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Abstract

This paper deals with a class of stochastic delay differential equations (SDDEs) of second order with multiple
delays. Here, two main and novel results are proved on stochastic asymptotic stability and stochastic boundedness

of solutions of the considered SDDEs. In the proofs of results, the Lyapunov-Krasovskii functional (LKF) method

is used as the main tool. A comparison between our results and those are available in the literature shows that
the main results of this paper have new contributions to the related ones in the current literature. Two numerical

examples are given to show the applications of the given results.
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1. Introduction

In the relevant literature, the qualitative theory of stochastic differential equations and SDDEs are active fields of
research. For example, various qualitative properties of that kind of equations have been studied throughout numerous
books or papers, see ([1–21, 41, 45, 46]).

As for some related works of this paper, qualitative properties of solutions called stability and boundedness of
solutions of various nonlinear SDDEs of second order have been studied by some researchers (see, [1–6, 41] ). In
particular, Abou-El-Ela et al. [2] established two qualitative results on the motions of solutions of the following SDDE
of second order:

x′′ + g(x′) + bx(t− τ) + σxω′(t) = p(t, x, x(t− h), x′).

In [2], two results are derived, the first one is on the stochastic asymptotic stability of zero solution for this SDDE
when p ≡ 0, while the second result studies the boundedness of solutions of this SDDE when p 6= 0. Here, an LKF
is constructed and the proofs are provided by that LKF, and examples are also provided as numerical applications
of the new results. Ademola et al. [5] investigated the stability and boundedness of the following nonlinear and
nonautonomous SDE of second-order:

x′′ + g(x, x′)x′ + f(x) + σxω′(t) = p(t, x, x′).

In [5], the second Lyapunov method is used for the nonlinear functions of this equation to obtain sufficient criteria
that guarantee the stability and boundedness of solutions. Examples are also given to authenticate the correctness of
the obtained results. Abou-El-Ela et al. [3] obtained a new result to the following nonlinear SDDE of second order
with constant delay:

x′′ + a(t)x′ + b(t)f(x(t− τ)) + g(t, x)ω′(t) = 0.

In [3], the authors established sufficient conditions for the stochastic asymptotic stability of zero solution of this
SDDE. The stochastic asymptotic stability result of that paper is proved by means of the LKF method and two
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examples are also provided as numerical applications of the given results. Later, Tunç and Tunç [41] dealt with the
following SDDE of second order:

x′′ + a(t)f(x, x′)x′ + b0(t)g0(x) +

n∑
i=1

bi(t)gi(x(t− τi)) + g(t, x)ω′(t) = 0.

The authors derived sufficient conditions to provide stochastic stability and stochastic asymptotic stability of zero
solution of this equation. In [41], the technique of the proof is based on the LKF method and the derived results of
[41] improve some former results on the same concepts in the relevant literature. Ademola et al. [4] considered the
following nonlinear SDDE of second order with constant delay:

x′′ + ψ(t)f(x, x′)x′ + g(x(t− τ)) + σxω′(t) = p(t, x, x′, x(t− τ)).

In [4], by using the LKF approach, similar results as in [41] were obtained on the stability and additionally on the
boundedness of solutions. In addition to the sources above, till now, qualitative motions of trajectories of solutions of
ordinary differential equations and DDEs of second order have been studied extensively, see, for example, [22–40, 42–
44] and the references of these sources. In this article, we are concerned the following SDDE of second order with
(n+ 1)− time delays:

x′′ + g(x, x′)x′ +

n∑
i=1

bi(t)hi(x) +

n∑
i=1

fi(x(t− τi)) + f(t, x)ω′(t) = r(t, x, x′, x(t− τ0), x′(t− τ0)), (1.1)

x(t) = φ(t), t ∈ [−τ, 0],

where x ∈ R, t ∈ [−τ,∞), τi > 0, (i = 0, 1, ..., n), are constant delays, τ =max{τ0, τ1, ..., τn}, g ∈ C(R2, R),
bi ∈ C(R+, (0,∞)), R+ = [0,∞), fi, hi ∈ C(R,R), f ∈ C(R+×R,R), r ∈ C(R+×R×R×R×R,R), hi(0) = fi(0) =
f(t, 0) = 0, and ω(t) ∈ Rm (a standard Wiener process, representing the noise). This continuity condition allows the
existence of solutions of SDDE (1.1). In addiction, through this paper, it is supposed the existence and continuity of
the derivatives

b′i(t) =
dbi(t)

dt
, h′i(x) =

dhi
dx

, f ′i(x) =
dfi
dx
, gx′(x, x

′) =
∂g(x, x′)

∂x′
, i = 1, 2, ..., n.

