CF integral of f is defined as

CEBf(t) = (1 - B)f(t) + / f(s)ds, ted.

Lemma 3.5. Let f, g, f + g and f © g be GH-differentiable on J and their derivatives are integrable on J. Then
f+g and f ©g are CF differentiable on J provided that the involving H -differences exist and the details of their kind
of differentiability is as Table 4.

an
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Proof. Case 1: According to assumptions, f and g are (i)-differentiable. From Lemma 2.23, f + g and f © g are
(i)-differentiable and we have (f + g)’ = f' + ¢’ and (f © g) = f’ © ¢’ provided the involving H-difference exists.
Therefore, from Definition 3.2, f 4+ g and f © g are (i)-CF differentiable. Consequently, applying Definition 3.1, we
have

D(16)+00) = 15 [ exw (= L5 0- ) (0 + o )
I R ST
= “"DIf(t) + “TDlg(1),
and
DI (1) S 91) = 15 [ exp(— 15— 9) (£ () 2 (5))ds

5

-8
_ B / Lo B /
_17,8/exp ﬁt—s))f(s)ds@m/oexp(—ﬂ(t—s))g(s)ds

Case 3: Let f be (i)—diﬁerentiable and g be (ii)—differentlable Therefore, from Lemma 2.23, f + g and f © g are
(i)-differentiable ie. (f+g) = ffe(-1)¢ and (fSg) = f '+ (-1)g prov1ded the 1nvolv1ng H-difference exists.
Therefore, from Definition 3.2, f + ¢g and f & g are (i)-CF differentiable. Consequently, from Definition 3.1, we have

CDI(F0) +9(0) = 15 [ ew (- L5-9) (798 (g () ds
/ 1 ! B /
1—5/ 777575)))” (s)ds@(fl)m/o exp(fm(tfs))g (s)ds
="Dlf) e (-1 )CFDE (t),
and
D2 (1) © (1)) = ﬁ / 25— ) (') + (<D (s))ds
=1= 5 / - — t — s))f/(s)ds + (—1)%/0 exp ( — %(t — s))g'(s)ds
= IDIf(t) + (-1 )CFDE (t).
O
Remark 3.6. If k € Rz, then °FD’k = 0.
Proof. Tt follows immediately from (k)" = 0. |

Lemma 3.7. Let k € R+( 5) and f:J — R+(R_) such that f € L*(J,Rz). Then
S (ko £(1) =k © TP (1),

Proof. There are four states for the sign of k and f. We assume k, f > 0. From Definition 2.14 and Remark 2.6, we
have

= (CFIE(k ® f(t))); , (CFIE (ko f(t))):]

= [t~k (=045 | t r(o)ds) + 1 (=81 0+ 5 [ t Ji (55
k) (=210 +5 [ t r(o)ds) + ke (=810 + 5 t ()5
= (k ® CFIff(t))a

In a similar way, we can prove the other states.

(“rzke £)

[e3

Bn
@e _
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Lemma 3.8. Consider f:J — Rx such that f is GH-differentiable and f' € L'(J,Rz).
(1) If CFIZf(t) is (i)-differentiable, then

— Bt
)0,

(2) If CFIZf(t) is (ii)-differentiable, then

DI £(0) = (1) (expl ;5100 £0)).

Proof. Case 1: Since CFI7 f(t) is (i)-differentiable and f is GH-differentiable on J, so f is (i) or (ii)-differentiable on

J. Firstly, we assume f is (¢)-differentiable. Since 0 < 8 < 1, from Lemma 2.24, exp(ﬁ—ﬁ) f(¢t) is (i)-differentiable.
Therefore, from Case 1 of Lemma 3.5, we have

CEDBCEIB p(t) = CFDﬂ< +/3/f > (3.1)

:(1—5)CFfo(t)+ﬂCFDf/fsds)

CEDB CFIB £(4) = (1) © exp(

= exp( 1__52)/0 exp(l’[iiﬁ s)ds + m/ exp(— —— t —5)) f(s)ds. (3.2)

)f’(s)ds, we apply Case 1 of Lemma 2.24 as follows

' X ﬁ >/d: tx Bs d _— X
[ (o0 (:25)00)) as= [ ((Zp s+ 125 [ (25

Therefore, from Lemma 2.20, we have

exp (25)10 0 10 = [ e (25 feas+ 25

Thus, we infer

‘ Bs \ o Bt B[ B
P ds = _Pt 0 P P
[ o0 (25 1 = (a0 (25 10 0 10) 0 25 [Cow (2
Putting the above relation into Eq (3.1), we have
cFDfCF[ff(t):<(f()eeXp( ﬁ 1_B/exp —7t—s)) ) 1_B/exp t—s)f

