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Abstract

This paper is concerned with the numerical treatment of delay reaction-diffusion with the Dirichlet boundary
condition. The finite element method with linear B-spline basis functions is utilized to discretize the space variable.
The Crank-Nicolson method is used for the processes of time discretization. Sufficient and necessary conditions
for the numerical method to be asymptotically stable are investigated. The convergence of the numerical method
is studied. Some numerical experiments are performed to verify the applicability of the numerical method.
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1. INTRODUCTION
In this paper, we consider a class of the delay reaction-diffusion equation of the form [20]

Buéat:,t) =a 82;;;’0 +agu(x,t —7),t>0,2 € Q:=[0,7),
u(z,t) = ¢ (x,t), -7 <t <0, € Q, (1.1)

u(0,t) = u(m,t) =0,t > 0,

with a1,a2 € R with a; > 0 and 7 > 0 is a delay constant.

Reaction-diffusion equations with delay are widely applied to model natural phenomena in many areas of sciences
[15, 19, 30, 33, 35, 36, 39]. Numerous types of numerical methods are available in the literature for solving delay
reaction-diffusion equations (for details one may refer to [1, 14, 20, 25, 34, 40]). As far as we know, some of the
numerical methods available to approximate the diffusion term are based on the classical numerical methods, such as
finite difference method [32], finite element method [21], spectral method [7], Haar Wavelet [5], variational method [9],
and so on. Several types of partial differential equations are solved using finite element method [12, 13, 24]. The use of
various degrees of B-spline functions to obtain the numerical solutions of some partial differential equations has been
shown to provide easy and simple algorithms, for instance, B-spline finite elements have been widely applied to solve
elliptic equations [17, 28], Korteweg De Vries equation [2, 3, 37, 38], Burgers equation [4, 16, 23, 29], Regularized Long
Wave equation [10, 27], Fokker-Planck equation [18], advection-diffusion equation [11], and generalized equal width
wave equation [6], etc., successfully. On the other hand, the application of B-spline finite element method for solving
reaction-diffusion with delay receives less attention. In this paper, we have applied a linear B-spline finite element
method to find numerical solutions to the problem under consideration.
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162 G. T. LUBO AND G. F. DURESSA

Notations: Let H" = H"(2) = w5(€2) denote the Sobolev spaces of order r with respective to norm ||.||, defined as

1l = Ivlly, = < /Q u(as)%zx) , (1.2)
)2. (1.3)

v(z)w(z)dz, (Vv(z), Vw(z)) ::/Q ox ox

and

O'v(x
Il = Ivlge = (Z H -

i<r

Let v(z), w(z)(z € Q) be real valued functions.

(vl w(e) = [

Q

Assumptions: Assume u(t) = u(.,t),ue(t) = we(, ), upe(t) = wee(, ), weee(t) := ue(, ), 0(t) = ¢ (., ), and
ei(t) := il 1)

2. STABILITY PROPERTY OF THE CONTINUOUS PROBLEM

In this section, based on [26], we give a sufficient condition for the trivial solution of the problem to be asymptotically
stable.

Definition 2.1. The solution of Eq. (1.1) is called asymptotically stable if the solution u(x,t), of Eq. (1.1), corre-
sponding to a sufficiently smooth function (z,t) satisfies

lim u(x,t) =0, z€][0,7). (2.1)

t—o0

Theorem 2.2. [26] Given the solution of the form u(z,t) = e*te?*® where s € C and k € R for x € [0,7] and t > 0.
The sufficient condition for the zero solution of Eq. (1.1) to be asymptotically stable is that

lao| < a1k* a1 >0, and k=n, n=12,.... (2.2)
Proof. The zero solution of Eq. (1.1) is asymptotically stable only if all roots of the characteristic equation
5 —age T = —a  k? (2.3)

have negative real parts. Substituting s = 8+ vi, 8,7 € R in Eq. (2.3) gives

(B + i) — age” BT L g k2 = 0. (2.4)

Separating real and imaginary parts yields

B = age P cosyT — ark? (2.5)
v = ase PTsinyT. '
Assume that a1,a2 € R and a; > 0, then § is always negative when
2 Bt 2
ac08yT < a1k’ = |as| < ar1k”. (2.6)

