Computational Methods for Differential Equations C
http://cmde.tabrizu.ac.ir

Vol. 2, No. 1, 2014, pp. 26-36 na

Exact solutions of distinct physical structures to the fractional po-
tential Kadomtsev—Petviashvili equation

Ahmet Bekir

Eskisehir Osmangazi University, Art-Science Faculty, Department of Mathematics-Computer, Eskisehir-
TURKEY

E-mail: abekir@ogu.edu.tr;

Ozkan Giiner

Dumlupinar University, School of Applied Sciences, Department of Management Information Systems,
Kutahya-TURKEY

E-mail: ozkan.guner@dpu.edu.tr

Abstract In this paper, Exp-function and (%)-expansion methods are presented to derive

traveling wave solutions for a class of nonlinear space-time fractional differential
equations. As a results, some new exact traveling wave solutions are obtained.

Keywords. Exact solution; modified Riemann-Liouville derivative; solitons; space-time fractional poten-
tial Kadomtsev-Petviashvili (pKP) equation.
2010 Mathematics Subject Classification. 26A33, 34A08, 35R11, 83C15.

1. INTRODUCTION

Recently, theory and applications of fractional differential equations (FDEs) has
been the focus of many studies due to their frequent appearance in various applica-
tions in mathematics, physics, biology, engineering, signal processing, systems iden-
tification, control theory, finance and fractional dynamics, and has attracted much
attention of more and more scholars. The fractional differential equations (FDEs)
have been investigated by many researchers [1, 2, 3]. Recent investigations show
that the dynamic of many physical processes is described accurately by using frac-
tional differential equations containing different types of fractional derivatives. The
most popular derivatives of fractional order are the Caputo derivative, the Riemann-
Liouville derivative and Griinwald-Letnikov derivative. A few years ago, Jumarie
presented a different definition of the fractional derivative being a little modification
of the Riemann-Liouville derivative.

Since fractional differential equations are used to describe a large variety of phys-
ical phenomena, finding exact solutions to FDEs is an important subject and a hot
topic. Many powerful and efficient methods have been proposed so far including the

fractional (%)-expansion method [4, 5, 6, 7], the fractional exp-function method

[8, 9, 10], the fractional first integral method [12, 13], the fractional sub-equation
method [14, 15, 16], the fractional functional variable method [17], the fractioanal
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modified trial equation method [18, 19, 20], the fractional simplest equation method
[21] and so on. Using these methods, solutions with various forms for given fractional
differential equation have been established.

The organization of this paper is as follows. In section 2, we give the basic defini-
tions and analysis of methods, then in section 3, we give applications. Some conclu-
sions are given in last section.

2. BASIC DEFINITIONS AND ANALYSIS OF METHODS

The Jumarie’s modified Riemann—Liouville derivative [22] of order « is defined by
the following expression:

1 d [t _
arn ) Tamay g Jo =T (f(E) — f(0)dg  , O<a<l1
Dy f(t) —{ F(l(f&?(t)())(""") ’ m<o<nil n>l (2.1)

Now, some important properties of the fractional modified Riemann—Liouville deriv-
ative were summarized [23]

Dt = mtr—a , (2.2)
Di(f(t)g(t)) = g(t) Dy f(t) + f(t) D g(t), (2.3)
Dy flg(t)] = £, l9(t)]|Df*g(t) = DS [g(t))(g (£). (2.4)

The above equations play an important role in fractional calculus in the following
applications.
Firstly we consider the following general nonlinear FDE of the type

P(u, D¢u, Du, DS D¢ u, DY DPu, DPDPu,..) =0, 0<a,3<1 (2.5)

where v is an unknown function. Moreover, P is a polynomial of u and its partial
fractional derivatives, in which the highest order derivatives and the nonlinear terms
are involved.

Li and He [24, 25] proposed a fractional complex transform to convert fractional
differential equations into ordinary differential equations (ODEs). So all analytical
methods devoted to the advanced calculus can be easily applied to the fractional
calculus. The traveling wave variable

u(mvt) = U(f)v (2.6)

kx? Tt
&= T1+0) Tlta) 27)
[c ]
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where 7 and k are nonzero arbitrary constants, we can rewrite Eq. (2.5) in the
following nonlinear ODE;

Q.U U"U",...) =0, (2.8)

where the prime denotes the derivation with respect to &.
According to exp-function method, which was developed by He and Wu [26], we
assume that the wave solution can be expressed in the following form

e @n oXp []
d e bm exp [m]

U(§) =

(2.9)

where p, ¢, c and d are positive integers which are known to be further determined, a,,
and b,, are unknown constants. We can rewrite Eq. (2.9) in the following equivalent
form.

Ue) = a—cexp[—c€] + ... + aq exp [dE]

a b_p exp [-p&] + ... + bq exp [¢€] (2.10)

This equivalent formulation plays an important and fundamental part for finding
the analytic solution of problems. To determine the value of ¢ and p, we balance the
linear term of highest order of equation Eq. (2.10) with the highest order nonlinear
term. Similarly, to determine the value of d and ¢, we balance the linear term of
lowest order of Eq. (2.10) with lowest order nonlinear term [27, 28].