From (i)-differentiability of exp(ﬁ—ﬁ) (t) along with Lemma 2.20, the H-difference f(t) © exp(m) f(0) for t > 0
exists. On the other hand, “FD? f(t) € Rx. Hence, from the results of Lemma 2.3, we deduce

010525 oot - o) (0 5 ot~ 25—
.

Secondly, we assume f is (ii)-differentiable. Since CFIC f(t) is (i)-differentiable, therefore the H-difference Bf(t) ©
(=1)(1 = B)f'(¢t) for t > 0 exists. Therefore, exp( ﬁtﬁ)f(t) must be (i)-differentiable. In a similar way, from Lemmas
2.25 and 3.5, we have

CDICTE ) = pODE( [ S(9)ds) & (-1 - 5) D210

For computing fot exp (16_ >

(lﬁ_sﬁ)f(s)ds.

= f(t) © exp(

B
=2 [ (- - o) s

B B B
2 [ew (- t250- ) sese (s en2)10).

/-\
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Since exp(lli—tﬁ)f(t) is (i)-differentiable, from Lemma 2.20, the H-difference f(t) © exp(%)f(()) for t > 0 always
exists. On the other hand, “FD? f(t) € R]-‘ Therefore, from Lemma 2.3, we have

t
CEDBCFLB p( < 5/ exp (— —— t—s))f(s)ds—i—(f()@exp(l /Bﬂ)f(O)))@%/ exp(—i(t—s))f(s)ds
- - 0
Bt
1-p
Case 2: According to the assumptions of Case 2, CFI7 f(t) is (ii)-differentiable. To verify this assumption, we must

have (i7)-differentiability for f and the existence of the H-difference (1 — 8)f/(t) © (—1)3f(¢). From Lemma 2.24, we
can conclude exp(-2%)f(t) is (ii)-differentiable. From Case 4 of Lemma 3.5 and Definition 3.1, we can conclude

= f(t) © exp( ) (0).

1-8
D2 (0 = "D (- 9)5)+ 5 [ 1(s)as)
= (1=p D0 & (-5 DI [ o))
zexp(%)/0 ex (Lﬁ)f (s)ds 97/ exp (— —— t—s))f(s)ds. (3.3)
Bs

For computing fo exp ( )f’(s)ds, we apply Case 3 of Lemma 2.24 as follows

/0 (exp(lﬁsﬂ)f(S))ds:/Otexp(%) ds@m/ exp Lﬁ (s)ds

Therefore, from Lemma 2.20, we have

(1) (f(O)@eXp(%)f(t)) = /Ot exp(%) s)ds © m/ exp ( f(s)ds.

Thus, we infer

[ e (205w = v (0 een 2 rw) + =2 [ e (2556

Putting the above relation into Eq. (3.3), we have

CprCFIff(t)=(—1>((exp< )F(0) & F() + / exp (— 25— )56 )ds)

5,

Consequently, form Lemma 2.20, the H-difference exp(%) f(0)o f(t) for t > 0 exists. Hence we deduce

Bt
-8B
p(— t—s))f(s)d&

°D2 T2 (1) = (1) (expl ;2500 0 £0)).

O

4. LINEAR FUZzY CF FRACTIONAL DIFFERENTIAL EQUATIONS WITH FUZZY COEFFICIENTS AND FUZZY INITIAL
VALUE

In this section, we investigate the following fuzzy initial value problem of linear fuzzy CF fractional differential
equations with fuzzy coefficients

Dly(t) =aoyt) + f(t), te, (4.1)
y(o) = Yo,
where a,y0 € Rr and f : J — Rz is generalized differentiable such that f' € L'(J,Rz).

This section is divided into two subsections. The first subsection is devoted to non-homogenous linear fuzzy CF
an
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fractional differential equation with crisp force function and the second to non-homogenous linear fuzzy CF fractional
differential equation with fuzzy force function.