That means that when |az| < a1k?, then all zeros of the characteristic Eq. (2.3) have negative real part and hence
the trivial solution of Eq. (1.1) is delay -independently asymptotically stable. On the other hand, if |as| > a1k?, there
exists a root (2.3) with positive real part for some 7 > 0, which implies unstable trivial solution. ]

(=)=
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3. DESCRIPTION OF THE METHOD

For the spatial discretization of system (1.1), we divide the interval Q = [0, 7] with a mesh: 0 =z < 21 < --- <
xy = 7 with the space step size h = 7/N.
The linear B-spline basis functions is chosen as follows:
@ € [y, )
Qj(x): W,me[gjj,xj_i_l] j=12,...,N—1. (3.1)
0, T ¢ [j-1,241]

Introduce an arbitrary test function v. Multiply Eq. (1.1) by this test function and integrate over the domain to
obtain the weak formulation

/ ug(z, t)vde + ap / Ou (z,t) @dx - ag/ wx,t — T)vdr = 0,Yv € Hy(),t > 0. (3.2)
Q o Or O Q

Equivalently, applying Green’s formula to the second term of equation Eq. (1.1) we can also write as

(ue(z,t),v) + a1 (Vu(x,t), Vv) — az(u(z, t — 7),v) = 0,Yv € H3(Q),t > 0. (3.3)
Define the space

Sh=1{¢: ¢ € C*([0,7)), Iz 1 wa) € P, 1 <1 < N,((0) = ((m) = 0}, (3.4)

where P is the space of all polynomials of degree less or equal to 1. We can find the approximate solution wuy(t) :=
up (., t) belonging to S, for each t, so that

(unt(t,¢)) 4+ a1 (Vun(t), V() — ag(un(t — 7),¢) = 0,V¢ € Sp,t > 0, 33)
up(z,t) = pp(z,t) =0,t > —, .

where ¢p(.,t) is an approximation of ¢(.,t) in Sp.

Let At = 7/m be a given step size with m > 1, the grid points t,, = nAt(n =0,1,... ) and U™ be the approximation
in Sy, of u(t) at t = t,, = nAt.

Application of Galerkin Crank-Nicloson method to (1.1) gives a numerical scheme of the following type

Un — Un—l VUn—l + vun» Un—m—l + yn—m
(At7<> +(L1 (27VC> _a2< 2 7< _07 VCE Sh, (36)
where U"(.) = (., ty) for —m < n <0.
Let
N-1
U (z) = Z Qj(x)a?. (3.7)

<
=

Substituting Eq. (3.7) into Eq. (3.6) and choosing ¢ = Q;,i=1,...,N — 1, we get

N-1 N—-1

5 (0~ @ile), @) = — B D (@] + af )(VQi(a), Qs () (3:8)
j=1 j=1
a N-1

+ 5 D () 4 afT)(Qil), Q4 (), (3.9)

1

J
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which can be rewritten as
N+1

2
L

1 T a no one1y [
52— [ @@ == F Yo+ [ Qi) (3.10)
j=1 j=1
0 N1 -
+ 52 (™™t ol ™™ / Qi(z)Q; () dz. (3.11)
j=1 0
Define the following matrices:
A= (@) = [ Q@ @ys, (3.12)
0
B = (bi)t = /O Qu(2)Q; () (3.13)
We can explicitly write the entries of the matrices A and B in Eq. (3.12) and Eq. (3.13) as A = (2] — S) and
B=12(41+8),
where [ is an identity matrix and
01 0 ... 00
1 01 ... 00
01 0 ... 00
S=1 . . . . .. (3.14)
000 ... 01
000 ... 10

(N=-1)x(N-1)

with its eigenvalues )\f = 2cos(jn/N),j=1,2,...,N — 1.

(B+ 3a1AtA)a™ = (B — ta1 AtA)a" ! + Tas AtB(a" "™ 4 o™, (3.15)
a” =" for —m<n<Q0, ’
with 4® = ¢(¢,) an initial approximation and a" := [a},a%,...,a% ], and B + %alAtA is positive definite and

hence, in particular, invertible. Therefore, o™ can be obtained recursively by using the matrix inversion method.

