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Abstract - \

This work deals with the existence of periodic solutions (EPSs) to a third order nonlinear delay differential
equation (DDE) with multiple constant delays. For the considered DDE, a theorem is proved, which includes
sufficient criteria related to the EPSs. The technique of the proof depends on Lyapunov-Krasovskii functional
(LKF) approach. The obtained result extends and improves some results that can be found in the literature. In
a particular case of the considered DDE, an example is provided to show the applicability of the main result of
this paper.
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1. INTRODUCTION

Over the last five decades, intensive scientific works have been carried out in the field of fundamental properties
of solutions of third order ordinary differential equations (ODEs), functional differential equations (FDEs), and so
on. For instance, EPSs, the uniqueness of periodic solutions, and some other fundamental properties of solutions of
certain third order nonlinear DDEs have been discussed in ([1-6, 8, 9, 14, 16, 17, 19, 20, 23-30, 32-35, 37, 40, 47]).
As for fundamental properties of solutions of certain third order nonlinear ODEs, numerous results on ESPs, stability,
boundedness, and some other properties of solutions that kind of equations are obtained in ([10-13, 18, 21, 22, 36, 40]).
For some other interesting results on the fundamental properties of solutions of various differential equations, in
particular, see, also, ([7, 15, 31, 38, 39]). In addition, it is well-known that ODEs of the third order without and
with delay can appear during researches in sciences and engineering. So, fundamental behaviors of solutions of ODEs
of third order with and without delay attracted the intensive attention of researchers up to now (see, the sources in
the references of this paper and that mentioned therein). This means that it deserves to investigate the properties of
solutions of ODEs of third order with and without delay.

Next, as we know, it is not always possible to find solutions of ODEs and FDEs explicitly, except numerically.
Finding explicit solutions can be more difficult for FDEs rather than ODEs. However, without solving ODEs and
FDEs, it can be obtained some qualitative information related to motions of trajectories of solutions of ODEs and
FDEs via some well-known methods, called direct Lyapunov method, LKF method, fixed point method, coincidence
degree method, variation of parameters method and so forth. This paper does not deal with the details of information
related to these methods. However, in this paper, the LKF method will be used as the main technique to prove the
main result of this paper. Indeed, the LKF approach is very capable to get qualitative information about behaviors of
solutions without prior information of them provided to construct or define proper LKFs for problems under study. In
particular cases, as for some interesting and recent real applications, see, the discussions in [42-46], where differential
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equations and some other relations are used as mathematical models. We now outline some reference papers to take
into consideration the problem of this paper.
In 1978, Chukwu [9] considered third order DDE with constant delay:

" + f(za', 22" + g(x(t — h), 2’ (t — h)) +i(z(t — h)) = p(t,x, 2", x(t —h),2'(t — h),z"),

and the author discussed the EPSs to this DDE by using an LKF.
In 1992, Zhu [47] studied third order DDE with constant delay:

2"+ az” + oz (t —7) + f(x) = p(t),

and the author provided a result on the EPSs of this DDE via suitable LKFs.
In 2000, Tejmula ve Tchegnani [27] derived sufficient conditions to the EPSs of third order DDE with constant
delay:

2"+ ft,x, 2 2 + gt x(t — 1), 2 (t — 7))+ h(z(t — 7)) = Pi(t,x, 2 2" x(t — 1), 2" (t — 7)),

by LKF approach.
In 2012, Tung [29] considered third order DDE with n-multiple constant delays:

" +(x x”Jngl (t—7))+ flx) =plt,z,x(t —11), ..., ., 2’ (t — 1), 2"),

and established sufficient conditions for the EPSs of this DDE via the LKF method.
In this paper, motivated by the above results and those in the related literature, we consider third order non-linear
DDE with n-multiple delays:

" +(x a;”—|—z:gZ (t—m7) +Zfl 7)) =pt,z,x(t —71)s szt — 7n), 2 (t = 1), o, @' (6 — 7)), 2"),

with
a(t) = o(t),t € [-7,0],

where t € [-T,00),z € R, R = (—00,00), and 7; are positive constants, i.e., 7; are fixed constant delays, 7 =
max {71, T2, ..., 7o} and ¢ € C([—7,0],R) is initial function. It is also assumed that ¢ € C[R,R], g;,f; € C'[R,R] and
p(.) € C[[—7,00) x R2"*+2 R], g;(0) = f;(0) = 0 and p(.) is periodic in ¢ with the period T, T > 7.