Definition 4.1. We say that y € C(J,Rx) is (i)-solution of Problem (4.1), if y is (¢)-CF differentiable and satisfies
in Problem (4.1). Also, y € C(J,Rz) is (ii)-solution of Problem (4.1), if y is (#i)-CF differentiable and satisfies in
Problem (4.1).

4.1. Non-homogenous linear fuzzy CF fractional differential equation with uncertainty in speed and
initial value.
We consider the initial valve problem

CEDlyt) =a@y(t)+ f(t), teJ (4.2)
y(0) = o,

where a,yg € R%'(Rg) and f : J — R is differentiable such that f’ € L!(J,R). Throughout the paper, we consider
p=(1-PB)ae, ¢ = Pa., and X = &.
According to the Problem (4.2) and the fact that F D2y(0) = 0, we deduce a ® y(0) + f(0) = 0. Therefore, we solve
Problem (4.2) under one of the following conditions.

(1) f(0) =0, a € Rg, ac # {0}, and yo = 0 € R.

(2) f(0)=0,a=0€R,and yo € Rj;.

(3) f(O) =0,a,9 € Rga and a. = yg = {O}

For the sake of simplicity, we suppose the following conditions.
Definition 4.2. We say that the function h(t) satisfies conditions (A1) — (As), if

(A1) Bh(t) + (1= B)h'(t) >0,V € (0, 7).
Bh(t) + (1 — B)K(t) <0,Vt € (0,T).

(A2)

(As) [7(Bh(s) + (1 — B)R'(s))ds + 40 > 0,Vt € (0,T).
EA4§ Iy (Bh(s) + (1 — B)W (s))ds +y2 < 0,¥t € (0,T).
As

( [ = 2 ) o)+ (- () s + my2> <(1 — B)(Bh() + (1= H'(1)
+

" /t (Mt = ) +p+1) (Bh(s) + (1 = B)R(s))e™ds) + B(1 + At)e”yi’) >0,vt € (0,7),
- 0

Theorem 4.3. Let f:J — R be differentiable such that f' € L*(J,R). Moreover, let yo,a € R%‘(Rg) Consider

e/\t

() = 1= [ (310 + (1= A) (9)e ™ ds + o+ (= ac) 0 9(0)

At

pn(t) = 1= [ (319 + (1= 817 ) ds+ (Mo & (“1)(a—a0) 0.9(0)

where
e>\t ¢ ﬁ ! —As
g(t) “a—p2 (5@/0 +/o (1-8+ m(t =) (Bf(s) + (1= B)f'(s))e ds) .
Then, the kind of solution to Problem (4.2) along with required conditions in the details are presented in Tables 5, 6,
and 7.

Proof. Here, we just prove Case 1 of Table 5. The other cases of Tables 5, 6, and 7 can be investigated in a similar

manner. Since p =0, so A\ = ﬁ =0. Let f,f >0 and yo = 0.

(o) = [ C(BF(s) + (1= B)F ())ds + 4 > 0.

[E)E
(=
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TABLE 5. The obtained results of Theorem 4.3 with p = 0 for ¢ € (0,7) in details.

Case condition on f solution kind of Diff

for solution
1 | f,f>0,42>0 YIN (4)
2 f?flgoyy(c)go YN (Z)
3 f? f/ < O; y(c) > 07 (A3)) <A5) YiN (Z)
4 fv f/ > 0> yg < 07 (A4)) (A5) YiN (Z)
5 [ff<0,42>0, (A4) Yin (4)
6 | ff<0,42<0, (4y) Yin (4)
7 [ ff<0,,42>0, (A3), (4s) YIN (4)
8 [ff<0,,42<0, (A), (45) | win (4)
9 1 £/'>0,42>0 Yo (i)
10 [ £,/ <0,4°<0 Yan (i1)
11 [ f,f7<0,47>0, (43), (45) YoN (44)
12 | f,f7>0,42 <0, (As), (45) Yan (i)
13 ff/ < 07 yg > O) (Al) YanN (”)
14 [ ff <0, 40 <0, (Ay) Yan (i)
15 [ ff7<0,,92>0, (43), (A5) | won (44)
16 ff/ <0,, y(O: <0, (A4)7 (A5) YonN (“)

TABLE 6. The obtained results of Theorem 4.3 with 0 < p < 1 for ¢ € (0,T) in details.

Case condition on f | solution kind of Diff
for solution
1 | ff >0 yin (1)
<0, (Ay) yin (4)
3 [ <0, (As) yin (4)

TABLE 7. The obtained results of Theorem 4.3 with p > 1 for ¢t € (0,7) in details.

