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Abstract [ ]
In this work, a non-classical sinc-collocation method is used to find numerical solution of third-order boundary
value problems. The novelty of this approach is based on using the weight functions in the traditional sinc-
expansion. The properties of sinc-collocation are used to reduce the boundary value problems to a nonlinear system

of algebraic equations which can be solved numerically. In addition, the convergence of the proposed method is
discussed by preparing the theorems which show exponential convergence and guarantee its applicability. Several
examples are solved and the numerical results show the efficiency and applicability of the method.

Keywords. Non-classical, Sinc collocation method, Third-order, Boundary value problem, Convergence.

2010 Mathematics Subject Classification. 65L10, 65L11, 65L60.

1. INTRODUCTION

Third-order differential equations arise in a variety of different areas of applied mathematics and physics, for
instance, in the deflection of a curved beam having a constant or varying cross section, aeroelasticity, electromagnetic
waves, a three layer beam, the theory of thin film flow, and incompressible flows [14, 19]. Since the boundary
value problems have wide applications in scientific research, therefore, faster and more accurate numerical solution of
boundary value problems is very important.

Some researchers have studied and numerically solved third order boundary value problems using different meth-
ods with different boundary conditions, for instance, finite difference [20], modified Adomian decomposition [9], Re-
producing kernel [14], nonpolynomial splines [6, 10], quintic splines [13], B-spline functions [4], Haar wavelets [§],
sinc-collocation method [22] and boundary shape function methods [15].

In recent years a variety of numerical methods based on sinc approximation have been developed. Sinc methods
were introduced by Frank stenger in [25, 26] and has been extended in [27]. In this paper we consider the following
class of third order boundary value problems:

Lx ="' (t) + p1 ()" (t) + p2 ()2’ (t) = g(¢t, x), (1.1)
subject to one of the following boundary conditions

(i) z(0)=a, '(0)=p5 x(1)=9, (1.2)

(i7) x(0)=«a, 2'(0)=p8, 2'(1)=nr, (1.3)

(i) o'(0)=a, 2(1)=8, o'(1)=1, (1.4)
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(iv) 2(0)=a, z(1)=8, 2'(1)=7, (1.5)

where p; and py are continuous functions on (0,1), 0 < & < 1, and the function g(¢, x) satisfies the Lipschitz condition:
lg(t,z) — g(t,2*)| <l|z —z*| and «, B and v are constants.

Here, we use a non-classical sinc-collocation method for the solution of problem (1.1) subject to one of the boundary
conditions (1.2)-(1.5). The idea of employing nonclassical weight functions for the first time has been used by Shizgal
for solving the Boltzmann equation and related problems [24]. Alipanah et.al used the nonclassical pseudospectral
method to solve the brachistochrone problem [1]. Our method reduces the solution of equation (1.1) with each of
the boundary conditions (1.2)-(1.5) to a set of algebraic equations. We used the non-classical sinc basis functions
because of their better accuracy compared to the classic. The numerical results that we illustrate the high accuracy
and robustness of the method.

The main difficulty of the problem (1.1) is when 0 < € < 1, in which case we call it the singular perturbed boundary
value problem. Our method for solving such problems has much better accuracy compared to some other methods.
Youssri et.al used the modified lucas polynomials method for the numerical treatment of second-order boundary value
problems [30]. Khan et.al used the non-polynomial cubic spline method for the solution of higher order boundary
value problems [11]. Taherkhani et.all used a pseudospectral sinc method for numerical investigation of the nonlinear
time-fractional Klein-Gordon and Sine-Gordon equations [28]. Babolian et.al used a sinc-Galerkin technique for the
numerical solution of a class of singular boundary value problems [2] and Eftekhari et.al used DE-sinc-collocation
method for solving a class of second-order nonlinear BVPs [5] also Saadatmandi et.al used numerical calculation of
fractional derivatives for the sinc functions via Legendre polynomials [21].

The paper is organized as follows: In section 2, we review some of the main properties of the sinc function that are
necessary for the formulation of the discrete system. In section 3, we explain the interpolation using non-classical sinc
functions. In section 4, the presented method is used to approximate the solution of problem (1.1) with each of the
boundary conditions (1.2)-(1.5). In section 5, the error analysis of the method is discussed. In section 6, numerical
examples are given to illustrate the efficiency of the presented method. The conclusion is presented in section 7.

2. Sinc function preliminaries
The sinc function on R is defined as follows

sin(mt)
Sinc(t) = { 7it ’ ifg’

For h > 0, the translated sinc functions is defined as follows [16]
t—jh
S(j, h)(t) = Sine (hJ) . =0,41,42, .- . (2.1)

The sinc functions are cardinal for the interpolating points ¢, = kh, i.e,
. _ |1, j=k,
st =sn = { o 3%
Let g be a function defined on the real line then for h € RT the series

oo

Clg,h)(t) = > g(Gh)SG,h)(L),

Jj=—00
is called the Whittaker cardinal expansion of g whenever this series converges. Obviously, the cardinal function
interpolates g at the points { jh};";foo and it is based on the infinite strip Dy in the complex plane
D,={z=u+iv:|v| <d<m7/2}.