4. STABILITY ANALYSIS
In this section, the asymptotic stability analysis of the numerical scheme is investigated.

Definition 4.1. [22] If the solution U™ of Eq. (3.6) corresponding to any sufficiently differentiable function ¢, (z, 1)
with ¢p(0,t) =pp (7, t) = 0 satisfies

lim U" =0,z € [0, 7], (4.1)

n—oo

then the zero solution of Eq. (3.6) is called asymptotically stable.

The fully discrete numerical scheme can be written in the matrix form

Po(S)U = Py (SYU™ — b (YU — ¢y 1 (S)U™ ™, (4.2)
where
At
a= “Alﬁ b= asAt, (4.3)
2 1 1
Yo(n) = 3 +a+ (6 - 50)777 (4.4)



CMDE Vol. 11, No. 1, 2023, pp. 161-174 165

2 1 1
Yi(n) = 3¢ + (6 + §a)777 (4.5)
1 1
VYm(n) = gb + ﬁbm (4.6)
1 1
Ym+1(n) = b+ 500, (4.7)

It is well known that the trivial solution of Eq. (4.2) is asymptotically stable if and only if the characteristic polynomial

Pr(2) = det[ih(8)z™H = 1(8)2™ + ¢ (S)z + Prmr1(5)), (4.8)
is a Schur polynomial (that is, the modulus of all zeros of the characteristic polynomial is less than 1). Simple
calculation yields

Puz)= [ WO =1(An)2™ + m(N)z + mar (4], (4.9)
Aj€ea[X]
Therefore, the numerical scheme (3.6) is asymptotically stable with respect to the trivial solution if and only if
Pm,j (Z) = wO(/\j)Zm+1 - wl(A])Zm + wm(A])Z + ¢m+1(>‘j)a (410)

is a Schur polynomial for all m > 1, \; € ¢[S],j =1,2,...,N — 1.
Substituting ¥o(A;), ¥1(A;), Ym (X)), Yms1(A;) into P, j, we have

_ |2 Lol mi (2 Lo [ Lo Lo oo Lo

Pj= 3+a+(6 2a)/\J]z [3 a+(6+2a)/\J 2™+ 3b+12b)\j z+ 3b+l2bA]] (4.11)

ml 12 1 1 2 1 1 1 1

Denote

2 1 1 2 1 1
. = |= P z— == — 4= ; 4.1
a;(2) 3+a+(6 2a)>\]]z lg (14—(64—260/\3]7 (4.13)
Bi(z) = Ly Ly, (z+1) (4.14)
A R TR A '

then Eq. (4.12) can be written as
Prj = a;j(2)2™ = B;(2). (4.15)
In order to prove that the characteristic polynomial is a Schur polynomial, we need the following lemma.

Lemma 4.2. [32] Let £,(2) = a(2)z™ — B(z) be a polynomial, with a(z) and B(z) are polynomials of zero degree.
Then km(2) is a Schur polynomial for m > 1 if and only if the following conditions are satisfied
(i) a(z)=0=|z| < 1,
(ii) |8(2)] < |a(2)|,¥2 € C,|z| =1, and
(ili) Km(2z) #0,Vz € C,|z| = 1.
With the help of [26], we obtain the following theorem that leads to the sufficient and necessary conditions for the
numerical scheme (3.6) to be asymptotically stable.

Theorem 4.3. Suppose that a; > 0 and |az| < —a1\* (where \* = —k?(~ )\;)). Then the zero solution of the Linear
B-spline finite element method is the delay independently asymptotically stable.
Bo
BB
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Proof. Denote