Case condition on f | solution kind of Diff
for solution
1 | ff =0, (4s) Yin (4)
2 | fff<0,(A2), (A5) |  win (4)
3 [ ff <0, (A1), (45) YiN (4)

Consequently, y1n(t) = 0. From Lemma 2.3, Proposition 2.8, and condition a ® yo + f(0) = 0, we can deduce
t
a@unn(®+10) = ([ (876 + (1= A ()e > ds)a+ 1) (43)

From Lemmas 2.23 and 2.24, g(t) is (i)-differentiable. It is easy to check that Core(g(t) © ¢'(t)) = (g(t)),.(¢'(t)), > 0.
Then, from Lemma 2.25, a ® g(t) is (7)-differentiable. Consequently, y;y is (i)-differentiable and we have

Yin(t) =Bf(t)+ (1 =B)f (t) +aO g (t).

BE
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TABLE 8. The required conditions for Theorem 4.4.

Case condition on fe.
1 [fofI>0,42>0

2 | fe, f1<0,47<0

3 fcafp/, S 07 y? Z Oz (AS); (A5)
4 [ fe, fL>0, 42 <0, (A4), (A5)
5 fcfé§07 y(c)zoy (Al)

6 | ffl<0,y7<0, (As)

7 foé S O; ) y(c) Z 0; (A3); (A5)
8 | fefl<0,, 42 <0, (A1), (A5)

From Definition 3.1, Lemma 2.3, and condition a ® yo + f(0) = 0, we have
1t - ,
CFDLyin(t) = m/o exp (%(t —5))y1n(s)ds
—pt ¢ , —pt
=10~ T 10+ ([ (376 + (1= 7 @)ds + (1= T ) @

t
=10+ ([ 1o+ -5 @)ds)a (14)
From Eq. (4.3) and (4.4), we can deduce
EDlyin(t) = a©yin(t) + f(1).

Therefore, y1n is (i)-solution of Problem (4.2).
O

4.2. Non-homogenous linear fuzzy CF fractional differential equation with uncertainty in speed, source
and initial value.
We consider the initial valve problem

CEDBy(t)y =aoy(t) + f(t), teJ (4.5)
y(O) = Yo,
where a,yo € Rr and f : J — Rz is generalized differentiable such that f' € L'(J,Rz).

For simplicity, we present some notations which will be used in the next theorem.
(I) For t € J the following H-difference exists.

Byo & (1) ((1 = BB+ (1= 7'0) +5 [ LB (- 6)f’(8))d8) .

Theorem 4.4. Let f : J — R;(Rg) be (i)-differentiable such that f' € L'(J,Rg) and p = 0. Moreover, let
a,yo € R;(Rg) Consider

e)\t

1-p

yan (1) = Mo & (~1) ((a —a)oat) + / (BF(s) + (1 — B)f’(s))e’“ds) ,

where

g(t) =

8/\t t ﬁ ’ —As
T (90 o) [L 0= 2= ) (3106)+ 1= ) () s ).
provided the above H-differences ezist.

(1) Let f be (i)-differentiable. If one of the conditions presented in Table 8 satisfies, then yin is (i)-solution of
Problem (4.5) fort € (0,T).

[E)E
(=
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TABLE 9. The required conditions for Theorem 4.4.

Case condition on fe.
1 [fofI>0,42>0

2 | fe, f1<0,47<0

3 fcafp/, S 07 y? Z Oz (AS); (A5)
4 [ fe, fL>0, 42 <0, (A4), (A5)
5 fcfé§07 ngO; (Al)

6 | ffl<0,y7<0, (As)

7 foé S O; ) y(c) Z 0; (A3); (A5)
8 | fefl<0,, 42 <0, (A1), (A5)

(2) Let f be (i)-differentiable. If one of the conditions presented in Table 9 along with the Condition (I) satisfy,
then ysn is (i1)-solution of Problem (4.5) fort € (0,T).

Notice that y1n has been presented in Theorem 4.3 with this difference that here the function f appeared in yin is a
fuzzy function.