Let throughout the paper x denote x(t). We can convert SDDE (1.1) to the following system of SDDEs:

x′ =y,

y′ =− g(x, y)y −
n∑
i=1

bi(t)hi(x)−
n∑
i=1

fi(x) +

n∑
i=1

∫ t

t−τi
f ′i(x(s))y(s)ds

− f(t, x)ω′(t) + r(t, x(t), y(t), x(t− τ0), y(t− τ0)). (1.2)

The motivation for considering SDDE (1.1) comes from the papers of Abou-El-Ela et al. ([1–3]), Ademola et al.
([4, 5]), Adesina et al. [6], Tunç [41], which are focused on the stability and boundedness of solutions of SDDEs
of second order, and those in the references of this paper ([7–40, 42–46]), which are related to the investigation of
various properties of mathematical models such as ordinary, functional, stochastic, etc., of differential equations. If
we compare SDDE (1.1) with the SDDEs mentioned above, then it can be easily seen that SDDE (1.1) is a different
stochastic mathematical model from those SDDEs mentioned above and that can be seen in the relevant literature.
In this paper, we define a new LKF and use some elementary inequalities to get some new criteria in relation to the
stochastic stability, stochastic asymptotic stability, and uniform stochastic boundedness of solutions of SDDE (1.1).

The rest contents of this paper are organized as follows: Some basis informations, relevant definitions, lemmas
and so on are given in section 2. Two new results on the stochastic asymptotic stability of zero solution and uniform
stochastic boundedness of solutions of the system of SDDEs (1.2) are addressed in section 3. Lastly, section 4 concludes
this paper with a conclusion.
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2. Fundamental information

Consider a nonautonomous system of SDDEs:

dx(t) = f(t, x(t), x(t− τ))dt+ g(t, x(t), x(t− τ))dB(t), (2.1)

with initial data {x(θ) : −τ ≤ θ ≤ 0}, x0 ∈ C([−τ, 0], Rn). Here f : R+ × R2n → Rn and g : R+ × R2n → Rn×m are
measurable functions, f(t, 0, 0) = g(t, 0, 0) = 0 and B(t) = (B1(t), ..., Bm(t))T is an m−dimensional Brownian motion,
which is defined on the well-known probability space (Ω, F, Ft≥0, P ). Suppose also that the functions f, g satisfy the
local Lipschitz condition. Then, the system of SDDEs (2.1) has a unique maximal solution x(t, x0).

Definition 2.1. The zero solution of (2.1) is called to be stochastically stable or stable in probability, if for every
pair ε ∈ (0, 1) and r > 0, there exists a δ0 = δ0(ε, r) > 0 such that

Pr{|x(t; t0)| < r for all t ≥ 0} ≥ 1− ε whenever |x0| < δ0.

Definition 2.2. The zero solution of (2.1) is said to be stochastically asymptotically stable (SAS) if it is stochastically
stable and in addition if for every ε ∈ (0, 1) and r > 0, there exists a δ = δ(ε) > 0 such that

Pr{ lim
t→∞

x(t;x0) = 0 } ≥ 1− ε whenever |x0| < δ.

Definition 2.3. A solution x(t, x0) of (2.1) is called to be uniformly stochastically bounded (USB) or bounded in
probability, if it satisfies

Ex0 ||x(t; t0, x0)|| ≤ C(t0, ||x0||),∀t ≥ t0,
where Ex0 denotes the expectation operator with respect to the probability law associated with x0, and C : R+×Rn →
R+ is a constant function depending on t0 and x0. We say that the solutions of (2.1) are uniformly stochastically
bounded if C is independent of t0. Suppose that C1,2(R+ × Rn, R+) denotes to the family of all nonnegative LKFs
V (t, xt) defined on R+ ×Rn, which are twice continuously differentiable in x and one in t. By Ito’s formula, we have

dV (t, xt) = LVt(t, xt) + Vx(t, xt)g(t, xt)dB(t),

where

LV (t, xt) =
∂V (t, xt)

∂t
+
∂V (t, xt)

∂x
f(t, xt) +

1

2
trace[gT (t, xt)Vxx(t, xt)g(t, xt)],

dtdt = 0, dBidt = 0, dBidBj = 0, dBidBi = dt, if i 6= j,i, j = 1, 2, ..., n,

Vt = ∂V
∂t , Vx =

(
∂V
∂x1

, ..., ∂V∂xn

)
, Vxx =

(
∂2V
∂xi∂xj

)
n×n

=


∂2V

∂x1∂x1
. . . ∂2V

∂x1∂xn

...
. . .