[E)E
(=
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Such an approximations can be constructed for infinite, semi-infinite and finite intervals [16]. To construct approxi-
mation on the interval (0, 1), we employ the conformal map

w

ot =i (122, o

1—w
w
_ d<mx/2
onto D.

The sinc basis functions used in our numerical approach are given by the composition of the translated sinc functions
S(j, h) and the conformal map v as follows

S;(w) = 8(j, h)o(w) = Sine <W

which maps the eye-shaped region

DE—{w—:c—i—iy:

> , w€ Dg, (2.3)

where
eZ

— o1 —
w=97() 1+e?’
is an inverse mapping of z = ¥ (w).
For the evenly spaced knots {kh}?° __ on the real line, the corresponding images ¢ € (0,1) which are real in Dg are
as follows

ekh

tr =V Y (kh) = T k=0,+1,+2,... (2.4)

3. Non-classical sinc function interpolation

Let g(t) be a given function on the real line, we define the approximation of ¢g(¢) with non-classical sinc as follows

s =00 = 3 gikatimsine (5. (3.)

where W (t) is a positive weight function. For the interpolating points ¢, = kh, we have
g(kh) = g(kh), k=0,£1,£2,---.
Definition 3.1. Let B(D;) be the set of all analytical functions in Dy that satisfy

d
/\g(t+iv)|dv:0(|t|a), t— oo, 0<a<l,
—d

and

N(g, D) = lim {/OO |g(t+z’v)|dt+/m |g(t—iv)|dt} < 0.

v—d— — 0o — o
In fact, B(D;) is the class of functions that the sinc approximation converges exponentially.

Theorem 3.2. If g € B(D;), h € R and the weight function W is selected such that

W (u)

W(jh) < c1 <00, (32)
then

g(u) — g(u) = Sp(u)(u),
where

S =08 o

BE
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I(u) = /‘X’ G(u,t —id™ )W (u) B G(u,t +1id™ )W (u) i@t
v = oo \Sin(w(t —id")/R)W (t —id—)  sin(w(t +id~)/h)W (¢t +id~) ’
_ g(u +iv)
+ = .
G(s,u £ iv) (=5 £ i)
Moreover
. c1N (g, Ds) _nd
— < ——= "2 =0 R 3.3
la=dll < 5 osim ~ 0 () (33)
Proof. Let us define f(z) as follows
_sin (Lh“) g(z2)W (u)
f(Z) - . Tz I
(z — u) sinh (52) W(z)
then the proof is similar with theorem 2.13 in [16]. |

Theorem 3.3. Let g € B(D;), condition (3.2) is satisfied and there are positive constants 1, B2, and ¢ such that

e Pilul y € (—o00,0)
< ) ) )
lg(w)] < C{ e B2lul €0, 00).
Also let
N = |[|2
B2
and
wd 3 2md
h = < .
<ﬂ1M> ~In(2)’ (3.5)
then
g — gaenll < krey M2 e VraoM, (3.6)
where
a W (u) u—jh
gun(u) = Y g(jh)W(jh) sinc ( - ) : (3.7)

j=—M

Proof. Using equations (3.1) and (3.7):

—M-1 . - '
ot =600+ 30 amggpaine (M52 + 3 g(j")vvvvvé?sz))””%u}]h)"

j=—00

l9(u) = gar.n (u)] =

Using triangular inequality it leads to

—M-1

j9(0) .y (0] < o) — )] +| 3 g(ih) et n<“—ﬂh) A S gum mc(u—jh)
— dM,N < — - ! .
Jj=—00 W(‘]h> h j=N+1 W(jh) h
Now by some computation, we obtain
—M-1 ) - -
o W) o (u—jh _ L
2 9(]h)W((j'1~3)SZ”C< 7 ) <o X lgib)l<ac 3 et
=T j=M+1 j=M+1
eiﬁlh(M‘FI) _ 1 ce
- (W) = cce” MM <eﬁh_1) < e (3.8)

[E)E
(=
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similarly,

Z g(jh) VVIZ((;;L)) sinc <u h‘jh> < %6752]\”1 59

j=N+1
Using (3.3) and (3.8)-(3.9):

) _ ce 2e1N(g, Dy) _za
o) = gar ()| < SHe 4 L0 ey 20N D) o5t (3.10)
1 2

Finally using (3.4) and (3.5), we obtain

|g(u) _§M7N(U)| < <ﬂl + é + QN(":(}DS)\/;> \/ﬁclM2e_\/W

= ClklMéei Trd’BlM.
|

Definition 3.4. Let Dg be a simply connected domain in C with boundary points a and b. Let 1 be a conformal
map from Dg onto Dy with ¢ (a) = —oco and ¥ (b) = co. Also, we denote the inverse map of ¥ by ¢ and we define

