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Abstract r )

Numerical methods have essential role to approximate the solutions of Partial Differential Equations (PDEs).
Spectral method is one of the best numerical methods of exponential order with high convergence rate to solve
PDEs. In recent decades the Chebyshev Spectral Collocation (CSC) method has been used to approximate
solutions of linear PDEs. In this paper, by using linear algebra operators, we implement Kronecker Chebyshev
Spectral Collocation (KCSC) method for n-order linear PDEs. By statistical tools, we obtain that the Run times
of KCSC method has polynomial growth, but the Run times of CSC method has exponential growth. Moreover,
error upper bounds of KCSC and CSC methods are compared.
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1. INTRODUCTION

Partial Differential Equations have many applications in modern mechanics and theoretical physics. For example,
PDEs were used by James Clerk Maxwell to model electromagnetic fields interacting with electrical charges and
currents, by Ludwig Boltzmann to describe the non-equilibrium dynamics of rarified gases, by Albert Einstein to
phrase the laws of gravitation in the general theory of relativity and by Erwin Schrodinger and Werner Heisenberg to
formulate quantum mechanics in mathematical-analytical terms.

With a short look at the history of partial differential equations (PDEs) it can be found that analytic methods
are very expensive and in many cases inefficient [9, 16, 22]. On the other hand, two nearly similar PDEs may have
completely different solutions, so it would not be possible to offer a similar analytic method to solve all PDEs.

According to most mathematicians to assess numerical methods efficiency, the computations order and speed con-
vergence should be considered. So far, in solving linear PDEs, several numerical methods have been applied and
compared [10, 12, 13]. Among these methods, the spectral method is one of the important numerical methods for solv-
ing these PDEs. Spectral methods try to approximate functions (solutions of differential equations, partial differential
equations, etc.) by means of truncated series of orthogonal polynomials. The well-known Fourier series (for periodic
problems), as well as series made up by Chebyshev or Legendre polynomials (for non-periodic problems), are examples
of such series of orthogonal functions. Spectral methods are geometrically less flexible than lower-order methods, and
they are usually more complicated to implement[l, 3, 5, 6, 8, 18-21, 23, 25-28]. In this paper, by using the Kronecker
product, we implement the Kronecker Chebyshev Spectral Collocation KCSC method for n-order linear PDEs and we
show that it has less computational cost than the CSC method, in addition to the benefit of generalizing the method
to n-order linear PDEs.

Also, the error upper bound of the CSC and KCSC methods is compared. The following are some of the benefits
of the error upper bound offered for the KCSC method compared to earlier error upper bounds:
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1-The error upper bound for n-order linear PDEs has been generalized.

2-For some matrix norms, the error upper bound of the KCSC approach is reduced.

Moreover, by using Matlab codes, we will compare the CPU and Run times of the KCSC method with the CSC method.
The rest of this paper is organized as follows: In this section, we state some preliminary lemmas and Theorems. In
section 2, we offer an algorithmic structure of the CSC method and we implement the KCSC method for n-order linear
PDEs. In section 3, the error analysis of the mentioned methods CSC and KCSC are compared. In section 4, the
effectiveness of the KCSC method is illustrated by numerical examples and we fit the Run times of the mentioned
method with polynomial and exponential models. Also, by statistical tools, we compare these regression models and
we show that the Run times of the KCSC method have polynomial growth and the Run times of the CSC method
have exponential growth. The conclusion is stated in section 5.

Theorem 1.1. [17, Theorem 5.14] If the function u(x) has m + 1 continuous derivatives on [—1,1] and un(x) =
SN anTn(x) be the Chebyshev series expansion of u(x), where

1Y ux) 2 [ T (x)u(z)
_ 2t =2 [ AR >
g 7T/71 ﬁ_xgdz, Qan W[1 T der, n>1,
then
| u(z) —un(x) |=ON"™), forall x€[-1,1].

Theorem 1.2. [17, Theorem 5.7] If u(x) is continuous and either of bounded variation or satisfying a Dini-Lipschitz
condition on [—1,1], then its Chebyshev series expansion is uniformly convergent.

In light of Theorems 1.1 and 1.2, it is worthwhile to mention that convergence rate of the spectral methods is
O(N—™).
Lemma 1.3 ([14]). Ifv(z) = Y% arTk(z), thenv'(z) = > 1, Ty (z) = > a,(cl)Tk(m) andv” (z) = Yoo Ty, (x) =
Yoo a,(f)Tk(x). Assume that o = [ag -+ am]t, a® = [ iV oo )t and a® = [a{? aP .. D]t There-

fore, there exists derivative matriz D such that o) = Da and o® = D2, where

j—1 i+4jisodd, j>i=1,

Dijj=19 2j—2 i+jisodd, j>i>1,
0 other wise,
((j_l)Z_(g_l)z)(j_l) i+jiseven, j>i=1
(D?)ij =% (G=12=(G—1)2)(G—1) i+jiseven, j>i>1,
0 other wise.