Proof. (1) Here, we just prove theorem under the condition in Row 1 of Table 8. The other cases can be investigated
in an analogous manner. Let f be (i¢)-differentiable, f, f’ > 0, and yo = 0. Since p =0, so A\ = ﬁ = 0. Thus, we
have
t
(O = o2+ [ (8.05)+ (1= ) fil)ds > 0.
0

Therefore, y1n(t) = 0. Also, by the results of Lemma 2.3, Proposition 2.8, and condition a ® yo + f(0) = 0 we can
deduce

t
aoun®)+10= ([ (16 +1-)f @)ds) 0t 1), (46)
From Lemmas 2.16 and 2.24, tyy and

[ 6+ a=pre)as

/0 (1 B+ B(t— ) (Bf(s) + (1 — B)'(s))ds,

are (i)-differentiable. Therefore, from Lemma 2.23, g(t) is (i)-differentiable. It is easy to check that Core(g(t)®g'(t)) =
(9()),-(¢'(t)), = 0. Then from Lemma 2.25, a ® g(t) is (4)-differentiable. Consequently, y1x is (4)-differentiable and
we have

t
)= [ (B + 1= A1 ()ds + B0+ (1= I O +ao (0
Utilizing Definition 3.1 and Lemma 2.3, and condition a ® yo + f(0) = 0, we have
CFpByn(t) = —— [ = In(s)d
()= 15 [ e (5= )iy (s
t — Bt —pBt
= ([ (616)+ (=817 9)ds + (1= T )0) 0+ (1) 0 ¢77 (0)
t
= ([ s+ a-pr)is) oat 1) (47)
It follows from Eq. (4.6) and (4.7) that y;n satisfies Eq. (4.5) and we have

IDlyin(t) = a©yin(t) + £(2).

BE
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TABLE 10. The required conditions for Theorem 4.5.

Row condition on fc(t)
L | fefe>0
2 fcfé < 0: (Al)
3 fcf; S 07 (A2)

Consequently, using the above facts, y;y is (i)-solution of Problem (4.5) for ¢ € (0,T).
(2) Here, we just prove Case 1 under the condition in Row 1 of Table 9. The other cases can be investigated in an
analogous manner. Let f be (i)-differentiable, f, f' = 0, and yo = 0. Since p =0, so A = ﬁ = 0. Hence, we have

t

(w01 =38+ [ (31:(5) + (1 = 1)) ds > 0.

Therefore, ysn(t) = 0. By the results of Lemma 2.3, Proposition 2.8, and condition a ® yo + f(0) = 0, we can deduce
t

a®ysn(t) + f(t) = (/0 (Bf(s)+ (1~ 5)f'(8))d5) ©a+ f(t). (4.8)
Let g(t) be (i)-differentiable. It is easy to check that Core(g(t) ® §'(t)) = (g(t))l.(g’(t))l > 0. Consequently, from
Lemma 2.25, a ® g(¢) is (i)-differentiable. It follows from Condition (I) that ysy is (é¢)-differentiable and we have

ysn(t) =yo +a© g (t) + BF() + (1 - B)f (1),
From Definition 3.1, Lemma 2.3, and condition a ® yo + f(0) = 0, we have

t _
= [ ew (5 - i )

CFDE —

ysn (t) =
= ([ 66+ =5 ©)is+ (1 - eTH ) @+ (50 75 )

= ([[Gro+a-pree ) ot so. (19)
From Eq. (4.8) and (4.9), we have
Dlysn(t) = a© ysn (t) + f(2).
Consequently, ysy is (i4)-solution of Problem (4.5). O

Theorem 4.5. Let f:J — R;(Rg) be (i)-differentiable such that f' € L'(J,Rgz) and let a € Ré“ and 0 <p < 1. If
one of conditions presented in Table 10 satisfies, then y1n is (i)-solution of Problem (4.5) for t € (0,T).

Proof. Here, we just prove theorem under the condition in Row 1 of Table 10. The other cases can be investigated in
an analogous manner. Let f be (i)-differentiable, f, f' > 0. Since 0 < p < 1, hence from condition a ® yo + f(0) = 0,
we have yp = 0 and

e)\t

O = 1 [ (B1:05)+ (1 = BfL(s))e a5 =0,

Therefore, y1n(t) = 0. Also, by the results of Lemma 2.3 and Proposition 2.8, and condition a ® yo + f(0) = 0, we
can deduce