F'={weC:w=¢(u),u € R},
and
=¢(jh), j=0.£1,%£2,....
Definition 3.5. Let B(Dpg) be the class of functions G which are analytic in Dg, and
/ |G(w)dw| = 0, u — Fo0,
#(L+u)
where L = {iv : |v| < d} and

N(G,Dg) = / |G(w)dw| < oo,
BDE
where 0Dpg is the boundary of Dg.
Theorem 3.6. Suppose G € B(Dg) and the weight function W is selected such that W) c1, then for all€ € T

W(wjy)
G i Glw)W(E) . <w<§)jh)

T m HaDE/V<w<w>—w@))sin(w(w)/h)vv(w)dw’

moreover

le(@)

_xd

aN(G,Dp) _ 2¢1N(G, DE)6 =4 (3.11)

lloo < 27rdsmh(”d) - wd

Proof. Let us define the conformal rectangles ¢(R,,), where

1 1
an{ze((::z:u+iv,v|<vn, —(n+2)h<u< <n+2>h},
and v,, = d — 1. Note that R,, C D,. Using the change of variables z = ¢(w) and ¥(£) = u, we have

o (5) | Glw)W () po ) [ OO,
2mi Jouin, () = 0(€)sin () W(w) i Jon, (= wsin () W(6(2))

BE
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Similar to theorem 1.13 and 2.13 in [16] and theorem 3.2

sin (%) / G(o(2)d ()W (d(w) al W) (u - Jh>
21t Jor, (2 —u)sin (32) W(¢(2)) =M W(e(jh)) h

given that ¥(§) = u, £ = ¢(u) and ¢’ (u) = w%(a) then

- S® Gtotime (i V@OW) o (u—jh\ G g~ Glwy) W) (&)~ jh
MWWMjEﬁWWM%WWWm<h)¢@jgwmwww% h).
The proof of (3.11) is similar to the proof of (3.3) in theorem 3.2. O

Corollary 3.7. Let G € B(Dg) and there are positive constants 1, B2, and ¢ such that

G(t) 6*51|¢(t)|, teTly,,
Py SO e ol ter,
where
IFo={teTl:9(t) € (—,0)}, (3.12)
and
Iy ={tel:¢() €[0,00)}. (3.13)
If N and h are given in (3.4) and (3.5), and the weight function W is selected such that VVJ&)) < ¢1, then for allt € T,
G~ CHW) <w<t> - jh) o RIET
— = sinc < kypey M2e~VTdAM,
S0 2 ) R s
Proof. The proof is similar the theorem 3.3. ]
Theorem 3.8. Let 'G € B(Dg) and the weight function is selected such that VV[;/((t?) < ¢y, then for allt € T
S W) o (() —jh) alN(Y'G, D)
G(t) — G(t; < . 3.14
0= 2 Sy () = St (5 o
Also, let there are positive constants 31, B2, and ¢ such that
BNl teT,,
G0l <l T per
where Ty and Ty are defined in (3.12) and (3.13). If N and h are given as (3.4) and (3.5), then for allt € T,
> W (t) Y(t) — jh B
at)y- > Gty sinc IV < erks MY/ 2= V7PN (3.15)
P W (t;) h
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Proof. The relation (3.14) can be obtained using (3.11) in theorem 3.6 for ¢'G .

To prove (3.15), using triangular inequality
N . oo .
W) . w@)—yh) @) . (¢)=jh
G(t) — G(t; smc( < |G(t) — G(t sinc
2 G h )= 2 S h
—M-1 )
AW () Y(t) — jh
+ j;oo G(tj)W(tJ)sznc < A
- W (t) Y(t) — jh
+ Z G(t;) sine ( ,
j=N+1 wit;) h
and some computations, we have
—M-1 . —M-1
Wi(t) . () —jh
: IR < .
]ZOO G(t])W(t]) sinc ( - c1 j:z_:oo |G(t;)] (3.16)
—M-1 0o
ca Y @ i) =a Y |6 @ m)
Jj=—00 j=M+1
< e Z e Piih
j=M+1
< 2 —B1Mh
~ bk
Similarly,
c- W) ¢@)—jh) C1C Nk
G(t;) sine ( < ——e PN (3.17)
jgvjﬂ VW (t)) h Bah
Using (3.14), (3.16), and (3.17)
N .
W(t) . P(t) — jh cic g, @ _gonp , 2aNW'G,Dg) x4
t) — t < Leh 1 e=po ST TR
o j;MG( DW(tj)SmC( o )| SERS T T T o ¢
and finally from (3.4) and (3.5), we obtain
N .
W(t) . (w(t) —]h) C C 2N(’(/J/G, DE) 7Td 61 1/2 —\/W
G(t) — Gt <ot B D P e M wdpy
" j;M TR B " B wd B | Vrd™™ ©
= C1]€3M1/2€7\/W.
(Il
Theorem 3.9. Let /G € B(Dg) and the weight function is selected such that VI‘//V(%)) < ¢, then for allt € T
o0 N w(t)fjh 2
W(t) SZTLC( B ) clN(w/ G DE')
G(t) — '(t;)G(t, . . 3.18
a0
B