Similarly, we can define the Chebyshev derivative matrix of degree n and is denoted by D™. Note that the general
form of the matrices D and D™ are presented in [8].

2. ALGORITHM AND IMPLEMENTATION OF CHEBYSHEV SPECTRAL COLLOCATION (CSC) METHOD FOR N-ORDER
LINEAR PDES

In this section, we consider the following n-order linear PDEs in two dimensional variables (x,y) € [a1, b1] X [az, ba]
with boundary conditions

n1,n2 okl
Z ak,l(x,y)mu(%y) = f(x,y), (2-1)
k,1=0 Y

(&)
ENE
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k—1
St(a1,y) = g1 (y), k=12, [MH]
k—1
Ot (b y) = gk 1a(y), k=12, [% (2:2)
-1 :
g 3 xaa2) = hl,l(z)a = 1;2, ) [n2+1

where ny and ng are the order of the partial derivatives of x and y, respectively and ax (z,y), f(z,y) € C" ([a1, b1] X [az,b2]),
where n = nq + no. In special case for ny = ny = 2, these equations can be expressed in the following form:

aso(z,y) 9% + a1,1($7y)a%>2y + ao,z(%y)g%z +aro(z,y) 34 + ao,l(%y)% + aoo(z, y)u = f(z,y), (2.3)

u(ar,y) = goa(y), ulbr,y) = go2(y), Vy € [az,ba],
u(z, az) = ho1(x), u(z,b2) = ho2(x), Vo € [a1,b1]. (2.4)

2.1. Chebyshev spectral collocation Method algorithm for n-order linear PDEs. Without loss of generality,
we assume that a1 = a3 = —1 and b; = by = 1, because we can easily transform equation (2.1-2.2) into desirable
domain [—1,1] x [-1,1].

Let R™ = {(x1,22,...,2,)"| ; € R} and v(x,y) := ZZ}:O vi,; Ti(x)T;(y) be an approximate solution of the above
PDEs equation. We fixed the following notations throughout this section:

T(t) = [To(t) Ta(t) - Tm(®)] € R, &= [(—1)° =1 - (=)™ € R™F,

2
€ = [1 1. 1]t S Rm+1’ .= ['Y0,0 70,1 7Y0,m ‘ te ‘ Ym,0 Ym,1 " * "Ym,m]t S R(erl) .

By the following steps, we approximate the solution of n-order linear PDEs (2.1-2.2) by using two-dimensional
Chebyshev spectral collocation Method.

step 1: For a given m € N, let v(x,y) = ZZ;:O v,; T (2)T;(y). We compute the following partial derivative of

v(@,y)
bty (s m
60wkéy}y) = Zi,j:O Vl,JT‘z(k) (x)T](l) (y)a k=0,1,...,n1, I =0,1,...,ma. (25)
Putting the relations (2.5) in equation (2.1), the following equation is obtained
mo ni,n2 & .
> 3wkl T @7 ) = F (). (2.6)
i,j=0 k,l=0

step 2: Let {p1,...,pm+1} be the roots of T),,11(z). By replacing (p;,p;),
1 <4,j5 < m+ 1 in equation (2.6), the linear system WT = F is obtained, where W € M, ;)2 and
F e R™HD)7,

step 3: By replacing v(z,y) = ZZ’;ZO vi.;Ti(x)T;(y) and putting the roots of T,41(x) in equations (2.2), the
linear system VT = G is obtained, where V' € M(;,, 1n,)(m+1),(m+1)2 and G € R(natn2)(m+1)

step 4: Let rank(V) = r and {V;,,...,V; } be independent rows of V. We define A := [Wi,..., Wpi1)2_s,
Vii,...,Vi,]' € M(yy41)2 and b € R(m+D* By solving the linear system AT = b, the coefficients of v(z,y)
can be obtained.