...
∂2V

∂xn∂x1
· · · ∂2V

∂xn∂xn


n×n

with xt = x(t+ θ), −r ≤ θ ≤ 0, t ≥ 0. Let K represent the family of all continuous and nondecreasing functions µ
from R+ to R+ such that µ(0) = 0 and µ(r) > 0 if r > 0.

Lemma 2.4. (see [5]). Assume that there exist V ∈ C1,2(R+ ×Rn, R+) and φ ∈ K such that
(A1) V (t, 0) = 0 for all t ≥ 0;
(A2) V (t, xt) ≥ φ(||x(t)||), φ(r)→∞ as r →∞;
(A3) LV (t, xt) ≤ 0 for all (t, x) ∈ R+ ×Rn.
Then, the zero solution of the system of SDDEs (2.1) is stochastically stable. It should be noted that if LV (t, xt) is

negative definite, then the zero solution of (2.1) is SAS.

3. SAS and boundedness

For the novel results as SAS and US boundedness of solutions of this research work, the following assumptions are
given. Let µ, g0, Ai, ai, Ci, Bi, βi, K, Di, ρ, αi, and r0 be positive constants such that the following conditions hold:

(D1) µ ≥ g(x, y) ≥ g0 > 1, xgy(x, y) ≥ 0,∀t ∈ R+, y 6= 0,∀x, y ∈ R,
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(D2) fi(0) = 0, Ai ≥
fi(x)

x
≥ ai, x 6= 0,∀x ∈ R, Ci ≥ f ′i(x) > 0,∀x ∈ R,

(D3) Bi ≥ bi(t) ≥ 1, b′i(t) ≤ 0,∀t ∈ R+,

(D4) hi(0) = 0, Di ≥
hi(x)

x
≥ αi, x 6= 0,∀x ∈ R, (i = 1, 2, ..., n),

(D5) f(t, 0) = 0, |f(t, x)| ≤
√

2K|x|,∀t ∈ R+,∀x ∈ R,
(D6) |r(t, x, y, x(t− τ0), y(t− τ0))| ≤ ρr0,∀t ∈ R+,∀x, y ∈ R.

This first result of this paper is the following theorem. Let r(.) = r(t, x, y, x(t− τ0), y(t− τ0)) = 0.

Theorem 3.1. If (D1)− (D5) hold, then the zero solution of system of SDDEs (1.2) is SAS provided that

2A+ 2B > K2, g0 > 1, τ < min

[
2A+ 2B −K2

2C
,
g0 − 1

3C

]
,

where

A =
1

2

n∑
i=1

ai, B =
1

2

n∑
i=1

αi, C =
1

2

n∑
i=1

Ci.

Proof. We construct an LKF Υ = Υ(t, xt, yt) by

Υ =

n∑
i=1

∫ x

0

fi(ξ)dξ +
1

2
y2 +

n∑
i=1

∫ x

0

bi(t)hi(ξ)dξ +

∫ x

0

g(ξ, 0)ξdξ + xy +

n∑
i=1

γi

∫ 0

−τi

∫ t

t+s

y2(θ)d(θ)ds, (3.1)

where τ1 > 0, τ2 > 0,...,τn > 0 are constant time-delays and the arbitrary positive constants γ1,γ2,...,γn will be chosen
later.