2 1 1 2 1 1
aj(z) = [g “+a+ (6 - ia))\]]z — [g —a—+ (6 + ia)/\j], (416)
1 1
Then
Pons(2) = ay(2)2™ = B5(2). (4.18)
We prove the theorem with Lemma 4.2. First, it follows from ¢;(z) = 0 that
2 11
+a+ (5 —5a)\
|2l = |3 2=, (4.19)
3 —a+<g+ QG)A]
which implies a;(z) = 0 = |z| < 1. Thus, condition (i) of lemma 4.2 holds for j =1,2,...,N — 1.
In order to show that (ii) and (iii), we define the following complex variable function
a;(2)
Y (4.20)
Bi(2)
_ [%+a+(%f%a)/\j]zf[%fawL(%Jr%a))\j}. (4.21)
(—3b— 5bAj)(z + 1)
Set w =z + yi and |z| = 1, after some manipulations, we find
a;(2)| _ [6a(2 - X))
i = . 4.22
|z|=1,z€C 6](2’) b(4 + /\]) ( )

It follows from the assumptions a; > 0 and |az| < —a1A*, that 6a(2 — ;) > b(4+ A;). Then, for all z € C, |z| =1,
we find that

a;(2) a;(z)| _ 6a(2— )
Z = > 1, 4.23
ﬁj(z) |z|=1,z€C ﬂj (Z) b(4 + )\j) ( )
which indicates that (i) and (iii) of lemma 4.2 hold. O
5. CONVERGENCE ANALYSIS
In this section, we present the convergence analysis for the proposed method.
The Ritz projection Ry, : H}(Q2) — Sy, is a mapping for any v € H} () such that
(VRpv —v,Vw) = 0,Yw € S}, (5.1)
Lemma 5.1. [31] Assume that for any v € H*(Q) N HL (D),
Jof {llv = cll+ [V = OlI} < Ch¥ Il for 1< s <. (5.2)
h
holds. Then, with Ry, defined by Eq. (5.1), we have
[Bnv — vl + h[|V(Ryy —v)|| < CB7 vl (5.3)

for any v € H*(Q) N H(Q),1 <s<r.

(=)=
E)NE
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The number r is referred to as the order of accuracy of the family {Sy}. For the case of piecewise linear B-spline
function, r = 2.
Define u(t) := u(.,t) and u : [0, +00) — HE(Q). Let Dy, : H}(Q2) — Sy, by

a1 (VDpu(t) — Vu(t), V() — ag(u(t — 7),¢) = 0,V( € Sy, (5.4)

Dyu(t) = Rpu(t) = Rpp(t), for —1 <t <0. (5.5)
Based on [22], we have the following convergence theorem.

Theorem 5.2. Let u and U™ be the solution of Eq. (3.3) and Eq. (3.6), respectively. Assume that |u(t) — Rpu(t)]| <
CR? [Ju(t)lly, [lue(t) = Rpue ()| < Ch? |lue(t)lly, —7 <t <0 and [[on(t) — o(t)| < Ch?, then

U™ —u(t,)| < C(h* + (At)?), for n=1,2, ... (5.6)
where C' is a positive constant independent of h and At.

Proof. Define

e" =U" —u(t,) = (U" — Dpu(ts)) + (Dru(ts) —u(ty)) = p" +o" (5.7)
Where

u” =U" — Dpu(ty,), o™ = Dpu(t,) — u(ty,), so that

1U" = altn)ll < "] + [lo™]] - (5-8)
The term o™ (t) = o(t,) is easily bounded by lemma 5.1

n—1 n n—1 n—m n—m—1

<“A",<> <w,v<) —a2<” o ,<> = @0, WeS,  (59)

with
n __ Dhu(tn) - Dhu(tn—l) ut(tn) + ut(tn—l)
wh = A — 5 (5.10)
— (Dn — Dau(ty) + ((?u(tn) _ ultn) +2“t(t"1)> — W 4wl (5.11)

n n—1
Setting ¢ = %, gives

lun _ ‘un—l lun _|_Iun—1 ta ‘un +Mn—1
At 2 ! 2

2 n—m n—m-—1 n n—1 n n—1
pr" B+ p n Bt p
— = — — . (5.12
1 a2< 2 , 2 ) (w , 2 ) ( )