2.2. Kronecker Implementation of Chebyshev Spectral Collocation (KCSC) method for n-order linear
PDEs. In this subsection, we present a Kronecker implementation of Chebyshev spectral collocation Method for
equations (2.1-2.2) in Theorems 2.1 and 2.2.

an
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Theorem 2.1. If v(z,y) = Y77 Ti(2)Tj(y) = T'(T(x) ® T(y)) and p;,i = 1,2,...,m + 1 are the roots of
Tint1(z) and My, n, (7,y) = leﬁé Okl

(z,y)(D* @ DY) (T(z) ® T(y)), then Implementation of Kronecker Chebyshev Spectral Collocation (KCSC) method for
equation (2.1) is

AT =F

)

where

N t
A= [ Mnl,nz (plapl) ce Mnl,nQ (phpm—i-l) coo My, (pm+1apm+1) ] € ]\4(m+1)2
and

F=[ f1,p1) f(01,02) - f(01:pms1) F@02,01) oo f(Dmg1spmyr) " € ROV,

m

Proof. By replacing v(z,y) = 3" _o 7,5 1:(2)T;j(y) in the equation (2.1), we have

m  ni,n2 ni,n2
> > ani(@ ) T @O () = Y7 ara(ey)T (D" © D)(T() © T(y)
4,7=0 k,i=0 k,1=0
ni,n2
=T ) ar(@,y)(D* @ D')(T(z) @ T(y)) = f(x,y).
k,1=0
Then
t t
DMy, (2,y) = My, L, (2, 9)T = [z, y). (2.7)
By replacing the roots (p;,p;), 4,5 =1,2,...,m + 1, in the relation (2.7) the result holds. |

Theorem 2.2. If v(z,y) = 327, Ti(2)Tj(y) = T'(T(x) ® T(y)) and p;,i = 1,2,...,m + 1 are the roots of
Tm+1(x), then the following system of linear equations is obtained by KCSC method of the boundary conditions in
equations (2.2).

AT =G, (2.8)
where
Al ! él
~ AQ éQ ni+nz)(m+1
A= AS € M(n1+n2)(m+1)a(m+1)2a G = ég € R(m¥n2)(m+ )a
A4 G4
611 i [ (DF1@D)(E®T(p1))
Aoq (D1971 ®I)(e®T(p2))
A = . , Ap = . ’ ’ :1’27“"{7117“}.
i A["IT“]1 | L (DF1®D)(E®T(pm+1))
[ ?11 1 [ gr—1,1(p1)
G2 gh—1,1(p2)
G~1: . ) éklz ’ 1’.1 ’ ’ k:1’277|:n12+1:|
i é[an“]l | L 9k—1,1(Pm+1)
%12 (D* '@ I)(e®T(p1))
_ Ao - (D* ' ®1)(e ® T(p2)) ny
A, = , R p _ ,k:l,Q,...,[ ]
. . 2
Az (D* @ 1)(e ® T(pm+1))
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C:T'u gk—l,Q(pl)
- G.zz G gk71,‘2(292) k=12, {%}
C:‘[%l]Q gk—1,2ipm+1)
Ars (I D'=1)(T(p1) © &)
i A:23 o (I® D“l)‘(T(pz) ®é) Ci=t2,... {MTH}
A[nzT“]g (I®Dl’1)(’—’.’(pm+1) ® &)
G:IS hi—11(p1)
é3 = G:23 , G~13 = hl_l’.l(pQ) ,1=1,2,..., {nz; 1] .
I é[@TﬂP hl—1,1(.pm+1)
[ A ] (I& D' (T(p) ©e)
Ay = A.24 , Ay = e )ﬁT(pQ)@)e) ’ l:l,...,{%}
A, | (1 DT (prir) @e)
G hi-1,2(p1)
Gaom | | | M s %]
L é[%zH i hl—1,2(.pm+1)

Proof. We will show that the rows of the left and right hand sides of the equation (2.8) are equal. First we prove
AT = Gi1. By replacing v(z,y) = Zzljzo v, Ti(2)Tj(y) = T*(T(z) ® T(y)) in the first boundary conditions of
equation (2.1), we obtain the following:
m k—1,0
(7173/) = Zi,jzo ’YE’J )
Therefore, v(—1,y) is equal to the following
@EEN T () Ton(y) | =To(w) - = Tm(®) |-+ [ (=) To () - (1) T ()]
= @EPN1)° T ) [ (-D)'T@) |- | ()" T )]

=T((-0° ()" - DR TW)D Q1) = gp_1.1(y)-

9k ~1y
k-1

Ti(-DTj() = 7o " (1T () = gr-1.1 ().

Then

e T(y)(D ' @I) = gr11(y)- (2.9)

By replacing the roots p;, i = 1,2,...,m + 1, in equation (2.9) and transposed of last system , AT = Gy By the
same argument as above for the other block rows, the result holds. |

In the following remark, computational complexity of KCSC and CSC methods are compared.