By using (D1)− (D3) and the LKF Υ, we observe the following relations, respectively:

n∑
i=1

∫ x

0

fi(ξ)dξ =

n∑
i=1

∫ x

0

fi(ξ)

ξ
ξdξ ≥

n∑
i=1

∫ x

0

aiξdξ =
1

2

n∑
i=1

aix
2 = Ax2,

where A = 1
2

∑n
i=1 ai;

n∑
i=1

∫ x

0

bi(t)hi(ξ)dξ ≥
n∑
i=1

∫ x

0

bi(t)
hi(ξ)

ξ
ξdξ ≥

n∑
i=1

∫ x

0

hi(ξ)

ξ
ξdξ ≥ 1

2

n∑
i=1

αix
2 = Bx2,

where B = 1
2

∑n
i=1 αi;∫ x

0

g(ξ, 0)ξdξ ≥ g0

2
x2,

n∑
i=1

γi

∫ 0

−τi

∫ t

t+s

y2(θ)dθds ≥ 0.

According to the discussion above and (3.1), for an α > 0, α ∈ R, we can derive that

Υ(t, xt, yt) ≥ Ax2 +Bx2 + Cx2 +
1

2
y2 + xy ≥ α(x2 + y2). (3.2)

As for the next step, by virtue of (D1)− (D3) and the LKF Υ, we observe the following inequalities:

n∑
i=1

∫ x

0

fi(ξ)dξ =

n∑
i=1

∫ x

0

fi(ξ)

ξ
ξdξ ≤

n∑
i=1

∫ x

0

Aiξdξ =
1

2

n∑
i=1

Aix
2 = Dx2,
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n∑
i=1

∫ x

0

bi(t)hi(ξ)dξ =

n∑
i=1

∫ x

0

bi(t)
hi(ξ)

ξ
ξdξ ≤ 1

2

n∑
i=1

(BiDi)x
2 = Ex2,∫ x

0

g(s, 0)sds ≤Fx2,

γi

∫ 0

−τi

∫ t

t+s

y2(θ)dθds =γi

∫ t

t−τi
(θ − t+ τi)y

2(θ)dθ

≤γiy2

∫ t

t−τi
(θ − t+ τi)dθ

=
1

2
(γiτi)y

2 =
1

2
Giy

2,

where D = 1
2

∑n
i=1Ai, E = 1

2

∑n
i=1(BiDi), F = 1

2µ and Gi = 1
2 (γiτi). According to the date above, we have

Υ(t, xt, yt) ≤ (D + E + F + 2−1)x2 +
1

2

n∑
i=1

Giy
2. (3.3)

By combining (3.2) and (3.3), it follows that the LKF Υ has upper and lower bounds as below:

α(x2 + y2) ≤ Υ(t, xt, yt) ≤ (D + E + F + 2−1)x2 +

n∑
i=1

Giy
2.

From the derivative of the LKF Υ along the system of SDDEs (1.2), we obtain the following relationship:

LΥ(t, xt, yt) =− g(x, y)y2 + g(x, 0)xy − g(x, y)xy + y2 + x

n∑
i=1

∫ t

t−τi
f ′i(x(s))y(s)ds

+ y

n∑
i=1

∫ t

t−τi
f ′i(x(s))y(s)ds− x

n∑
i=1

fi(x) +

n∑
i=1

(γiτi)y
2(t)−

n∑
i=1

γi

∫ t

t−τi
y2(s)ds

+

n∑
i=1

b′i(t)

∫ x

0

hi(ξ)dξ − x
n∑
i=1

bi(t)hi(x) +
1

2
f2(t, x).

By virtue of (D1)− (D5), we derive the inequalities below for some terms of LΥ(t, xt, yt):

−g(x, y)y2 ≤g0y
2,

−g(x, y)xy + g(x, 0)xy =−
[
g(x, y)− g(x, 0)

y

]
xy2 = −xgy(x, y)y2 ≤ 0,

x

n∑
i=1

∫ t

t−τi
f ′i(x(s))y(s)ds ≤1

2

n∑
i=1

(Ciτi)x
2 +

1

2

n∑
i=1

Ci

∫ t

t−τi
y2(s)ds,

y

n∑
i=1

∫ t

t−τi
f ′i(x(s))y(s)ds ≤1

2

n∑
i=1

(Ciτi)x
2 +

1

2

n∑
i=1

Ci

∫ t

t−τi
y2(s)ds,

hi(0) = 0,−
n∑
i=1

bi(t)xhi(x) =−
n∑
i=1

bi(t)
hi(x)

x
x2 ≤ −

n∑
i=1

αix
2, x 6= 0,

fi(0) = 0,−
n∑
i=1

xfi(x) =−
n∑
i=1

fi(x)

x
x2 ≤ −

n∑
i=1

aix
2, x 6= 0,

hi(0) = 0,

n∑
i=1

b′i(t)