j=—00
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Also, let there are positive constants 31, P2, and ¢ such that

e=Plv®I teT,,
W'G)®)] < { e 2Ol tel,

where T'y and 'y are defined in (3.12) and (5.18). If N and h are given as (3.4) and (3.5), then for allt € T,

N W(t) sinc (7w(t)h_jh)
- @' (t;)G(t;
j;M )G(t;)

< erhg M2 VTABRM, 3.19
A T R (319

Proof. Relation (3.18) can be proved using (3.11) in theorem 3.6 for ¢/°G
To prove (3.19), using triangular inequality

Z Gt W(t) sinc (71/)(”[%) Z Gt W(t) sinc (77/’(”,1—”)
D wn | |T T & W)
M1 W(t) sinc (71’/’(’&),1_%)
G(t
* 2 G )
- (w()—jh
e , W(t) swne | ——5——
j=N+1
and some computations
i e ()| e
j;wG(tj)w (tj)W(tj) 0] Z Z (' G)( (3.20)
c —M-1 c [es)
=7 2w @ em)| =75 X W) @ (=)
Jj=—00 j=M+1
CIC NN puh
< e
4 jz%:-i-l
cicC —B2Mh
~ 461h ’
similarly
; Y(t)—jh
- W (t) smc( h ) C1C  _B,Nh
G(t; 2 3.21
2 G| S (.21
and using (3.18), (3.20), and (3.21), we have
; Y(t)—jh
W(t) smc( R ) ¢ _gn . CIC_goNh 201N(w’2G,DE) =
Z Gt W(ty) P'(t) = 480" +me * wd o
Finally using (3.4) and (3.5):
; Y(t)—jh
Z - W(t) S’an( thJ ) ) 7+7+2N(w'2G,DE) d 5 T
W(ty) Y'(t) T 481 452 md Bi|Vr

= Clk‘4M1/2€_ VrdBi M
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O

Lemma 3.10. Let ¢ be a one-to-one conformal mapping of the simply connected domain Dg onto Dg.Then we have
[16, 27]

(o) _ . |1, j=k,
Ojk = (S(J,h)ow(t)> . { 0 j£k (3.22)
W _ 4 g _ 0, Jj=k
%k =" ag (5(J7h)0¢(t)) L:tk = { Cliiy (3.23)
5% = w22 (3G, mow(n)| = e Ik (3.24)
gk d¢2 ) =t %, ]75 k.
@ _ 3 d (g _)oo j=k,
o, =h e (S(Jvh)olb(t))‘t:tk = { ((;1_);)3 [6— 72k — j)2], j#k. (3.25)

4. The non-classical sinc-collocation method

Consider the equation (1.1) connected to one of the boundary conditions (1.2)-(1.5). The translated sinc functions
Sk (t) are not differentiable at zero and one, so we define the new functions

(), w

which are called the modified sinc basis functions. The new basis functions are satisfied in the relations
lim Sj(t) = lim Sj(t)
t—0 ’l/)'(t) t—s1 w’(t)

o, (i) = o (33 - s

So, they are well defined and differentiable at 0 and 1 now. The solution of (1.1) along with each of the boundary
conditions of (1.2)-(1.5) can be approximated by

—0, (4.2)

Ji(t) ~ l‘M,N(t) = UM7N(t) + U(t), (4.4)
where
W) S0
D= 2wy (4.5)

since each of the boundary conditions of (1.2)-(1.5) are nonhomogeneous, in proportion to each of the boundary
conditions (1.2)-(1.5), we have added polynomials v(t) to the approximation solution, which are as follows

(1) v(t) = (=27 + B+ 2a)t> + (37 — 28 — 3a)t? + Bt + a + A(t? — 1), (4.6)
(i) v(t) = (v + B+ 2a)t® — (v + 28 + 3a)t* + Bt + a + A(3t* — 2t%), (4.7)
(i33)  v(t) = (v — 28+ a)t® — (—y + 38 — 2a)t® + at + A(2t> — 3t* + 1), (4.8)

(iv) v(t) = (7 =28 +2a)t> + (—y + 38 = 3a)t® + a + A(t — 2t* + ).