Remark 2.3. Let A € M,,«, and B € Mpy;. Then the number of operations to obtain A ® B is denoted by
num(A ® B) = mnpk. In special case if n = p, then the number of operations to obtain A x B is denoted by
num(Ax B) = mnk+mk(n—1) = mk(2n—1). According to Theorem 2.1 and [26, relation (17)], for KCSC method, the
coefficient matrix A € M s 41)2 is obtained by (n1+ng)((m+1)*+2(m+1)?)+(m+1)*—2(m+1)? operations. But each
B8O
BE
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row of the coefficient matrix A € M n41)2 in CSC method needs 3(n, +ns+1)(m+1)? operations. Then the coefficient
matrix A € M, 1)2 in CSC method is obtained by (m + 1) x (3(ny + na + 1)(m + 1)2) = (3(n1 + na + 1)(m + 1))
operations. Also by Theorem 2.2 and [26, relation (22)], the coefficient matrix Ae M (1, 415)(m+1),(m+1) 18 obtained
by 12(m + 1)* = 2(m +1)? and (n1 +n2)(3(m + 1)* — (m + 1)3) operations in KCSC and CSC methods, respectively.
As a result, the computational complexity in KCSC method is less than CSC method.

The algorithm for the KCSC method is described in the following:

Algorithm 1 Coding algorithm for the KCSC method

Input: m € N, {p1,...,pm+1} be the roots of T,,+1(x), the coefficients, the known functions of equation (2.1) and
equations (2.2).

1: Production of matrix system AT =F by using Theorem 2.1 .

2: Production of matrix system AT' = G by using Theorem 2.2 .

3: Formation matrix system AT = b by using independent rows of systems AT' = F and AT = G, in accordance
with step 4 in subsection 2.1 .

4: Calculate the coefficients I' by solving the linear system AT = b.

Output: Approximate solution of equation (2.1).

3. ERROR ANALYSIS

In this section, the error analysis of the mentioned methods CSC and KCSC are compared. First, we state some
notations which will be used in the sequel. According to Theorems (2.1-2.2), if rank(A) = r and {A;,,..., A; } are

independent rows of A. We define A :=[Ay,..., Appy1_p, Asy,..., A ]l € My41)2 and b € R(m+1* By solving the
linear system AT = b, the coefficients ~; ; of v(x,y) can be obtained.

Theorem 3.1. [2, Theorem 5.1.1] Let R = [-1,1] x [-1,1] and I = {(z;,y;) : 0<i < N,0<j < M} € R is a set of

N+1 oM+1
interpolation nodes. Iy pu is the interpolating polynomial of u through the grid I. Assume that g _u an g
. O N+1 DyM+1
exist and continuous for all (z,y) € R . Then, for any (z,y) € R,
|wn ()] Nt lu(z,y)
lu(z,y) — In,mu(z, y)| < mmaxqu,yg TN+
|war (y)] Mt lu(z, y)
A IMAIIL B A St 27
+An(z) O+ 1)!max I<eyst |~ 5 B )

where
Av(@) = XiZo [Lin (@], wn (@) =TT = i) and war(y) = TTZe(y = v0)-
Theorem 3.2. Let the exact solution u(z,y) of Equations (2.1-2.2) be sufficiently smooth and let v(z,y) = Z?szo Vij

T;(z)T;(y). Then for any matriz norm || - ||, the following holds. (For abbreviation, the upper bound in the right hans
side is denoted by U}, ).

u(z,y) = v(@, )| <Il Kmm(z,y) [+ 1 T@) 1 T) | Ab || A7 {|= U,

Proof. By Theorem 3.1, we can write u(z,y) = Lpmu(z,y) + Kpm(z,y), where I, mu = TH(T(z) @ T(y)) is the
interpolating polynomial of v and

wm(z) 0™ Hlu(E, y) wm(y) 0™+ u(z,n)
m+ 1) Qamtl (m+ 1) gymt!
Since u(z, y) is the exact solution to Equations (2.1-2.2), coefficients of Chebyshev expansion u(z,y) apply to AT = b.
Similarly, coefficients v(z,y) apply to AT = b + Ab. Thus

r-T=A"'Ab.

+ Am(z)

Km,mu(xay): ( ) 71§€7n§1

(&)
ENE
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On the other hand
|U(.’E,y) - ’U(CL’,y)| < |U($,y) - Imymu(x,y)| + ‘,U(xay) - Im,mu(m,y)|

The first term on the right-hand side can be bounded by Theorem 3.1. So it is enough, we find an upper bound for
the second term. Thus

[o(@,y) = Inmu(z,y)| - = | (T(2) ® T(y))L' = (T(z) @ T(y))T |
< [['T(@) @ T(y) I T T ||<]| T(x) @ T(y) [l Ab [l A7,

According to relation | A® B ||<|| A |||| B || for matrix norms, the proof is complete. O

In the following theorem, Yuksel presented an error upper bound for CSC method.