At

e t

coun)+10= (1= [ (B1:)+ (1= Br(e)e > ds) 0a+ 0

P ( / Yot (- 9) (B(s) + (1 ﬁ)f’(S))e’“dS) © (a— a0). (4.10)
(1—p)? 0 1-p i

Since0 < p<1landae R, so\= ﬁ > 0. Hence, from Lemma 2.24

e)\t

1-p

/0 (BF(s)+ (1= B)f'(s))e > ds,
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and
ekt/O (1 - B+ %(t - S))(ﬁf(s) +(1— IB)f/(S))e_ASdS7

are (i)-differentiable. Therefore, from Lemma 2.23, ¢(t) is (4)-differentiable. It is easy to check that Core(g(t)®g'(t)) =
(9()),-(¢'()), > 0. Then from Lemma 2.25, (a — a.) © g(t) is (i)-differentiable. Consequently, y1x is (4)-differentiable
and we have

t
Vi) = 1 (A [ (B1)+ (1= B ()¢ s+ 510) + (1= ) (1)) + (e~ ac) 05/

Utilizing Definition 3.1 and Lemma 2.3, we have

t
D = 17 [ ew (5 )it

1-8

ac t t ! —As =Bt

= 12 [ (B + (L= ) ()M ds+ (1) © T 1)
e/\t t

+ ( a0 -G +a- B)f/(S))e‘“ds)) © (a—ac)

6)\t t —Bt
= (7= | e+ (=g @)eds) 00+ () &7 1(0))

e)\t t

Tpt ( |+ -0 (Bre + - 5)f’(s))e‘“ds> © (o~ ac)

e)\t

- (35 [ 1+ a=pr @) oot s

e)\t

t q ’ — s
+ (1 —p)2 (/(; (er 1 —p(t - 5)) (ﬁf(s) +1-8)f (S))e A dS) © (a — ac). (4.11)
It follows from Eq. (4.10) and (4.11) that y; n satisfies Eq. (4.5) and we have
“TDlyin(t) = a© yin(t) + f (1)
Consequently, using the above facts, y1 5 is (i)-solution of Problem (4.5) for ¢ € (0, 7). O

For the convenience of the readers, we need some notations which are used in the following theorem.
(Ny) For t € (0,T), g(t) is (i)-differentiable and either the H-differences
t
A [(Br(s) + (L= B)f (@) ds & (1) (B1(1) + (1= A)F (1),
or
t
@-aod e (310 +1-pro) e (N [ (1) + 1= pre)eas),

exist.

(Ng) For t € (0,T), g(t) is (4i)-differentiable and the H-differences
(a—a)og(t)cavd (1),
and
3 [[(B16) + (1= )5 o) ds 8 (1850 + (1~ A ),
exist.

Theorem 4.6. Let f : J — R%L(Rg) be (i)-differentiable such that f' € L*(J,Rgz) and let a € R%r and p > 1.

Consider
At

p—1

t
pin() = (¥ + (@ a) ©.9(0) © [ (57(5)+ (1= O)F ()¢ s,
0
provided the above H-difference exists. If one of conditions presented in Table 11 along with the condition either
(N1) or (Na) satisfy, then yan is (i)-solution of Problem (4.5) fort € (0,T).
an
EIE
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TABLE 11. The required conditions for Theorem 4.6.

Row condition on fc(t)
1 fcf! > 07 (A5)
2 | fefe 20, (A2), (As)
3 fcf; < 07 (Al)’ (A5)

Proof. Here, we just prove theorem under the conditions in Row 1 of Table 11. The other cases can be investigated
in an analogous manner. Let f be (i)-differentiable, f, f’ = 0. Since p > 1, hence from condition a ® yo + f(0) = 0,
we have yo =0

e/\t

1-p

o (O = 1= [ (31:0)+ (1= B)fL(s))e ™ ds <0,

Therefore, y4n(t) >= 0. By the results of Lemma 2.3 and condition a ® yo + f(0) = 0, we can deduce

e/\t t
a®yan(t) + (1) = ((lp) ( | o+ -0 (31 + - B)f’(S))e‘*SdS) © (a—ac)

At

© (f_p /Ot (Bf(s)+ (1 - B)f/(s))e—“ds> 0] a> + (). (4.12)

Let g(t) be (i)-differentiable. Since f.(t) satisfies Condition (As), we have Core(g(t) © ¢'(t)) = (9(t)),-(¢'(t)), = 0.
Consequently, from Lemma 2.25, (a — a.) ® g(t) is (i)-differentiable. It follows from Condition (NN7) that yon is
(i)-differentiable and we have