B8
a8
S~—"
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Now the approximate solution x s n (%), in each of the boundary conditions (1.2)-(1.5) holds as:

(1) xuN(0)=a, 2 x0)=08 =zun(1)=7, (4.10)
(i) zan(0)=a, 2y N(0)=8, 2 N(1)=7, (4.11)
(iii) 2hn(0) =, zun(1)=8, zyy(1)="7, (4.12)
(w) zun0)=a, zun(1)=48, 2y n(1)="7. (4.13)

Substituting zas,n from (4.4) into (1.1), multiplying both sides by L el and discretizing the result at the sinc grid
points ty, k=—-M —1,--- , N, we have

h3 j_iv:M <5p3,j(tk) + ngi:;p2](tk) + 11;,2((:))2P1,j(tk)> ¢+ T/J'chy (v (tr) + pr(ti)v" (t) + p2(te)v' ()
(4.14)
_ WZ;ZQ (tk,wf(’%)ﬂ(tk)), k=-M—1,--- N,
where
s = Gt (We00) (415)
s(0) = S0 (416)
Simplifying (4.14) we obtain the following system of nonlinear equations with the unknowns ¢;,j = —M —1,--- , N,
3 LG e (s () i () oo
(7 (= () @) (@) ) - () ) = (5) »)
i (<) () ++(2) ) s (<2 ) o
+h( vt () 6+ (5) () (5) (5) »)
w4 () (8) () G me (3) )
i () (2) () ) ooy (8) Yoot
+ w’éi)Q ev” (tk) + pr(te)v” (te) + p2(te)v' (t))
1/}/?;)29 <tk’1//c(:k) +v(tk)> , k=-M-1,--- N, (4.17)
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where we used c¢_jpr—1 = 0. Then by solving the system of equations (4.17) using the Newtons method, the unknowns
¢, A, and N (t) are obtained.

5. Error analysis

Let the differential equation (1.1) subject to one of the boundary conditions of (1.2)-(1.5) has a unique solution
z € B(Dg), and I} and p > belong to B(Dg).
Since 67, = (—1)" 5,’%,71 = O 1,2, 3, the system of equations (4.17) for unknown coefficients ¢;,j = —M —1,--- , N can
be written in matrix form. We use the following notations: let u be defined on T', then D(u) = diag(u(t—pr—1), ..., u(tn));
let I(™ n =0,1,2,3 be the matrix (") = [5,(;;)], where 5,(5) is (k, j)th element. Clearly, it follows from (4.6)-(4.9) that

(1) w(t) = (=2y+ B +2a)t3 + (3y — 28 — 3a)t? + Bt + o+ 2/ (1) (t> — t?), (5.1)

(i) v(t) = (v + B+ 2a)t® — (v + 28 + 3a)t* + Bt + a + z(1)(3t* — 23), (5.2)

(#ii) v(t) = (v — 2B+ a)t® — (—y + 38 — 2a)t* + at + x(0)(2t> — 3t* + 1), (5.3)

(iv) v(t) = (7 =28+ 2a)t* + (=7 + 38 — 3a)t* + a + 2/(0)(t — 2t* + t3), (5.4)
using the above notations, the system of equations (4.17) can be written as follows

Ac+K(c) =q, (5.5)

where the matrix A and vectors ¢, K(c), and q are given by

A_[—eD(W)I(3)+hD{ ( >+W(f;)]
h2D<< <¢,> <>2< Ve () () e (5) )
s (3) (3 ) ) (=) )

wwn(w (: (3) W> () (@) e () ()

() 2<;> < >2<%> e () )

w | )+W~/ 3)]f,

)

(=) ()
s W(tm} |

- (3):

T
v = [€vl/l(t_M_1) +p11)”(t_M_1) —|—p2’l}/(t_M_1), e ,61}///@]\1) —|—p111”(tN) +p2U/(tN)j| R

w

f:

BE
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K@) =10 (x )

g= lg(chU(tMﬂ),g (tM, ﬁ + U(tM1)> e g (th ﬁ + U(tN1)) ,g(tN,U(tN))] .

To obtain a bound on the error |z(t) — zar,n(t)], we first need to find a bound on ‘|A)€* + K(x*) — q|| where X* is a
vector defined by

X* = [x*,M,h TN
with

oy = (tn) = (2 — 0)(ta)Y' (t0).

Also, we need to obtain a bound on HA‘IH.

Lemma 5.1. Let w'2x* € B(Dg) and there are positive constants 31, B2, and ¢ such that

=Bl (t)]
)0 = 1 — ) ()] < { om0l s

where Ty and Ty are defined in (3.12) and (3.13). Let g(t,x) satisfies the Lipschitz condition: |g(t,x) — g(t,z*)| <

l|x — z*| and N and h are satisfied in (3.4) and (3.5). If the weight function W is selected such that V‘{,V((tt)) < ¢,

I/Vg((t)) < e, gVV(t(t)) < ci and W(t()) < c¢1, then we have

(5.6)

|Az* + K(z) — q|| < c1hks Mz VTIRMT, (5.7)
where A, =*, K, and q are defined befor.