Theorem 3.3. [26, Theorem 5.1] Let v(x,y) be the Chebyshev series solution and u(x,y) be the exact solution of
Equations 2.3 -2.4, if u(x,y) is sufficiently smooth, then

u(z,y) = v(@,y)| <l Kmm(z,y) |+ 1 T(@) [ Q) [l Ab [[[| A=Y [|= 43,

where

Q(y) = dig(T(y), T(y), ..., T(y)) € M(m11),(m+1)2- (3.1)

Remark 3.4. Let X € R" and A = diag(X*, X", ..., X") € M,, ,=. Then easy computation shows that || A 1= X ||,
I Allr=+vn |l X [|r and [| A [lsc=] X [l1, where

n
| Alloo=maz{> |aij|, i=1,2,..,n}, | X [eo=maz{| 2; |, i =1,2,..,n},
j=1

n n
. 2
1A h=maz{d laijl, §=12..n"}, | X|1= |zl
i=1

i=1

n n
lAle= | S a2, | 11X le= |3 122 ].
i,j=1 i=1

Moreover, if X € R™ has at least two non-zero components, then || X ||co<|| X [1=|| 4 ||cc -

Now, in the following we will compare the new upper bound in Theorem 3.2 with the upper bound presented in
Theorem 3.3.

Theorem 3.5. LetU}, andU?, be the error upper bounds in Theorem 3.2 and Theorem 3.3, respectively. If we consider
the morm || - || in Theorems 5.2-5.3 as infinity norm || - || or Frobenius norm || - ||r , then U}, < UZ,.

Proof. Since in general T'(y) has at least two nonzero components, by choosing X = T'(y) and A = Q(y) in Remark
3.4, we obtain that || T'(y) |leo<|| Q(¥) l|ec and || Q(y) ||r= v/n || T(y) ||r. Therefore, the result holds. O

4. NUMERICAL RESULTS

In this section, by calculating the CPU times and Run times for three examples, we show that the CPU times
and Run times of KCSC method is significantly less than the CPU times and Run times of CSC method. Also, by
statistical tools, we show that the Run times of the KCSC method has polynomial growth and the Run times of
the CSC method has exponential growth. All computations in the following examples are performed using Matlab
software ”2014a” and a system with the specifications: Intel(R) Core(TM) i5 - 4200U and RAM: 8.00 GB.

B8O
BE
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Absolute error for m=15

FIGURE 1.

Absolute errors of Example 4.1

4.1. Numerical examples. The following examples show that although the absolute errors of the KCSC and CSC
methods are the same up to six digits, but the CPU times and Run times of KCSC method is significantly less than
the CPU and Run times of CSC method. In Tables 1-3, in the first and second columns, the CPU times of the
mentioned methods for m = 4,...,15 are computed, in the third and fourth columns, the Run times and in the fifth
and sixth columns, the absolute errors of mentioned methods for m = 4,...,15 are presented. Also, we depict the
absolute errors in Figures 1, 3, 5, and the CPU times of these implementations are compared in Figures 2(a), 4(a),
6(a). Moreover, the Run times of these implementations are compared in the Figures 2(b), 4(b) and 6(b). Note that,
to compute the CPU times and Run times of Tables 1 - 3, the Matlab codes were compiled 10 times and the results

were averaged.

Example 4.1.

Example 4.2.

Uz + Uyy = —2m2sin(rx)sin(ry),

u(z,

1) =u(z,1)=0, -1 <2a<1,

uw(=Ly) =u(l,y) =0, -1 <y <1

We consider the following Poisson’s equation with ezact solution u(x,y) = sin(nzx)sin(mwy).

TABLE 1. Absolute errors, CPU and Run times for Example 4.1
m | CPU times of | CPU times of | Run times of | Run times of | Absolute error of | Absolute error of
CSC method | KCSC method | CSC method | KCSC method CSC method KCSC method

4 | 2.1703 x 10T | 9.0313 x 10° 5.4 x 107 4.2 x 10" 7x 1071 7x 1071

5 | 5.3609 x 10 | 1.7516 x 107 1.68 x 107 1.33 x 107 2.1 x 1071 2.1x107T

6 | 2.0342 x 107 | 9.9953 x 10T 2.22 x 107 1.41 x 107 3.2x 10772 3.2x1077
7 | 2.4925 x 107 | 1.0927 x 102 4.43 x 107 2.41 x 107 1.25 x 10772 1.25 x 1072
8 | 5.6116 x 107 | 1.2503 x 10? 7.51 x 107 4.28 x 107 6.2 x 1077 6.2 x 1071

9 | 1.0861 x 10 | 2.6033 x 10? 1.45 x 10° 8.71 x 107 3.75 x 1077 3.75 x 107°
10| 1.9926 x 10° | 6.6877 x 10% | 1.846 x 10° 8.81 x 102 3.8 x 1077 3.8 x 1077
15| 1.1634 x 107 | 2.6040 x 10° | 1.2202 x 10* | 4.733 x 10° 3.2x 1077 3.2x 1077

We consider the following PDE with exact solution u(x,y) = e*+2¥.