Throughout the paper, it can be used the representations x = x(t), y=y(t), and z = z(t), respectively. From DDE
(1.1), it can be written the system:

o' =y =z

g z—Zgl )~ s+ Y [ KoY [ ol (1)

+p(t,z,x(t —11), .., y(t — ), 2).

In view of the works outlined above and the works in the references of this paper, which are related to the EPSs
and some other fundamental properties of solutions of third order ODEs and DDEs, we aim to present some new
contributions to the qualitative theory of ODEs and FDEs. Indeed, the DDEs (1.1) extend and improve that of
[29, 47] and it is different from those in the references of this paper. Next, providing an example shows the application
of the main result of this paper. Finally, the result of this paper is new and original.
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2. EXISTENCE OF PERIODIC SOLUTIONS

Throughout the paper and above, p(.) represents p(t,z,z(t — 71),...,y(t — 7,), 2). The below Theorem 2.1 is main
result of this paper.

Theorem 2.1. Let a, b;, ¢;, My, 6, L;, s € R, (i =1,2,...,n), and be positive such that the below conditions (A1)
and (A2) are satisfied:

(A1)
pbi —e >0, ab—c>0, f(0)=0, fi(x)sgnz>0,(x+#D0),
sup{fy ()} = i, @ € R, fi(w)sgnz — 0o for |z = 0o, (i =1,2,...,n);
(A2)
9i(0)=0, ¥y 'gi(y) 2bi, (y#0), yeR,
19 < Liy 0<4(y)—a<d yeR, [|p()| < M.

. .. _ . : ab—c ab—c
Then, there is a positive constant T, T = 1??§Xn T, T < min { SOy AT, }, such that the system (1.2) has at least one

T- periodic solution, where
n n 1 n
b= bi,CZ ci, M = = 14 2u)c; + pnl;l,
; ; =3 ; [(1+2u)e; + pLi]

n n

1 ab+ ¢
N1:§Z[(2+M)Li+ci] and = —, ,L:ZLZ-.

i=1 i=1

Proof. We define an LKF V(.) by

" 0 ¢ N 0 ¢
VO =0+ +1+ 3 L / / 2(0)| dods+ > e / / 1y(0)| dods, (2.1)
= s =1 el
where
V() :V(xtaytyzt)a
Vl() :V1(x,y,2),V2() = ‘/Q(xay7z)a
n X n n Y Y 1
_ , 1o
O =Y [ @Y fie)+ Y [otmantas [ wmdnt 32
=1 0 =1 =1 0 0
N 0 ¢ " 0t
+) / / 22(0)dods+ Y~ B; / / y2(0)dds,
i=1 —7; t+s =1 —Ti t+s
and
Fsgnz, || > 1,2 < M,
Va(.) = sgnz sgnzx, |x|>1,z2> M,
T =, lz| < 1,2 <M,
rsgnz, |z] <1,z > M,

where M € R, (M > 1), B;, v; € R such that ; > 0, £; > 0 will be chosen later.
It is obvious that the LKF V is positive definite and two wedge functions can be found that limit this LKF from
the bottom and the upper.
an
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Next, we have that V7 (0,0,0) = 0. Using the conditions 1 (y) > a, y~1gi(y) > bs, fi(0) = 0, f;(x)sgn(x) > 0 for all
x # 0, and sup{f;'(z)} = ¢;, (i =1,2,...,n), we derive that

Vi(.) —MZ/fz d§+nyz -f—Z:/gZ ndn+pyz + uay

=19
+ z +Z%[ﬁ£ d0ds+z,ﬁz[1t+/s 6)dods
>u;!fz d§+yzfz

ba 2 by 1
oyt Y yE o+ G pay® + z *Z%// daderZﬂi// 0)dbds

—7; t+s —T; t+s

g b+ @ + e+ by + o)

+ 4; ijyZ/fi(g) /(#bi—fi/(ﬁ))ndn dé

+2[uy+z] +2ua— )y +Z%// deds+2@// 0)dods.

—7i t+s —7; t+s
Using conditions (A1), (A2), the estimates
a—p=a—2""0"ab+c)>0, ub;— fi'(&) > ub; —c; >0,
and proceeding some elementary calculations, we can obtain that
Vi() > Ky2® 4+ Koy? + K322 > Ky(a? + 9 + 2%), (2.2)
where min {K1, Ko, K3} = Kj.
Since V5 is continuous, then it is clear that
Vol < 1. (2.3)

Thus, using the inequalities (2.2), (2.3) into (2.1) and the conditions of Theorem 2.1, we can show that the LKF V
satisfies the condition (i) of Yoshizawa ([41], Theorem 37.2]).
Differentiating the LKF V; with respect to ¢ and using the system (1.2), we derive that