Vix(0) = (a=a) © ') & (B0 + (1= B) () & (~N)e / (BF(s) + (1= B)f (s))e>"ds),
or

van(t) = (a =) @ g'(t) + (~1) (A / (B1(5) + (1= B)f (s)e N ds & (~1) (B/(1) + (1= B)F 1) ).
From Definition 3.1 and Lemma 2.3, we have

CFDB?MN 1 5/ P(i )y4N( )ds

At t q / —As
= ((/ 1+ fp(t—s))(ﬁf(s)—i-(l —B)f'(s))e ds) O (a—ac)

(1-p)% Jo 1

_ Bt Qe t _
+(F0) @el%f(o))> O 12 [ (85(5) + (1= Bf (9)e s
—-p 0

- (%(/Ot (4 T (= 9) (B(5) + (1= (e ds) © (a = ac) + £(0))
t

o (< o (81(s) + (l—ﬂ)f/(s))e‘“ds)caa
( )2 / (p+ t—s)(6f(s)+(1—B)f’(s))e‘“ds)@(a—ac)
e(16Mp /Ot (B16)+ 1 -H)f (5))€A5d5)®a>+f(t)- (4.13)

From Eq. (4.12) and (4.13), we have
“FDPysn(t) = a © yan (t) + f(2).

Consequently, y4n is (i)-solution of Problem (4.5). O

[E)E
(=
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Example 4.7. Consider the following initial value problem

CFpy3 -1 g l—e
D*y(t):<7,0,1>®y(t)+<1—e,7,e—1>, 0
y(0) =< —=7,0,8 > .

IN
~+
IN
N W

. (4.14)

Since f =< 1 — ¢, 1728t,€t — 1 > is (i)-differentiable, p = 0, f, f/ < 0, and yo =< 0 for ¢ € (0,3). Therefore, from
Theorem 4.4 under the conditions in Row 2 of Table 8, (i)-solution of Problem (4.14) is as

2 8 16 22

Figure 3 illustrates the level sets of the (¢) and (é¢)-solutions of Problem (4.14) obtained under the conditions of
Theorem 4.4.

. " m— e
—_—— . —
. ——

0.5 1.5

FIGURE 1. (a) The level sets of the (i)-solution of Problem (4.14). (b) The level sets of the (ii)-solution of Problem (4.14).

Example 4.8. Consider the following initial value problem
CFDiy(t) =< —2,1,5 > Oy(t)+ < —2tsin(t),t,2tsin(t) >, 0<t <1 (4.15)
y(0) = 0.

f =< —2tsin(t),t,2tsin(t) > is (i)-differentiable, p = %, fof' = 0fort € (0,1). Therefore, from Theorem 4.5 under
the conditions in Row 1 of Table 10, (i)-solution of Problem (4.15) is as

v =< yi(t), ye(t), yr(t) >
4 cos(t) + 2sin(t _ 20 te™t in(t ,
—<-3((t- M +8)e ! 416t — E)et,4et(1 - GT — "), 4((t — cos(t) + % +8)e " 16t~ T)e! >
Figure 2 illustrates the level sets of ()-solutions of Problem (4.15) obtained under the conditions of Theorem 4.5.
Example 4.9. Consider the following initial value problem
CFDEy(t) =< —7,6,10 > Oy(t)+ < —t,£,2t >, 0<t<2 (4.16)
y(0) = 0.

(&)
(EE
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FIGURE 2. Solid line shows y;(t), long dash line shows y.(¢), dash dot line shows y,.(t) for Example 4.8.

f =< —t,t,2t > is (i)-differentiable, p = 3, f, f' = 0 for t € (0,2). Therefore, from Theorem 4.6 under the conditions
in Row 1 of Table 10, (i)-solution of Problem (4.16) is as

yin =< yi(t), ye(t), yr(t) >

—3t
e 2

18

-1/ st 3t 1/ 3¢
< ﬂ(«;z (300 + 152) + 39t — 152), — (e (3t+1)71>,g<e2 (30t 4 14) + 3¢ — 14) > .

Figure 3 illustrates the level sets of ()-solutions of Problem (4.16) obtained under the conditions of Theorem 4.6.

-0.5

FIGURE 3. Solid line shows y;(¢), long dash line shows y.(t), dash dot line shows y,.(¢) for Example 4.9.