Uz + Uyy + Ug + Uy + u = 92,
u(r,—1) = e 2, u(z,1) =2, -1 <2 <1,
u(=1,y) = e 1wl y) =, 1<y <1
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* 250
Blue: CPU times of KCSC method.
Blue: Run times of KCSC method
200 * 200 *
g 150 = 150 *
7 E
H g
S z +
& 100 Z 100
* *
* +
50 * * 50 . +
* + *
* % * *
— % ¥ x ** 7 [} * ¥ jF - T L L
4 6 10 12 14 16 2 4 6 8 10 12 14 16
(a) (b)
FIGURE 2. CPU times (a) and Run times (b) of Example 4.1
b
TABLE 2. Absolute errors, CPU and Run times for Example 4.2
m | CPU times of | CPU times of | Run times of | Run times of | Absolute error of | Absolute error of
CSC method | KCSC method | CSC method | KCSC method CSC method KCSC method
4 | 5.8890 x 10T | 1.8093 x 10T 5.1 x 10T 4.0 x 10T 7.8 %1071 78 %1071
5 | 2.0034 x 107 | 6.3609 x 10T 1.64 x 107 1.31 x 107 1.8 x 107" 1.8 x 1071
6 | 2.7384 x 107 | 9.7640 x 10T 2.2 x 107 1.4 x 107 3.5 x 1077 3.5 x 10~
7 | 5.2176 x 10 | 1.1245 x 107 4.14 x 107 2.38 x 102 5.8 x 1073 5.8 x 10~
8 | 9.7975 x 10% | 2.3979 x 102 7.46 x 102 4.25 x 107 8x 1071 8 x 1071
9 | 1.9235 x 10° | 6.5723 x 107 | 1.442 x 10° 8.66 x 102 9.5 x 107° 9.5 x 107°
10| 2.5267 x 10 | 4.9076 x 107 | 1.840 x 10° 8.78 x 102 1.02 x 107° 1.02 x 107°
15| 1.2087 x 10* | 2.5949 x 10® | 1.2189 x 10% | 4.722 x 10° 1.25 x 1077 1.25 x 1077

x10

Absolute error for m=15

F1cURE 3. Absolute errors of Example 4.2
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FIGURE 4. CPU times (a) and Run times (b) of Example 4.2

Example 4.3. We consider the following PDE with exact solution u(x,y) = e*siny.

Ugz — Uyy + (T + Y)uy — 2%uy +u = 3+ + y)e®siny — x2e cosy,
u(x,—1) = e*sin(—1), u(z,1) = e®sin(l), —1 <x <1,

u(=1,y) = e~ Lsiny, u(1,y) = e'siny, —1 <y < 1.

TABLE 3. Absolute errors, CPU and Run times for Example 4.3

m | CPU times of

CPU times of

Run times of

Run times of

Absolute error of

Absolute error of

CSC method | KCSC method | CSC method | KCSC method CSC method KCSC method
4 | 5.489 x 107 1.8109 x 107 6.5 x 10° 5.4 x 107 2% 1072 2 x 1072
5 | 2.0782 x 107 | 1.0203 x 10? 1.89 x 107 1.52 x 107 1.2x 1072 2.1x107 T
6 | 2.8594 x 107 | 1.1175 x 102 2.56 x 102 1.69 x 107 2x107° 2x 1077
7 | 5.4670 x 107 | 1.3178 x 102 4.40 x 107 2.75 x 107 4x107° 4x107°
8 | 1.0353 x 10 | 3.0967 x 107 8.1 x 107 4.79 x 107 4.2 x107° 4.2 x10°°
9 | 2.016 x 10° 5.9094 x 107 | 1.323 x 10 9.03 x 102 1.9 x 1077 3.75 x 10°°
10| 26x10° 7.7761 x 107 1.94 x 10° 9.09 x 102 1.8x 1077 1.8x 1077
15| 1.3383 x 107 3.173 x 10° | 1.2415 x 107 | 5.001 x 10° 3.1x10°° 3.1x 10~
250 T T T 250
Blue: CPU times of KCSC method. * Blue: Run times of KCSC method
200 * 200 *
gwso E 150 +
H g
> = *
& 100 & 100
+
* * *
50 . . 50 + *
* . * . +
% ¥ ¥ ot * * . ol s P f . .
4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
m m
(a) (b)
F1GURE 6. CPU times (a) and Run times (b) of Example 4.3
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Absolute error function for m=15

FIGURE 5. Absolute errors of Example 4.3

Comparison of the Run times obtained in the above three examples show that the Run times of KCSC method has
much lower than Run times of CSC method.

