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Abstract

In the present paper, a modified simple equation method is used to obtain exact solutions of the equal width wave
Burgers and modified equal width wave Burgers equations. By giving specific values to the parameters, particular
solutions are obtained and the plots of solutions are drawn. It shows that the proposed method can be easily
generalized to solve a variety of non-linear equations by implementing a robust and straightforward algorithm
without the need for any tools.
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1. INTRODUCTION

Many of the equations resulting from the mathematical modeling of various problems are through a nonlinear
differential equation. Therefore, obtaining an analytical or approximate solution to these equations is very important.
In the last decade, various methods have been introduced and used for this purpose, such as the exponential function
method [5, 7, 9, 10, 12, 36, 37], Adomian decomposition method [8], Homotopy perturbation method [11], variational
iteration method [13, 14], tanh method [24, 29], G’/G expansion method [30], and many others [1-4, 6, 15-17, 19,
23, 25, 28, 33]. One of the most important methods is the simple equation method (SE method) [18, 20-22, 26, 27,
31, 32, 34, 35]. The primary purpose is to extend this method for obtaining the exact solution of equal width wave
Burgers (EW-Burgers) and modified equal width wave Burgers (MEW-Burgers) equations. The structure and steps
of the proposed method with the help of mathematical software are quite simple.

The continuous process of the article is as follows. Section 2 describes the modified simple equation (MSE) method.
In section 3, the MSE method is used to obtain the exact solution of the MEW-burgers equation. The EW-Burgers
equation is discussed in section 4. Finally, a conclusion is presented in section 5.

2. THE MSE METHOD
To describe the MSE method, let us consider a following nonlinear PDE
DUy Uy, Uy Uy Uy -« ) = 0. (2.1)
The implementation of this method can be divided into several stages.

Step 1. By changing the variable
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§ = kx +wt, (2.2)
where w and k are constant , Eq. (2.1) can be written as follows:
Qu, v, u" ", ...)=0. (2.3)

Step 2. In this step, we consider the following solution

- £ (59).

=0

where a}s are anonymous constants, andF'(§) is an unknown function.
Step 3. From (2.4), we get the following results

- (58 (55 s (5 (5 5) -

Fie) | A©)

=b
" Fn () T Fn(g)
F/(m+1) B
o) — o, FNE | BE)
Fimt(g) — Fm(g)
and
n ) B(¢)
) = " g P T
Therefore, the most power of F(§) in denominator of u', w”, ...is m 4+ 1, m + 2, respectively, and this power in
u” is equal to nm. To obtain the number m, we balance the highest derivative order and the highest nonlinear order
in Eq. (2.3).
Step 4. In this step, we put Eq. (2.4) into the ordinary differential equation obtained. Therefore, a polynomial of
I;T(g)) and its derivatives will be obtained. By considering the coefficients of F~#(¢), i = 0,1, 2, 3, ..., as zero, a system

of equations that can be obtained to determine unknown constants, F'({)and F’(£). Finally, solutions of Eq. (2.1) will
be obtained by putting obtained results into Eq. (2.4).

3. AprrLicATION MSE METHOD TO MEW- BERGERS

In this part we use the above method for the MEW-Burgers equation as follows

up + auug + Yugy — Buize = 0. (3.1)
By considering (2.2), Eq. (3.1) turns to the following ODE,
wu' + kau?u’ + yk*u" — BEPwu = 0. (3.2)
We take the integrals of the both sides of equation (3.2) and set the integral to zero for constant simplicity.
3
wu + ka% + k% — BEPwu’ =0, (3.3)
which is a special case of the second order nonlinear ordinary differential equation (2.3) obtained from the second
order nonlinear partial differential equation (2.1) in [19]. In [19], if D = —Bk?*w, ¢; — ¢ = yk?, —y = %a, a=w, =

0, Ag = ag, A1 = a1,and ¥ = F', then the results of this manuscript about the ordinary differential equation (3.3) can

be obtained from [19]. Also Eq. (3.3) is the same as the second order nonlinear ordinary differential equation (2.4) in
(&)
ENE
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[17). In [17], if ¢ — 1 = —Bk?w, —c = vk?, B = ’?, a=w, Ay = ag, A1 = a;,and ¥ = F, then the results of this
manuscript about the ordinary differential equation (3.3) can be obtained from [17].