=[f' (@) + £/ (@) + .+ ' @)Y+ 52—y Y gi(y) — ¥(y)2”
=1

Fa) [ oo+t [ o]

t—Tn

) | [ o (u(s))=(s)ds .+ [ gn’<y<s>>z<s>ds}

Tn

+Z(vifi>z2—zwi/ ds+z Birs)y? —Zﬁl/ (s)ds + (uy + )p(.)

t—T7; t—T7;



CMDE Vol. 11, No. 2, 2023, pp. 319-331

7y22fz

+ (py + 2) Z/ £l (@
+Z (vim)z —Z'y:/

Using the condition —L; < ¢’;(y) < L; and the inequality 2 |u| [v| < u? + v?

uyZ/

zz/

uyz

t—T1;

no ot
Z;/tT fi'(z(s))

+ p2® — py Zgz —(y)=?

=1

s)ds + (py + z) Z/
ds+Z Birs)y? —Z@/

—T t—T7;

$)ds <uly Z / 97/ ()] |=(5)] ds
<ply) Z / 9| ds

s)ds <|z\2/ lgi' (y |2(s)| ds

£ () d5<u|y|2/ |11 2(5))] ()] ds

<u|y|2/ ¢ ly(s)| ds

t—T1;

n
E Cl T’L

t

i [ o

—Ti

I\DR:
I\DR:

$)ds <|2] z | (2(s))| lu(s)| s

t—T1;

<3 / ¢ y(s)| ds
i=1 t—T;
t
— Z (ciTi)z 5 Z c y=(s)ds
i=1 i=1

t—T7;

MI—\

z(s)ds

s)ds + (ny + 2)p(.).

, it follows that
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On gathering the above inequalities into Vll, we have

<y2Zf

M\‘:

) + p? —ungz

n 1 n
Z )y +5 ) (eimi)z
=1 =1

n
W(y)2? + Z (yimi)2*
i=1
n

i=1
Z (Biri)y” + Zj: [;Li(l + ) — %} j 2%(s)ds

i=1

i=1

t

Z[ (14 p) 5}/y2<s>ds+<uy+z>p<.>.

Using the conditions sup{fi/( Vp=c, (=1,2,.

Z

V{(-)s— Zg’

n

1

+Z[ (1 +p) —

- a—u—§Z (Li + ¢i)T
L i=1

t—T7;

,n), ¥(y) > a and ab — ¢ > 0, we get

n n
g; (Li + ¢i)7i ; Bm]

n
Z Vi 7'2

i=1

22 é[;q(l—ku)—ﬁl} jy2(s)ds

} / 2%(s)ds + |uy + 2| [p(.)]

t—T;

n

" g 1 & ab—c 1
S— [uzg;y) _0_22[(Li+ci)ﬂ+25i]7i] y2_ l % —QZ(L1+Ci+2’YZ‘)T7;‘| 22
=1 i=1

+Z[ (14 ) ﬂ}/

—T;

1 1
Let v; = 5Li(1 + ), Bi = 3¢
y)

Zgz

ab—c 1
—[ 5 —52((2+M)Li+ci)ﬂ‘

i=1

Calculating VQ/ = % and using the conditions of Theorem 2.1, we get
n n t
=)z — 3 gily) — 3 file) + 35 [ fi(@(s))y(s)ds

& =1 W i=lt-m sgnz, |r|>1,2< M,

+ 3 ] giuls)(s)ds + ()

1=1t—71;
/ 0, | >1,2> M,
v, = § ). t |z
YY)z — 3 gily) — 3 filx) + 35 [ fi(a(s))y(s)ds
L]\;—F% =1 . . =1 i=1t—7; , |J3‘ S 172 S M,
+ 5 ] diws)a(s)ds +p()

yzsgnz, x| <1,z > M,

—22[(1+2u)cz+uL]n

i=1

] / 2(s)ds + |y + 21 ()]

t—T;

ds—l—Z[ i1+ p) —

¢i(1+ p). Using the condition [p(.)| < My, we obtain

n
2

i=1

2% 4 wMo |yl + Mo |2 .
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n a+5+Mo+Elgz( |+Zcz f ly(s)| ds
— 31 2 fil)sgna + o o lzl>1,2< M,
=t +ZL fl )| ds

< t—7;
= 0, || > 1,2 > M,
lyl +a+d+m+ 3 |y |+Ecz f ly(s) ds+ZL f\ Nds,  |z] <1,2< M,

=1 t—T; t—T1;

Iyl, lr| <1,z > M.