In the last part of this section, in the Tables 4 and 5, for examples 4.1-4.3, the error bounds U}, and U2, for infinity
norm and Frobenius norm are computed , respectively.

TABLE 4. Error upper bounds U}, and U2 (infinity norm)

m Uy, of Up, of Uy, of Up, Uy, of Up, of
Example 4.1 | Example 4.1 | Example 4.2 | Example 4.2 | Example 4.3 | Example 4.3
5 1.7213 10.3088 1.2571 7.4176 1.7865 10.6690
10 1.3244 10.5415 1.0234 11.0554 1.2357 13.4947
15 0.9885 15.8025 0.8868 13.9008 1.0160 16.1255
TABLE 5. Error upper bounds U}, and U2, ( Frobenius norm)
m Ut of Uz, of UL of Uz, UL of Uz, of
Example 4.1 | Example 4.1 | Example 4.2 | Example 4.2 | Example 4.3 | Example 4.3
5 16.2538 36.8880 14.1321 29.2573 15.1744 35.2773
10 5.3027 16.7658 4.1278 13.2728 4.8752 15.2119
15 0.3759 1.4533 0.2926 1.4125 0.3275 1.3912

Remark 4.4. Note that error upper bound U}, for KCSC method in Theorem 3.2 can be used for n-order linear
PDEs, while error upper bound Y2, for CSC method in Theorem 3.3 can only be used for second-order linear PDEs.
Moreover, the numerical results of Table 4 show that, the sequence {I},} is decreasing while the sequence {U2} is an
increasing sequence. But the numerical results of Table 5 show that, the sequences {U} } and {U2} are decreasing.

4.2. Statistical results. Regression is a technique for determining the statistical relationship between two or more
variables. Regression is primarily used for prediction and causal inference[24].
Let ¢; indicates a prediction of y; on the basis of x = x; by regression model for i = 1,2, ..., n, we define

n n n

SSE =Y (yi— ), SST=> (yi —9)°, SSR=SST - SSE=> (4 —7)°,

i=1 =1 =1
> SSR . SSE _ [SSE
=557 = ' sep PMAE= T



CMDE Vol. 10, No. 4, 2022, pp. 914-927 925

Root Mean Square Error (RMSE) is the standard deviation of the residuals. Residuals are a measure of how far
from the regression data points are, RMSE is a measure of how spread out these residuals are. R? is the proportion
of the variance in the dependent variable that is predictable from the independent variable(s). R? has the useful
property that its scale is intuitive: it ranges from zero to one, with zero indicating that the proposed model does not
improve prediction over the mean model and one indicating perfect prediction [11, 24]. In this section, by regression
techniques for the examples in the previous section, we fit the Run times for m = 4,5, ..., 15 of the mentioned methods
by polynomial and exponential models. Then by statistical tools, we compare these regression models and we show
that the Run times of KCSC method is much less than the CSC method.

4.2.1. Statistical results of Example 4.1. In this subsection statistical results related to Example 4.1 are studied. We
compute regression models for the Run times of the mentioned methods, then by using the R%2 and RM SE tools, we
find the best regression for the Run times. You can see the results in Tables 6-7.

TABLE 6. Regression equations of KCSC method for Example 4.1

Type of Equation Value RMSE for | Value R* for
regression KCSC method | KCSC method
polyl p1(z) = 1002z — 6911 3265.0 0.7117
poly2 pa(w) = 122.42% — 1814z + 5985 1162.0 0.9635
poly3 p3(x) = 9.9712” — 221.62° + 1661x — 3647 441.8 0.9947
polyd pa(x) = .536x" — 14.68x° + 167x° — 755.2x + 1164 360.5 0.9965
poly6 po(x) = —.011732° 4 79912 — 20.88z" + 271.62° — 182227 + 5961z — 7350 378.1 0.9961
[ exponential | exp(z) = 63.3¢ 71 I 419.1 I 0.9953 |

TABLE 7. Regression equations of CSC method for Example 4.1

Type of Equation Value RM SE for | Value R for
regression CSC method CSC method
polyl pi(z) = 2963z — 21280 11688.0 0.631

poly2 pa(x) = 416.72% — 6620 + 22610 5775.0 0.9097
poly3 p3(x) = 45.262° — 11452% + 9151z — 21110 3089.0 0.9742
poly4 pa(z) = 5.0032" — 184.92° + 248327 — 13400z + 23800 1962.0 0.9896
poly6 pe(z) = .011242° — 7.0632° + 176.127 — 21962 + 1432027 — 45730 + 55380 1928.5 0.9899
exponential exp(x) = 39.33¢>74%% 1645.0 0.9927

4.2.2. Statistical results of Example 4.2. In this subsection statistical results related to Example 4.2 are studied. We
compute regression models for the Run times of the mentioned methods, then by using the R%2 and RM SE tools, we
find the best regression for the Run times. You can see the results in Tables 8-9.