By balancing the order and the degree of the equation (3.3), we have m + 2 = 3m. So, we derive m = 1. Let us
assume that

F/
U(f) = a1 (F) +ag, a1 7é 0. (34)
Putting (3.4) in (3.3) and equalizing coefficient F~¢(¢), i =0, 1, 2, 3 to zero, leads to
k

wag + ?O‘ag =0, (3.5)
—Bk*wa1 F" + vk?a  F" + (way + kaa%al) F' =0, (3.6)
38k*way F'F" + (—vk%a;y + kaaga?)F™? = 0, (3.7)

ka4 2 13

30— 2Bk*way | (F')” = 0. (3.8)

From Egs. (3.5) and (3.8) and by considering a; # 0 from (3.4), we have

ap = 0, £/322,
al — :l: 6kw,8
Case 1: If ag = 0, (3.6) and (3.7) change to

(=BE*wF" +vE*F" + wF")a; = 0, (3.9)

(3BwEF'F" — yF"?)k*a; = 0. (3.10)
If k = 0, then £ = wt and the solution will be obtained in ¢ which is useless. By solving Eq. (3.10), we obtain

F' = Aesut,
Therefore we derive

F = A % :I:\/ $+Wt)+B
Y

By placing above solution into (3.9), we derive

k:igﬂ ;ﬂ
v 2

By replacing Fand F'into Eq. (3.4), the general solution of Eq. (3.1) has been obtained as
kw3 Aryed (EVF)a+3)

u(z,t) =+
@ ?)Aﬁwe%((i Vet | ~vB

(3.11)

The plots of above solution for § = -2, = —1,w =1,7=1, A= 1,and B = lillustrated in Figure 1.
Case 2: If ag = +,/ 522 Egs. (3.6) and (3.7) turns to

—Bk*wF" + yk*F" — 2wF' =0, (3.12)

(=)=
E)NE
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FIGURE 1. Plot of solution (3.11) forf = —2,a = —-1,w =1,y =1, A=1 and B=1.

3BkwF' F" + (—vk 4+ 3w\/—28)F"* = 0. (3.13)

By considering Eq. (3.13), we obtain

F' = Aelsa ¥ 5 )8 (3.14)

where 8 < 0 and Ais an arbitrary constant. Therefore, from (3.14) and (3.12), we have

k= i?»w— ‘/_2@
2y
and
F' = Aewmit,
So,

3PwA _555¢
= ——¢€
(=)

By substituting F and F’ into Eq. (3.4), the general solution of Eq. (3.1) has been obtained as

6k —~A (—ﬁ)(:l:x/—Qﬁ:H-G'yt) _3
u(z,t) = £4/ wp R I YNRy e PV NIy (3.15)
o 38wAel~2p)(EFV=2B26vt) 4 p ak

The plots of above solution for 8 = -2, = -1, w=1,7v=1, A=1,and B = lillustrated in Figure 2.

F + B.

Case 3: When qp = — %, the following solutions have been obtained by performing a process similar to case 2.

k v Ae(—35) (FV=2Ba+6vt) _
u(z,t) = 1) FP yae ” _ =3 (3.16)
« 3BwAe(—ﬁ)(ﬂF\/—2BZ+6wt) +B ak

The plots of above solution for f = -2, =—-1,w=1,y=1, A= 1,and B =1 illustrated in Figure 3.
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FIGURE 2. Plot of solution (3.15) for 8 = =2, = —=1,w = 1,7 =1, A=1 and B=1.

Fig. 3 plot of solution (20) for A=1. B=1, =-1, p=-2. w=1, and
1=l

FIGURE 3. Plot of solution (3.16) for 8 = —2,a = =1, w =1,y = 1, A=1 and B=1.

4. AprprLICATION MSE METHOD TO EW- BERGERS

Let’s consider the following EW-Berger equation,

U+ QuUy — S Ugpy — LUy, = 0. (4.1)
Using (2.2), it has been result
wU' + akUU' — k25U — k*wul” = 0. (4.2)

Integrating (4.2) with respect &, leads to

2
wU + ak% — k26U — EwupU" = 0. (4.3)

Presumably u(£) can be illustrated in the form (2.4). Balancing U” and U? leads to m + 2 = 2m. So m = 2. Let
us assume that

e =ox () von () ban a0 ”
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Putting (4.4) in (4.3) and equalizing coefficient F=%(£), i = 0, 1,2, 3, 4to zero, leads to

%kag—f—wao =0, (4.5)

—pk*way F" — 6k*a  F" 4 (akagay +way) F' = 0, (4.6)

—pk*was F'"? + (—=26k*ay — pk*w(2as — 3a1))F'F +(wag + %kalg + akagay + 0k*a))F"? = 0, (4.7)

10pk?was F?F" + (—2a1 puk*w + akaias + 20k%as)F™? = 0, (4.8)
ak o 9 A

<2a2 — 6uk wa2> (F")" =0. (4.9)

By solving Eqs. (4.5) and (4.9) and by considering as # 0 from (4.4), we drive

0 —2w 12pkw
ag=0,——, as = .
0 ’ ak s G2 o
Case 1:
If ap = 0,and ag = %Eqs. (4.6), (4.7), and (4.8) yield to
—pk*wa F" — §k*a, F" +wa F' = 0, (4.10)
12p2k3w? 5, —240k3 pw 5 24kpw yow o 12ukw? ak 9 P
T P (e — “Ba)FFY + (e a6 F? =0, (411)
1202 k3 w? ok3
L2007 KW R 4 (—2aypukPw + 12uk2way + 24228 Y s g, (4.12)
a e!
By solving Eq. (4.12), we obtain
F' = Ae™ o €, (4.13)

where Ais an arbitrary constant. By substituting (4.13) into Egs. (4.10) and (4.11), we get

5 72
60pw? — 70kaia — —a,2a® — 3521@2 =0,

12

25 14 108 24
12,uk2w — ﬁka12a2 + galaékQ + 2—552163 + 2uk2wa1a + gukgwd =0.
By solving the above equation, we derive

1, 42
a; = —(f€5k +64/02k% 4 4pw?).

o

Therefore, we have

60wk _saay+120k .

e — 60wk B.