Proof. Let us define the kernels T;,,n = 0,1, 2,3 associated with the modified non-classical sinc function by

Lo [ s ()W

Bl = oty om \ PO@ ) —w@Ww) o)
The series expansion for z*(t) = 2*(t)’(t) can be written as
z* _ = 7 PO,](t To(t,UJ) "(w IA* w)dw
- 3 S - () (5.9
where pg ;(t) is defined by (4.15). So it results
d” * = ’ n—1 % _ (¢/(t))n71Tn(taw) / T _
0= 3 WO 0 ) = L, T LY@, n=01zs o0

Let 7), denote the k-th component of the residual vector r = Ax* + K(x*) — q. Then, replacing ¢; with z*(¢;) in
(4.14) we obtain

Ty = {A)e* + K(XA*) — q}k (511)
B al p1(tr) p2(tr) 5 h? a* (ty,)
L, (Ep?”j(t‘“) Syt Fogpra )40 = i (g + i)
+ w,z; (v (tk) + pr(tr)v” (tk) + pa(tr)v' (tr)) -
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Since %(Lx — g) =0, by subtracting from (5.11) we have
“ . h3
r. = Ax* + K(x*) —q— ——=(Lx —
k { + ( ) q 1/)’(15)2( g)}k
= n? FZ:M <€p&j(tk) + Zl,gz;pg,j (tr) + 53(?:))2 pLj(tk)) 7 (¢5)
3 iL’A* 3
- Wzk)Qg <tk, w,g:; + v(tk)> + w’Zk)Q (ev""(tk) + pr(te)v” (t)
3
+p2(te)v' (tr)) — ) (e (tr) + pr(tr)a” (tr) + p2(te) 2’ (tr))
3
+ mg (tk, (E(tk))
= r,(cl) + 7‘,&2) + 7‘1(@3)’
where
3
i) = 1/}2) (2 (1) + pa(t)a” () + pa(te)a (1) — 0™ (tx) — pr(te)o” (tx) — pa(t)v' (1))
ap> (E'O““’“) it + 22 m(tk)) 2
3
QZJ’Zk)Q (693*”, (tx) + p1 (tk)x*”(tk) erg(tk)x*” (tk)> (5.12)
+ 1 Z (5P3,j (tr) + Mpz,j(tk) + mpm (tk)) a*(t;)
=_n3 /BDE (ETS(tk7w) + Zﬁgi:;Tz(tk,w) + 5/2((;:))2 Tl(tk,w)> de,
—M-1
rl(€2) — _p3 Z (sp:;,j(tk) + Zﬁgi;pgﬂ-(tk) + 5/2((:))2 pl,j(tk)> ,fI;A*(tj)
—h* <5P3,j(tk) + zjg’;;pg,j(tk) + 5?&’3)2 pl,j(tk)> 2 (t;),
=N

3 1?*
Tl(c3) = ¢’Zk)2 (g(tkw(tk)) -9 <tk7 w,g:i + U(%)) )
From (5.8) we can obtain

(=D W (tr)

To(tg,w) =0, Ti(tg,w)= 2ih(¢(2) — kh)W (w)’

B (—1)* I W (tx) (—=1)FW'(ty,) 2
To0 ) = i) — )2 (”W“” - (5) “’”) ) * Ee = ()
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1/)/

Also, we have the following bounds on -1 and its derivatives

.
sal<i Gm)] < Gw) <> &) &)

Now, since |[I9)(w)| = d on 0Dg, setting u(w) = Rip(w) and using relation (5.13) and lemmas assumptions on W we
have

< (5.13)

1
5"

Clclzhil

((u(w) — kh)? + d2)?

cichh™t

((u(w) — kh)? + d2)?

cichh™!

T (b5, w)] <
((u(w) —kh)% + d2) 2

v Te(tr, w)| <

s (e, w)| <

Then, we obtain

C1 Cgh

T ((u(w) — kh)? + d2)?

1 T (ty, w) + Zl, : (5.14)

where ¢, is a constant depending on (5.13), h, d, € and on the bounds for the coefficients of the differential equation.
Therefore, we have

N 3
s x| = (30 1)
h=— M

1 1
2

N 3 N 3 N
1 2 3
< 3] (3 ) (3 W) (515
k=—M k=—M k=—M
The first term at right-hand side satisfies

N

c1c2h | (w) & (w) dull < i -
k;M /BDE ((u(w) — kh)2 + dg)% |dw ( )

N
S VP <
k=—M

[E)E
(=
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which is obtained by using (5.14), the bound sinh (3¢) < sin (%(“’)) on D and the integrability of |x*¢’|. For the

second term, using (5.13), (5.6), and the assumptions on the coefficients of the differential equation, we obtain

N N
> - x| > ()

k=—M k=—M | j<—M,j>N

(e (3) iy ()