By applying Schwartz inequality,

n n—1 n n—1 n n—112 n—m n—m—1||2 n n—1
H=p wtp ntp H +p oy ||[H° B
(st gt o o s )
1 1
Hence
9 Mn+Mn_1 2 2 Mn—m+un—m—1 2 ) )
™l +At‘2H <cf e —&-AtH 5 + (A" . (5.14)
1 1
We can assume that n € ((k — 1)m, km],k € N. Then
(O n—112 B n—m 4 n—m—11|2
AtHMQMH <O [P+ At F——7 + (A1) ||| (5.15)
1 1
an
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n—2m n—2m—1 (|2
< C( Hlun—1||2 T ||“n7m71||2 A HM + u + (At)z(Hw"HQ n HwanQ)) (5.16)
1
k—1 n—km n—km—1 |2 k-1
i=0 1 i=0
So
k—1 n—km n—km-—1 2 k—1
n n—im— + n—im
> < c(Z an= =1 £ A H“ x L@’ Y W). (5.18)
i=0 1 i=0
By applying Gronwall inequality (see [8, 17]),
n—km + n—km—11|2 k—1 .
el < 0( el + e [ a2y o) (5.19)
1 i=0
We write
tn
W = (Dy — D)u(ty) = At / (Dp — Dua(t)dt, (5.20)
tn—l
hence
k—1 ket o im 2
U Ei I ( G ||ut<t>||2dt> < (). (5.21)
i=1 i=1 tn—im—1
Further
) ) t;
st = [ats) — uteion) - ae O < o [ ey, (522
ti—1
such that
k—1 - k—1 o im 2
(A2 flws~™[" < cant Y] ( / e (S)] dt) < C(ant. (5.23)
i=1 i=1 tn—im—1
From Eqgs. (5.21) and (5.23), we have
U™ — u(ty,)| < C(h* + (At)?), for n=1,2,.... (5.24)
O

6. NUMERICAL EXPERIMENTS

The performance of the proposed numerical method is tested by using numerical experiments. To evaluate errors,
Lo, and Lo error norms are applied as follows:

1<n<N

N
Loo = max |u(ty) — (U™)|, Ly = hZ|u(tn)—(U")|2. (6.1)

Order of convergence is obtained by

B log(E" /Eh2)
Order = W7 (62)

where E™ and E" represent the errors at step sizes h; and he, respectively.

(=)=
E)NE
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FIGURE 1. The numerical solution of Example 6.1 with a) N = 10, m = 40, and 7 =1 b) N = 10,
m =50, and 7 = 1.

FIGURE 2. The numerical solution of Example 6.1 with a) N = 10, m = 100, and 7 =1 b) N = 10,
m = 200, and 7 = 1.

Example 6.1. Consider Eq. (1.1) with parameter values a; = 1, a9 = 2,7 = 1, initial function

u(z,t) = p(z,t) = sin(z), (6.3)
and boundary conditions of the Dirichlet type

u(0,t) = u(m,t) =0, > 0. (6.4)

The numerical results are obtained and plotted at time 7" = 2 using different step sizes (At = 7/m,h = 7/N)
in Figures 1 and 2. These figures show that the numerical solution is asymptotically stable. And these confirm the
theoretical analysis in Theorem 4.3.

Example 6.2. We consider the reaction-diffusion equation with the delay

2
%(m,t) = %(z,t) +u(z,t) — e Tu(x,t — 1),z € [0,7],t >0, (6.5)
subject to the boundary conditions
w(0,t) = u(m,t) =0,t > 0, (6.6)

(&)
ENE
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initial condition

u(z, t) = p(z,t) = sin(z), (6.7)
and with the exact solution
u(z,t) = exp(—t)sin(z). (6.8)

Here, we solve the problem on [0, 7] x [0,2] with different temporal and spatial step sizes (At = 7/m h =7/N).

TABLE 1. The error norms and convergence order for different m and N at fixed 7 =0.5 and T'=1
for example 6.2.

N m Lo Order L Order

5 50 1.2560e-02 - 9.5312¢-03 -

10 100 3.1306e-03 2.0043 2.4979e-03 1.9319
20 200 7.8196e-04 2.0013 6.2391e-04 2.0013
40 400 1.9545e-04 2.0003 1.5594e-04 2.0003
80 800 4.8858e-05 2.0001 3.8983e-05 2.0001

TABLE 2. The error norms and convergence order for different m and N at fixed 7 = 0.5 and T =1
for example 6.2.