Saar + 125ke Pt

Replacing F' and F’ into Eq. (4.4), the general solution of Eq. (4.1) has been obtained

F=-A

12uk Ao~ e ’ e diaatke
_ 12pkw e whp . L
u(f) = T a ok Saa 120k +ay P Saa F125% . (4~14)
w T T 60wkon w s v —
~Asza tizEe OORE 4B —Asgarfisme 00Uk C4+B

(&)
ENE
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Fig4. plots of solution (33) for A=1. and B=1

FIGURE 4. Plot of solution (4.15) for A=1 and B=1.

Fig 5. plots of solution (35) for A=1. and B=-1

FIGURE 5. Plot of solution (4.15) for A=1 and B=-1.

By consideringa = 6 = p = k = 1, we get w = 1.0625, a; = 5.6912, as = 12.75, and w = —0.7498,a; =
2.4143, as = —8.9972. So we derive the following exact solutions

2
Ae—0-6346(2+1.0625t) Ae—0-6346(z+1.0625t)
U,(f) = 1275 (_1_57588Ae—0.6346(r+1A0625t)+B +56912 _1.57586Ae—0.6346(z+1,0625t)+B ) (415)
and
2
o Ae0-5351(2—0.7498t) Ae0-5351(x—0.7498t)
u(f) = —8.9972 (1 8688Aeo'5351(z_0'7498“+B +2'4143 1 8688A80.5351($—0.7498t)+B . (4'16)

The plots of solutions (4.15) and (4.16) for A =1 and B = 1, —lillustrated in Figures 4-7.

Case 2: When ag = =22, and ay = % Egs. (4.6), (4.7), and (4.8) yield to

—pk*wa F" — §k*a  F" — wa F' = 0,

_ 12!folf3w2 F"2 4 (7245535511) _ Mk2w(24’;££w _ 3a1))F’F”+(12!f:w2 + %kGIQ + 0k2a; — 24ka££w2)F/2 -0,

(=)=
E)NE
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Fig 6. plots of solution (36) for A=1. and B=1

FIGURE 6. Plot of solution (4.16) for A=1 and B=1.

Fig 7. plots of solution (36) for A=1_ and B=-1

FIGURE 7. Plot of solution (4.16) for A=1 and B=-1.

as F?F" + (—2ay pk*w + 12pk*way + 2

12002 k3w? VFS =0
— .

4u5k3w
@

The following results are obtained by performing a process similar to case 1.

_5aa1+126k§ 2 504(11-%-12’616§
_ 12pkw Ae”  S0wkn Ae”  GOwkn ow
u(g) = T a - _Boa 1120k, +a1 o Saay F125k — ok’ (4.17)
w B w _ Saaj+125k
_Ame 60wkp 4B —Ame S0wkn S4B

where a; = 1 (=26k £ 64/62k% — 4pw?) .

By consideringa = § = p = k = 1, we derive w = 0.5702, a; = —2.7035, ay = 6.8424, and w = —0.0975, a; =
—14.096, as = —1.17.

So we derive the following exact solutions

u(g) _ 68424 ( A80.0444(x+0.5702t) )2_27035 ( AeO.0444(ac+0.5702t) ) o 11404’ (418)

22.5225A¢0-0444(x+0.5702t) 4 B 22.522 A¢0.0444(2+0.57028) | B

and

Ae—9-9966(z—0.0975t) Ae—9-9966(z—0.0975)

2
u(é) =-1.17 (_0.1Ae—9‘9966(1—0A0975t)+B) —14.096 (_0.1A6—9A9966(1—040975t)+B) +0.195. (4'19)

(&)
ENE
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Fig. 8. plots of solution (38) for A=1. B=1

-1244 -1242 1240 - 10

FIGURE 8. Plot of solution (4.18) for A=1 and B=1.

Fig. 9. the plots of solution (39) for A=1. B=-1

FIGURE 9. Plot of solution (4.19) for A=1 and B=-1.

The plots of solutions (4.18) and (4.19) for A =1 and B = 1, —lillustrated in Figures 8 and 9.

5. CONCLUSION

In the current research, a well-known and useful method was applied to search the exact solutions of two NPDE
and the new solutions of these equations were obtained. The outcomes indicated that the modified simple equation
method was a powerful method for solving nonlinear evolution equations. It should be mentioned that this prevalent
method can be algorithmically generalized to solve all kinds of nonlinear equations. The primary merits of procedure
used in this research over other analytical methods was that for F(£) there was no condition to be fulfilled. So, the
probability to get new and varied solutions using this method increased outstandingly.
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