(e () (HITABTBER
(<) (2 ) sy (-2 ) o
L () ()
PACCIOREOIOMIEH
(< Y ) e (2 oot

~ 8204 _
Sk X el ) <SSt (5.17)

J<—M,j>N J<—M,j>N

IA
S
N
M=
/

where 73, is defined by
g = max {101, 18331 165 1, 19671}

Since the function g(t, x) satisfies the Lipschitz condition, we have

o* (tr) z* ()
g(tk,l‘(tk)) —g (tk, v (tk) + ’U(t;.c)> <] x(tk) — ’l/)/(tk) — U(tk)‘
B V() (x(tr) — v(tr)) _
= l‘(tk) — ’(/J/(tk) *U(tk) =0,
N 2
3 r](j)‘ =0. (5.18)

k=—M
Now using (5.15), (5.16), (5.17), and (5.18), we obtain the result

| AX + K(5) — qf| < exks MH e VAT

Lemma 5.2. Let the assumptions in lemma 5.1 be satisfied. If the matriz A is nonsingular, then

3
||A~ — (I+eM™Y), (5.19)

holds for a constant cs5 and sufficiently large M.
Proof. The relation (5.19) can be proved using the results in [3] and [18].

Bn
Be _
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Theorem 5.3. Let x and xp N be the exact and approximate solutions of equation (1.1) respectively. Also, let
¢ =1[0,c_pr, - ,en] be the solution of the system of equation (5.5). If the assumptions in lemma 5.1 and 5.2 are
satisfied, then fort € T,

() — aarn (8)] < koM F VAT,

Proof. Let the function 0,y be defined by

L KR W e LS W) e
From (4.4)
z(t) —zmn(t) = 2(t) — 2a N () + nar,n () — nn ()
=ux(t

)
) = Unmn () = o(t) + nar,n () — e, (1),
then using z*(t) = z(t) — v(t), we obtain

z(t) —wpr N (t) = (27 () — N () + (narn (t) — Unen (1)) -
Now taking the absolute from both sides and using the triangular inequality we have

|z(t) — 2N (8)| < |2*(t) = mar,n ()] + |, (8) — Una v (8)]- (5.20)
By theorem 3.9 and proceeding as in [3]

Sup |2* () — nar,n (1)] < cregMze™ VT, (5.21)

We find a bound on the second term of the right-hand side of (5.20) as follows

N

e (8) = Union (8)| = Wl(t) > m(f*(tj)—cj) S;()],
j=—M

then using the cauchy schwartz inequality

N X we s;0)
| (t) = Unin (8)] < jZM |7 (t3) = Cj|2 j_ZM ‘ W((tj)) 1/5'8
c A 2 ’
SZI Z z*(t5) = ¢
=M
— g —¢

where the last relation obtained by the boundedness of w’#(t) and VV‘Y(—%)) < ¢;1. Finally, from (5.7) and (5.19), we have

x* —c|| = [|AT (Ax* + K(x*) — q)|| (5.22)
< [|A7|[JAx* +K(x) —
< clc7M%e*V“dﬂlM.

Combining (5.21) with (5.22), we obtain the result

‘x(t) - xM,N(t)| S Clke’M%e_\/W.

[E)E
(=
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6. Numerical examples

In this section, four problems will be solved using the non-classical sinc-collocation method. In all examples we
choose f1 = 2 = 0.5, d =5, h = /74 and N = [ %MHH.
The maximum absolute error of the presented method, is defined by

b= 0212100 |war () — x(t:)],

where z(t) and x s, n(t) are the exact and approximate solutions successively and ¢; are equally spaced knots in the
interval.
As it turned out, for any positive weight function, provided that V‘f,v((:j)) < ¢1, the convergence rate of the non-classical
sinc-collocation method is exponential. But we tested different positive weights and found that the results were better
for some weights than others. For this reason, we used the following weights to solve the examples:

W=W;=1, W=W,=0.1+sin(rt), W=Ws=1+t—t%

All numerical results are obtained with Maple 12.

Example 6.1. Consider the following singularly perturbed boundary value problem [12, 23, 29]
—ex"(t) = —x(t) + 81&% cos(3t) + 3¢ sin(3t),
z(0) =0, 2’ (0) = 9e, z(1) = 3esin(3),
with the exact solution x(t) = 3esin(3t).
In the Tables 1 and 2, the maximum absolute errors of the proposed method with different weights are given, and they
are compared with the results of the ESM[12] method. Also, the Figures 1-3 show the maximum absolute error of

the proposed method for different weights. These tables and figures show that the proposed method is more accurate
compared to the classic sinc method by selecting some proper weight functions.

TABLE 1. The maximum absolute errors for example 6.1 with e = 1/16.