Let us consider the function V5 in the region max {|y| — K, |z| — M} > 0, where K and M are sufficiently large
constants, which are determined later. We now consider Case I and Case II to complete the proof of the theorem,
respectively.

Case I: We suppose that |y| > K > 1, and x, z are arbitrary. As for the next step, we have

V2<|y|+a+6+Mo+Z|gz |+ZCZ/|y |ds+ZL /| )| ds. (2.5)

t—7; t—7;

Using (2.1), (2.4), (2.5), and 7 = max 7; , we derive that

1<i<n
— gi(y 1 ¢
V’(nguz ;)CQZ[(lﬂL?u)chruL y +Z|gl
i=1 i=1
ab—c 1 9
- % —52((2+M)Li+ci)ﬁ 2%+ (uMo + 1) [y + Mo ||
=1

n l n
+(a+5+MO)+ZLi / |Z(5)|ds+Z(LiTi)‘z|
i=1 2, 1=1

n t

—Zu/u@m+iquaw

i=1 t—T;

+Z@mm—2q/wwm
= i=1 t—1;

<—[uzgi(y)—C—;Z[(1+2u)cz+uL v +Z|gz

— 5 @+ pLi+ )| 2+ (uMo + 1) |yl + Mo |z]

i=1

+ (a+ 6+ Mo) |y + Z (LiTi) |2 + Z (cimi) lyl -

i=1 i=1

Consider the terms
n

n n 1
19wy =Y lgiw)l —ev® = 5 D [(1+2p)es + uLil iy,
i=1 i=1 i=1
and assume that the constant h satisfies
ab + 3¢
=<
2(ab+ c)
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Next, there is a constant K; € R, (K > 1), with (1 — = |y|) > h for |y| > K such that

n

n n 1
wY 9wy =D ey -y’ - 3 (1 +2p)ei + pLi) iy
i=1 i=1

i=1

:’”L.Z 9i(y) (1 _ 1>y2 _ <C + %Z (1 + 2u)c; + pLi) n) y?

y 1yl P

(ab+¢)b ab+3c 4 1 < 9
> a1 oY c+2;[( +2p)ei + pLil T | y

ab—c 1<
= ( 1 52[(1 +2u)ci + pLi) Ti) Y
i=1

b— b—
Vi) <- (L C—Mn)f—(“ C—Nﬁ>f+0m%+1+a+5+ﬂ%+wﬂy+M%+LﬂVL

4 2b
where
1 n 1 n n
M, = 3 ; (1 +2p)ci + pLi] ,Ny = 3 ; (24 p)Li+c],L = ;Lz
Since
ab—c ab—c
T G R
T<mm{2bN1’4M1} 1>0,
then
V() < =612+ 23 + (uMy 4+ a + 8 + Mo+ em + 1) |y| + (Mo + L7) |2| .
Let

p1 =max{uMo+a+d+My+ecr+1, Mg+ L7}.
Next, if |y| > (V2 + 1)p161 ", then

V() < = 8u(y? +2%) + pa(lyl + [2])

01, o 9 01 p1.2 P12 p12
—_ 1 _ 2 A L ) Vot

R Rl (7 I (TR
S—% (y? + 2%).

Let K = max{(v2+1)p16, *, K, }. If [y| > K, then

V()< - D2,

This is the end of the discussion of Case I.
Case II: Let z,y be arbitrary and |z| > M. Then, we obtain that

Va() <yl
(c[m
o]
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Following a similar way as in Case I, choosing v, = %Li(l +pu), Bi = %ci(l + p) and using the inequality 7 <

: ab—c ab—c e _ .
min { SN AT, }, for some positive constants da, po and |z| > M = K, we derive that

V() < =6y + 2%) + (uMy + e + 1) |y| + (Mo + L7) |2|
— 82(y” + 2%) + p2(ly| + |2])

)
<- W+
2
Consider the function V,. Let max{|y| — K, |z| — M} < 0 and |z| > H > 1. If the derivative of the function V4 is taken
into account under the present conditions, then

t
, 1 n n
I@g—MZfi( sgna + max Z\gz [+ e / \ds+ZL /\ Vds+a+6+ M. — (26)
i=1 = =1 7

From (2.1), (2.4) and (2.6), we can easily obtain that

V() <— (47 ab—c)— MiT)y? — <ab2b € N17'> z

1 n n
+ Mo ly| + (Mo + L7) |2] = 2 filw)sgna + max Z 19:(y)
=1 - =1

+Z / |dS+ZL /| Jds+ (a+6+m)— Z / |ds— cz/\y )| ds
i=1 47 =1 s

- ab—c_M 2 [ab—c N _*Zf —|—IHXZ|

< 1 17y 5 1T ) 2 i(z)sgnz a gi(y

+(a+04+ Mo+ LMT + pMoK + MoM). (2.7)

Since lim f;(z)sgnax = oo and |z| > H > 1, then

|z|—o00

Zfi(:z:)sgnx22M{lnllgx Z|gl )+ a+5—|—M0—|—LM7'+uM0K—|—M0M)}
; yI<K

and accordingly

:Zn:l fi(x)sgnx n
SR TR {

V()< - (ab4— ©_ er) y? — (ab2; €_ NlT) P p— Zfl x)sgnx.