∫ x

0

hi(ξ)dξ =

n∑
i=1

b′i(t)

∫ x

0

hi(ξ)

ξ
ξdξ ≤

n∑
i=1

b′i(t)αix
2 ≤ 0, x 6= 0, f2(t, x) ≤ 2K2x2.
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According to the above inequalities and the derivative LΥ(t, xt, yt), we get

LΥ(t, xt, yt) ≤− g0y
2 + y2 +

1

2

n∑
i=1

(Ciτi)x
2 +

1

2

n∑
i=1

(Ciτi)y
2 +

n∑
i=1

Ci

∫ t

t−τi
y2(s)ds

+

n∑
i=1

(γiτi)y
2 −

n∑
i=1

γi

∫ t

t−τi
y2(s)ds−

n∑
i=1

aix
2 −

n∑
i=1

αix
2 +K2x2

= −
[ n∑
i=1

ai +

n∑
i=1

αi −
1

2

n∑
i=1

(Ciτi)−K2

]
x2 −

[
g0 − 1− 1

2

n∑
i=1

(Ciτi)−
n∑
i=1

(γiτi)

]
y2

+

n∑
i=1

(Ci − γi)
∫ t

t−τi
y2(s)ds.

Let γi = Ci > 0. Then, we can observe that

LΥ(t, xt, yt) ≤−
[ n∑
i=1

ai +

n∑
i=1

αi −
1

2

n∑
i=1

(Ciτi)−K2

]
x2 −

[
g0 − 1− 3

2

n∑
i=1

(Ciτi)

]
y2

=−
[
2A+ 2B − 1

2

n∑
i=1

(Ciτi)−K2

]
x2

− [g0 − 1− 3

2

n∑
i=1

(Ciτi)]y
2 ≤ −[2A+ 2B −K2 − 2Cτ ]x2 − [g0 − 1− 3Cτ ]y2.

Assume that 2A+ 2B −K2 − 2Cτ = ε1 and g0 − 1− 3Cτ = ε2. Hence,

LΥ(t, xt, yt) ≤ −ε1x
2 − ε2y

2 ≤ −ρ(x2 + y2),

where ρ = min{ε1, ε2}. According to the discussion above, the zero solution of (1.2) is SAS. The proof of Theorem
3.1 is completed. �

Example 3.2. For the case r(.) ≡ 0, we are concerned with the following nonlinear SDDE of second order:

x′′ + (100 + exp(−(x′)2))x′ + (1 +
1

1 + t
)(2x+ x2) + x(t− 5−1) +

x(t− 5−1)

1 + x2(t− 5−1)
+
√

2
x

1 + x4
ω′(t) = 0. (3.4)

As the next step, SDDE (3.4) is converted to the system below:

x′ = y,

y′ = −(100+exp(−y2))y−(1+
1

1 + t
)(2x+x2)−x− x

1 + x2
+

∫ t

t−5−1

[
(1+

1− x2(s)

(1 + x2(s))2

]
y(s)ds−

√
2

x

1 + x4
ω′(t).

(3.5)

According to the systems (1.2) and (3.5), we have the data below, respectively:

g(x, y) = 100 + exp(−y2),

99 < 100 = g0 ≤ g(x, y) = 100 + exp(−y2) ≤ 101,

f1(x) = x+
x

1 + x2
, f1(0) = 0,

f1(x)

x
= 1 +

1

1 + x2
, x 6= 0,

a1 = 0.9 < 1 +
1

1 + x2
=
f1(x)

x
≤ 2 = A2,
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0 < f ′1(x) = 1 +
1− x2

(1 + x2)2
≤ 2 = C1,

b(t) = 1 +
1

1 + t
,

1 ≤ b(t) =
1

1 + t
≤ 2,

b′(t) = − 1

(1 + t)2
≤ 0,

h1(x) = 2x+ x2, h1(0) = 0,

h1(x)

x
= 2 + x2 ≥ 2 = α1, x 6= 0,

f(t, x) =
√

2
x

1 + x4
,

|f(t, x)| ≤
√

2|x|,K = 1,

2A+ 2B =

1∑
i=1

ai +

1∑
i=1

αi = a1 + α1 + 2.9 > 1 = K2,

τ =
1

5
< min

[
2A+ 2B −K2

2C
,
g0 − 1

3C

]
= min

[
1.9

4
, 66

]
.