Example 4.10. Consider the following initial value problem

CFDiy(t) =a@y() + f(t), 0<t<1 (4.17)
y(0) =< —3,0,1 > .

(1) If f =t+t*> and a = 0, then we have p = 0, f, f/ > 0, and y? = 0 for ¢ € (0,1). Therefore, from Case 1 of
Table 5, (i)-solution of Problem (4.17) is

2 2 1
N () =< yi(t), ye(t), yr(t) >= §t3 + §t2 +3t+ < -3,0,1>.

Since the H-difference appeared in yon does not exist, the (ii)-solution of Problem (4.17) does not exist.

(2) If f =< —el,t+1t2,e! + 2t > and a = 0, then f is (i)-differentiable, p = 0, f, f' = 0, and y°? = 0 for ¢t € (0, 1).
Therefore, from Theorem 4.4 under the conditions in Row 1 of Table 8, the (i)-solution of Problem (4.17) is
as

2

2 1 2 - 1
yin (t) =< yi(t), ye(t), yr(t) >=< =2 — €', §t3 + §t2 +3te’ + §t3 + th > .

Since the H-difference appeared in yzn does not exist, (ii)-solution of Problem (4.17) does not exist.
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(3) If f=t+1t?and a =< —7,0,10 >, then we have p = 0, f, f/ > 0, and y° = 0 for t € (0,1). Therefore, from
Case 1 of Table 5, (4)- solution of Problem (4.17) is

yin (8) =< wi(t),ye (1), yr(t) >
e Tt B 4 025 200 1100 2205 0 13
=< gt = gt = 5t St =3, 5 St b gt ot T 4 >
Since the H-difference appeared in yon does not exist, the (i7)-solution of Problem (4.17) does not exist.
(4) If f =< —el,t+ 1% et +2t > and a =< —7,0,10 >, then f is (i)-differentiable, p = 0, f, f = 0, and y° = 0
for ¢ € (0,1). Therefore, from Theorem 4.4 under the conditions in Row 1 of Table 8, (7)-solution of Problem
(4.17) is

yin () =< yi(t), ye (1), yr (1) >

7 24 2, 1 . 46, 34 40 4
L U Y RN S |, UL L P R e
T 9 gt me gt At Hgth gt ml0d e 4 g togt >

Since the H-difference appeared in yszn does not exist, the (i¢)-solution of Problem (4.17) does not exist.

2 ~ 3 s
// //
— 2
\——-""—// > //
Pt —— -
e Jofementy: —
R o ‘J,‘/
0 02 04 0.6 08 1 4 02 04 0.6 0x 1
' -1
-1
5 ’,/' TS
e R -4 = T
B .\-\'
(a) f=t+t%,a=0 (b) f =< —et t+ 2 et +12 >
,a=10
8 / 20 /
7 7
‘ / 15 /
. e Ve
// 10 /
2 - v
— e 5 i
0
02 04 ) 0.6 08 1 // I
77—--—. 9 02 04 0.6 08 1
af T e Seaig P LS
26 '\-\' "\"
(c) f=t+1t?a=<—7,0,10 > (d)

f=<—et,t+t2 et +t2>,a=<—7,0,10 >
FIGURE 4. Dash dot line shows y;(t), solid line shows y.(t), long dash line shows y;(t) .

Figure 4 illustrates the solution of Problem (4.17) for various values of 7a” and ”f”. In fact, the core of four
solutions of Problem (4.17) in Cases 1-4 are the same. We compare the uncertainty of y;n(¢) in four cases. The
comparison between Figures 4(b) and 4(d) or 4(a) and 4(c) verifies that when ”a” is a fuzzy number, diam(yin(t))
dramatically increases. However, comparing Figures 4(a) and 4(b) or 4(c) and 4(d) show that diam(y;n(t)) increases
but it is less than previous state. It means that the effect of parameter ”a” on uncertainty of the solution is more

than 7 f7.

(&)
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5. CONCLUSION

In this paper, we presented analytical solutions for linear fully fuzzy Caputo-Fabrizio fractional differential equations
with fuzzy coefficients. The cross product of fuzzy number was considered as a product operator between the fuzzy
numbers. We investigated the explicit solutions of initial-value problems of linear Caputo-Fabrizio differential equations
with fuzzy coefficients. We have explained some of the topics needed for the results of this paper related to the cross
product of fuzzy numbers in details.
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