N m Lo Order L Order
4 40 1.9659e-02 - 1.5685e-02 -

8 80 4.8947e¢-03 2.0059 3.9054e-03 2.0058
16 160 1.2220e-03 2.0020 9.7503e-04 2.0020
32
64

320 3.0540e-04 2.0005 2.4367e-04 2.0005
640 7.6342e-05 2.0002 6.0912e-05 2.0001

TABLE 3. Comparison of the numerical solutions obtained with various values of m for N = 10,7 =1,
and 7 = 0.5 with the exact solution for Example 6.2.

Numerical solutions Exact solution
m =10 m =20 m =40 m =60 m =80

0.1m 0.18741 0.18742 0.18743 0.18743 0.18743 0.18743
0.2 0.35647 0.35650 0.35651 0.35651 0.35651 0.35651
0.3 0.49064 0.49068 0.49069 0.49069 0.49069 0.49069
0.4m 0.57678 0.57683 0.57684 0.57684 0.57684 0.57684
0.5 0.60647 0.60651 060652 0.60652 0.60653 0.60653
0.6 0.57678 0.57683 0.57674 0.57684 0.57684 0.57684
0.7 0.49064 0.49068 0.49069 0.49069 0.49069 0.49069
0.8 0.35647 0.35650 0.35651 0.35651 0.35651 0.35651
0.9 0.18741 0.18742 0.18742 0.18742 0.18743 0.18743

X

Numerical errors and the corresponding orders are listed in Tables 1 and 2. As it can be seen from these tables,
there is a noticeable decrease in both error norms when mesh sizes decrease. These results confirm the convergence
an
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Exact Solution Approximate solution

Solution
Solution

t —axis

(A) (B)
FIGURE 3. Comparison between approximate and exact solutions of Example 6.2 (N = 10,m = 10,
T=1,and T =2).

Exact Solution Approximate solution

Solution
Solution

FIGURE 4. Comparison between approximate and exact solutions of Example 6.2 (N = 10, m = 100,
T=1,and T =2).

1 1
*  Approx. T =15 *  Approx. T =0.75
Exact T=1.5 Exact T=0.75
0.8 *  Approx. T=1 0.8 " *  Approx. T=0.5
Exact T=1 Exact T=0.5
*  Approx. T=0.5 #  Approx. T=0.25
0.6 - Exact T= 0.5 0.6 Exact T=0.25
[ =
= % = \
5 \ =1 X
0.4 N\ 0.4
EN
0.2 X 0.2
0 0
0 0.5 1 15 2 25 3 0 0.5 15 2 25 3
x—axis X —axis

(a) (B)

FIGURE 5. Approximate and exact solutions for different time levels for Example 6.2 (N = 10,m =
200, 7 =1, and T = 2).
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1 T T T 1 T T T
*  Approx. T =0.6 *  Approx. T=0.2
Exact T=0.6 Exact T=0.2
0.8 *  Approx. T=0.7 0.8k _—~_| * Approx. T=0.3|]
Exact T=0.7 Exact T=0.3
+  Approx. T=0.8 * +  Approx. T=0.4
Exact T=0.8 * Exact T= 0.4
0.6 0.6f
= N = ¥ %
5 g, 5
0.4 0.4f ¥ R
* *
x X
0.2 0.2f
0 . . . . . . 0 . . . . . .
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
x—axis x-axis
(a) (B)

FIGURE 6. Approximate and exact solutions for different time levels for Example 6.2 (N = 10,m =
100, 7 =1, and T = 2).

of the numerical scheme. In Figures 3 and 4, the exact and numerical solutions are depicted. By comparing the two
solutions, we observe that the solution obtained by the presented method is comparable with the one obtained by
analytical method. Figures 5 and 6 correspond to the exact and approximate solutions at different time levels.

7. CONCLUSION

In this paper, a finite element method is constructed based on linear B-spline basis functions for solving reaction-
diffusion equations with delay. The detailed description of results through tables and graphs proves that the proposed
numerical method is working efficiently. For all the test cases, simulations at a different set of data points are carried
out to check the applicability of the numerical scheme. Based on these observations, our expectation that the given
method is well suited to reaction diffusion with the delay is confirmed.
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