Thus, (D1)− (D5) of Theorem 3.1 hold. Hence, the trivial solution of the system of SDDEs (3.5) is SAS.

Let r(.) = r(t, x, y, x(t− τ0), y(t− τ0)) 6= 0.

Theorem 3.3. If (D1)− (D6) hold, then the solutions of SDDE (1.2) are USB provided that

2A+ 2B > K2, g0 > 1, τ < min

[
2A+ 2B −K2

2C
,
g0 − 1

3C

]
,

where

A =
1

2

n∑
i=1

ai, B =
1

2

n∑
i=1

αi, C =
1

2

n∑
i=1

Ci.

Proof. The basic tool in this proof is the LKF Υ in (3.1), which is used in the proof of Theorem 3.1. As the next step,
depending upon (D1)− (D6), from (3.1) and the system of SDDEs (1.2), we obtain the following inequalities:

LΥ(t, xt, yt) ≤− ρ(x2 + y2) + |x||r(.)|+ |y||r(.)|
≤ − ρ(x2 + y2) + r0ρ|x|+ r0ρ|y|

=− 1

2
ρ(x2 + y2)− 1

2
ρ[|x| − r0]2 − 1

2
ρ[|y| − r0]2 + ρr2

0

≤− 1

2
ρ(x2 + y2) + ρr2

0,∀ρ > 0, r0 > 0.

The rest of the proof is readily completed by following the way of Abou-El-Ela et al. ([2], Theorem 12). Therefore,
we will ignore the details of the proof. �
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Example 3.4. For the case r(.) 6= 0, we are interested in the following nonlinear SDDE of second order:

x′′ + (100 + exp(−(x′)2))x′ + (1 +
1

1 + t
)(2x+ x2) + x(t− 5−1)

+
x(t− 5−1)

1 + x2(t− 5−1)
+
√

2
x

1 + x4
ω′(t)

=
1

16 + t+ exp(x2 + (x′)2 + x2(t− 6−1) + (x′(t− 6−1))2)
. (3.6)

Next, SDDE (3.6) is converted to the following system of SDDEs:

x′ = y,

y′ = −(100 + exp(−y2))y − (1 +
1

1 + t
)(2x+ x2)− x− x

1 + x2

+

∫ t

t−5−1

[
1 +

1− x2(s)

(1 + x2(s))2

]
y(s)ds−

√
2

x

1 + x4
ω′(t)

+
1

16 + t+ exp(x2 + y2 + x2(t− 6−1) + y2(t− 6−1))
. (3.7)

From (1.2) and (3.7), it follows that g(x, y), f1(x), b(t), h1(x), and f(t, x) are from Example 3.2. So, we do not need
to do any discussion for these functions. Namely, the verification of (D1) − (D5) has been shown in Example 3.2.
Next, we have

r(t, x, y, x(t− 6−1), y(t− 6−1)) =
1

16 + t+ exp(x2 + y2 + x2(t− 6−1) + y2(t− 6−1)
.

Hence, we derive that

|r(t, x, y, x(t− 6−1), y(t− 6−1))| ≤ 1

16
=

1

4
× 1

4
,

where ρ = 1
4 and r0 = 1

4 .
Finally, all (D1)− (D6) of Theorem 3.3 are verified. Thus, the solutions of the system of SDDEs (3.7) are USB.

4. Conclusion

This research work considers a class of nonlinear SDDEs of second order, and it has two novel results and two
related numerical examples as new contributions. The first result of our research work, Theorem 3.1, is related to
the stochastic asymptotic stability of the zero solution. Next, the second result of our research work, Theorem 3.3,
is related to the uniform stochastic boundedness of solutions. Both of the theorems, Theorem 3.1 and Theorem 3.3,
include sufficient conditions. The consistent quality of the proposed model and the qualitative behaviors of its solutions
are analyzed by means of a new LKF. Numerical applications of the given results are presented in two examples. The
aim of this research work is to provide novel and useful contributions to the theory of SDDEs.
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[32] C. Tunç, Stability and boundedness of solutions of nonautonomous differential equations of second order, J. Com-
put. Anal. Appl. 13, 6 (2011), 1067-1074.
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