TABLE 8. Regression equations of KCSC method for Example 4.2

Type of Equation Value RMSE for | Value R* for
regression KCSC method | KCSC method

polyl p1(z) = 1001z — 6910 3267.0 0.7112
poly2 pa(z) = 122.42° — 1814z + 5984 1163.0 0.9634
poly3 p3(x) = 9.974a” — 221.72° 4 16622 — 3650 442.2 0.9947
poly4 pa(x) = .5362x" — 14.69x"° + 167.1x> — 755.6x + 1163 360.9 0.9965
poly6 pe(x) = —.011732% + .79882" — 20.8827 + 271.62° — 182227 + 5964z — 7357 380.9 0.9961
exponential exp(x) = 62.98¢ 2157 419.8 0.9952

TABLE 9. Regression equations of CSC method for Example 4.2

Type of Equation Value RMSE for | Value R* for

regression CSC method CSC method
polyl p1(x) = 2963z — 21280 11533.0 0.698
poly2 pa(x) = 416.62° — 6620z + 22600 5784.0 0.9094
poly3 p3(z) = 45.242° — 11.142% + 9145z — 21100 3089.0 0.9742
polyd pa(z) = 500527 — 1852° + 2484z — 13420z + 23830 1968.0 0.9895
poly6 po(r) = .11222° — 7.0492° + 175.72" — 21932° + 1428027 — 45610z + 552200 4251 0.9511
exponential | exp(x) = 39.19e®°1* 1645.0 0.9927
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4.2.3. Statistical results of Example 4.3. In this subsection statistical results related to Example 4.3 are studied. We
compute regression models for the Run times of the mentioned methods, then by using the R? and RMSE tools, we
find the best regression for the Run times. You can see the results in Tables 10-11.

TABLE 10. Regression equations of KCSC method for Example 4.3

Type of Equation Value RMSE for | Value R* for
regression KCSC method | KCSC method
polyl p1(z) = 1049z — 7270 3488 0.7035
poly2 pa2(z) = 129.92° — 1938z + 6441 1308.0 0.9583
poly3 ps3(z) = 11.13z° — 254.1z° + 1941z — 4312 519.3 0.9934
polyd pa(x) = .7047x" — 21.28x° + 256.7x> — 1236x + 2013 395.9 0.9962
poly6 pe(x) = —.013032° + .90792" — 24.252" + 321.62° — 21972% + 73092 — 9137 432 0.995
‘ exponential ‘ exp(z) = 59.68¢ 772 ‘ 427.2 ‘ 0.9956 ‘

TABLE 11. Regression equations of CSC method for Example 4.3

Type of Equation Value RMSE for | Value R* for
regression CSC method CSC method
polyl p1(x) = 2988z — 21420 11700.0 0.6338
poly2 p2(z) = 418.12% — 6629 + 22620 5760.0 0.9113
poly3 ps(z) = 45.12° — 113827 + 9088z — 20950 3086.0 0.9745
poly4 pa(x) = 4.989z" — 184.47° + 247927 — 13400z + 23840 1965.0 0.9897
poly6 pe(z) = 11152° — 6.9952° + 174.12" — 21672 + 1409027 — 44910z + 54290 4239.5 0.9519

exponential ‘ exp(x) = 42e 575 1670.0 0.9925

5. CONCLUSION

The spectral method is one of the numerical methods of exponential order with a high convergence rate. But its
implementation on PDEs is too complicated. In this note, we implement Kronecker Chebyshev Spectral Collocation
(KCSC) method for n-order linear PDEs and we show that the computational complexity of the KCSC method is
less than that of the CSC method. By statistical tools on three examples, we show that the best regression model
for Run times in the CSC method is exponential and the best regression model for Run times in the KCSC method
is fourth-degree polynomial. Moreover, comparing the CPU and Run times of the proposed methods, show that the
CPU and Run times of the KCSC method are significantly less than the CSC method. Also, for the KCSC method,
provide an error upper bound and for some matrix norms, we show that this error upper bound is better than the
Previous error upper bound. According to the structure and implementation of the KCSC method, it is possible to
implement the KCSC method for semi-linear and nonlinear equations. Additionally, combining the KCSC method
with other numerical methods (finite difference method or Crank Nicolson method) can greatly reduce computational
complexity.
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