E Other method
M | W1 Wa W3 N | ESM][12]
20 | 2.5(—6) | 9.2(—-8) | 5.7(=7) |20 6.1(—5)
40 | 1.5(—8) | 2.4(—10) | 3.4(—=9) |40 | 1.5(—6)
60 | 3.0(—10) | 5.4(=12) | 6.4(—11) | — | —
80 | 1.0(=11) | 7.6(—14) | 2.0(-12) | — | —

TABLE 2. The maximum absolute errors for example 6.1 with e = 1/64.

E Other method
M | Wi Wa W3 N | ESM][12]
20 | 6.0(—7) | 1.9(—8) 1.3(=7) |20 | 1.0(—6)
40 | 3.6(—9) | 3.6(—11) | 8.3(—10) | 40 | 2.5(—6)
60 | 7.4(—11) | 1.0(=12) | 1.6(—=11) | — | —
70 | 1.3(=11) | 1.7(—=13) | 2.6(—12) | — | —

Example 6.2. Consider the following boundary value problem [19]
() — (2" (1) — ' (1)) + 2(1)* = g(1),
z(0) =0, z'(0) = -1, 2'(1) = sin(1),

BE
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FIGURE 1. The maximum absolute error with ¢ = 10~! for example 6.1.
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FIGURE 2. The maximum absolute error with ¢ = 102 for example 6.1.

with the exact solution x(t) = (¢ — 1) sin(¢).

In the Table 3, the maximum absolute errors of the proposed method with different weights are given. This table
shows that the proposed method is more accurate compared to the classic sinc method by selecting some proper weight
functions. Also, this table shows the results of the method presented in [19] that our method is much more accurate
compared to this method.

Example 6.3. Consider the following singular boundary value problem

2
z" (t) — zx”(t) = x(t)® — 6e’ + 6te’ + T2’ + tPe’ — %3,
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FIGURE 3. The maximum absolute error with ¢ = 103 for example 6.1.

TABLE 3. The maximum absolute errors for example 6.2.

E Other methods
M W1 W2 W3 N method in[19]
51 5.0(—4) | 6.1(—5) 1.8(—4) | 32 | 7.9(—4)
10 | 3.2(=5) | 6.5(—6) 1.2(=5) | 64 | 6.5(=5)
20 | 1.6(—6) | 4.0(-8) 2.3(=7) 128 | 1.6(—5)
30 | 1.3(=7) | 5.4(—9) 7.2(=9) | 256 | 4.1(—6)
40 | 1.5(—8) | 1.5(—10) | 4.4(—10) | 512 | 1.1(—6)
50 | 2.0(=9) | 2.7(—11) | 5.4(—11) | — -

with the exact solution z(t) = t3e.
In the Table 4, the maximum absolute errors of the proposed method with different weights are given. The table

show that the proposed method is more accurate compared to the classic sinc method by selecting some proper weight
functions.

TABLE 4. The maximum absolute errors for example 6.3.

E
M W1 W2 W3
10 | 9.6(—4) | 1.0(—4) | 5.7(—4)
30 | 4.3(=6) | 1.2(=7) | 9.1(—8)
50 | 5.7(—8) | 5.9(—10) | 4.2(—-9)
70 | 1.4(—9) | 1.7(=11) | 5.2(—11)

BE
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()

)

In the Table 5, the maximum absolute errors of the proposed method with different weight functions are given, and
they are compared with the results of NQBSA[7] and QBSM][17] methods. The results of this table show that our
method is much more accurate than other methods.

with the exact solution z(t) =

TABLE 5. The maximum absolute errors for example 6.4 with ¢ = 1072.

E Other methods
M | Wy Wa W3 N NQBSA[T] | QBSM]17]
16 | 7.5(—2) | 2.8(=2) | 6.2(—=2) [ 16 | 3.2(—3) 2.1(—2)
32 [ 2.1(=3) | 3.7(—4) | 1.4(=3) | 32 | 9.8(—4) 6.6(—3)
64 | 1.4(=5) | 1.2(=6) | 7.6(—6) | 64 | 5.4(—5) 1.5(—3)
128 | 7.8(—9) | 3.5(—10) | 3.8(—9) | 128 | 3.4(—6) 3.8(—4)

Remark: As the results of Examples 6.3 and 6.4 show, our method is efficient in controlling the singularity and
works well in dealing with this type of problem, because the singularity of the equation occurs at the end point of
the interval. And because most of the sinc grid points are gathered near the endpoints of the interval, it helps us to
control the singularity well.

7. CONCLUSION

This article introduced a non-classical sinc-collocation method to solve the third-order boundary value problems.
The properties of this method have been used to reduce the computations of these problems to some algebraic
equations. It has been shown theoretically, that scheme is efficient and achieves exponential convergence. The
convergence exponential rate of the proposed method shows that this method can achieve high accuracy with moderate
computational effort. Finally, the applicability and accuracy of the method are checked on some examples. The results
of these examples show that in our method, by selecting proper weights, the results are better than the classic sinc-
collocation method. Also, our method is more accurate compared to other methods.
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