By the help of the above results, we conclude that there is a sufficiently large positive constant R such that
V() < —w(u),

for u? > R?, where u = /22 + y2 + 22.

Thus, the proof of Theorem 2.1 was completed since the LKF V satisfies all the conditions of Theorem 37.2 of
Yoshizawa [41]. Therefore, DDE (1.1) has at least one T- periodic solution. g
an
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Example 2.2. Consider the following third order nonlinear DDE with two constant delays, which is included by
equation (1.1):

1
" 4+ 4+ ——— | 2" +42'(t =5 ") +sin2/(t —57")
14 (2)

+42'(t — 1071 +sin 2/(t — 107Y) + 11z(t — 1071) + 11z(t — 1071)

sint 4+ cost

_ , 2.8
24 a2+ a2(t -5 4 a2(t — 107 + 22(t — 5L + 22 (t — 107) + 272 (28)
where 71 = 5 and 7 = 107" are constant delays.
From DDE (2.8), we have the system:
o' =y, =z,
1
2 =— (4 + 1+y2> z— (8y +2siny) — 1la(t — 571 — 1la(t — 1071)
t t ¢ ¢
+4 / z(s)ds + / cosy(s)z(s)ds + 4 / z(s)ds + / cosy(s)z(s)ds
t—5-1 t—5-1 t—10-1 t—10-1
sint + cost
+ ) 2.9
2+ 22+ .+ y2(t—1071) 4 22 (2:9)

Comparing the systems of DDEs (2.9) and (1.2) and applying some elementary calculations, we have the following
relations:

Y(y) =4+ !

1492’
g1(y) = 4y +siny, ¢1(0) =0,
y lai(y) =4+y 'siny, b =3,

0<o(y)—4<1l,a=4,6=1,

g1 (y) =4+ cosy, ‘g/l(y ‘ = |4+ cosy| <5 =Ly,
92(y) =4y +siny, 2(0) =0,y " g2(y) =4 +y 'siny, by=3,
92(y) = 4 + cosy, ‘gz(w‘ = [4+cosy| <5 = Ly,
Hi(z) =11z, f1(0) =0, fi(z)sgnz = 1lzsgnz >0, (z#0),
fi(x)sgnz = 1lzsgnz — oo, as |z| — oo, fi(x) =11,¢; = 11,
fo(x) =11z, f2(0) =0, fa(x)sgnax = llasgnz >0, (x #0),
fa(z)sgnz = 1lzsgnr — oo as |x| — oo, f'y(x) =11,
co=11, c=c14+c2=22, b=b+by=3+3=6,
ab+ 3c 90
b—c=2>0, h=2"% _ T
w-—e=2>0 Nabto 92
sint + cost

p(t@,x(t - 571)7 oY, 7y(t - 1071)) Z) =

<1= M,

24+ 224 . +y2(t—1071) + 22 T 0

sin(t + 27) + cos(t +2m)  sint 4 cost
2+ ...+ 22 24 .. 422

By noting the above calculations, we observe that DDE (1.1) satisfies that all the conditions of Theorem 2.1. Then,

DDE (2.8) has at least one T = 21 -periodic solution.

an

BE

T = 2m.

p(t+2m z,x(t =571, .y, .yt — 1071, 2) =
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3. CONCLUSION

In this article, a certain nonlinear DDE of third order with multiple constant delays was taken into consideration.
A new theorem that has sufficient conditions on the EPSs of the considered DDE was proved. The LKF approach is
utilized as the technique in the proof of the theorem. As for the numerical application, in a particular case of DDE
(1.1), an example was introduced that satisfies all the conditions of the main result of the article. The new main result
of the article has a contribution to the former results those are available in the references of this article and literature
and it may be useful to researchers. As for possible future works and the impact of this work in this field of research,
fractional models and integro-differential equations versions of DDE (1.1) are suggested to investigate the EPSs and
some various qualitative behaviors of their solutions.
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