Secondly suppose the solution of equation (2.8) can be expressed by a polynomial

in (%) as follows:

m G/ i
U) =2 ai () s am #0, (2.11)
=0 \G
where a; (i = 0,1,2,.....,m) are constants, while G(&) satisfies the following second

order linear ordinary differential equation

G"(§) + AG'(§) + nG (&) =0, (2.12)

where A and p are constants. Then the positive integer m can be determined by
considering the homogeneous balance between the highest order derivatives and the
nonlinear terms appearing in equation (2.8). By substituting equation (2.11) into
equation (2.8) and using equation (2.12), we collect all terms with the same order

of (%) Then by equating each coefficient of the resulting polynomial to zero, we
obtain a set of algebraic equations for a; (i =0, 1,2, .....,m), A, u, 7 and k. By solving
the equations system, substituting a; (i = 0,1,2,......m), A, p, 7, k and the general

solutions of equation (2.12) into equation (2.11), we can get a variety of exact solutions
of equation (2.5) [29, 30].

(<)
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3. APPLICATIONS

We consider the space-time fractional potential Kadomtsev—Petviashvili (pKP)
equation [31] in the form:

1
Zfo‘u + nguDgau + %D;O‘u +DY(Dfu) =0, t>0,0<a<1, (3.1)

where « is a parameter describing the order of the fractional space-time derivative.
When a = 1 in Eq. (3.1) is the fractional differential equation reduces to the KP type
equation [32-37].

For our purpose, we introduce the following transformations;

u(z,y,t) =U(E) (3.2)
kx® ny® ct®
_ 3.3
STt "Tite) Thta) (3:3)
where k, n and c are nonzero constants.
Substituting (3.3) into (3.1), reduces (3.1) into an ODE
k4 3k3 3n?
7U”” + 7U/U// + LU// + Ck_U// — 0’ (34)
4 2 4
where "U"” = ‘fi—g.
Integrating equation (3.4) with respect to £ yields
k4 3k3 3n?
TU"+ U2+ (S + U + &0 =0, (3.5)

where £ is a constant of integration.

Firstly we begin the pKP equation to solve by using the exp-function method. We
can determine values of d and ¢ by balancing the order of U and (U’)? in Eq.(3.5),
we get

dy exp[(7g + d)&] + ...
do exp[8¢€] + ...

U = , (3.6)

and

d 2(d
(U/)Z — 3exp[ ( + q)ﬂ + , (37)
dyexpl4qé] + ...
where d; are determined coefficients only for simplicity. Balancing highest order of

Exp-function in Egs.(3.6) and (3.7) we obtain

7q +d = 2d + 6q, (3.8)
which leads to the result
q=d. (3.9)

(el
BE
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In the same way, to determine values of ¢ and p, we balance the linear term of the
lowest order in Eq.(3.5),

oo + c1 exp[—(Tp + ¢)¢]

U/// —
... + o exp[—8pE]

(3.10)

and

o - egexp[—2(c+ p)E]
(v = .+ cgexp[—4pg] (3.11)

where ¢; are determined coefficients only for simplicity. From (3.10) and (3.11), we
have

—Tp — c = —2c¢ — 6p, (3.12)

and this gives

p=c. (3.13)

For simplicity, we set p=c=1and ¢ =d = 1, so Eq.(2.6) reduces to

~arexp(§) +ap + a1 exp(—¢)
ue) = by exp(§) + by + b1 exp(—¢&) o1y

Substituting Eq.(3.14) into Eq.(3.5), and by the help of Maple, we have

%[R;; exp(4€) + Rz exp(3€) + Ra exp(2€) + Ry exp(€) + Ry
+R_jexp(—&) + R_gexp(—2§) + R_gexp(—3§) + R_yexp(—4£)] =0,

(3.15)

=
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where

A= (b exp(=8) +bo + b exp(§))*,

Ry = fobp

R3 = k‘CCle2bO — TL aobd + 4501)3[)0 - l]'4140,0173

7]430(10[)3 + Tl a1b2b0 + k4a1b2bo,

Ry = 2]4300,‘1[)1[7(2) + chalb%b_l — 2kca0b0b% — %kgalboaobl

—3n%a_1b3 4 6£0b3b3 — 2k*a_1b3 + 2k3alb + 2k3alb?

+4€0b:1sb_1 + 2]4340,16%1)_1 + %Tl2alb1b% + %nzalb%b_l

72kCa_1b£1)) — %nzaob%bo — k4a1b1b% + k4a0b%bo,

R1 = chalblbob_l - %k4aoblb% + SkSCL%bob_l - %k4a_1b%bo

+3k3a_1b% apg — *Tl aoblb% + kcalb% - %TLQCL()b%b_l + 12601)?()0[)_1

+24*3k4a0b%b_1 - EHQGJ 1b%b0 - 3k3a1a0b_1b1 - kcaoblb%

73]{33&11)0&_11)1 kcaob%b_l - %k4a1blbob_1 + %TlQalblbob_l

75kca_1b;fb0 + %?’L2a1b8 + %k4a1bg + 4£0b1b8,

RQ = 4kca1b1b2_1 + 4k0a1b(2)b,1 - 4kca,1b%b,1 — 4]€C(l,1b1b(2)

—8k*arbyb® | + k*a bjb_1 + 8k4a,1b§b,l - k4a,1b1bg

—%k?’alb a_ 1 + 6§0b2b2 + 3n a1b1b2 + 3n? albob 1 — 3n2a,1b%b,17

R, = —in a_1b1bgb_1 —3k3a_ 1b1agb_1 —|—kca0b1b2

+§k4a,1b1b0b,1 + kcaob,le + 5kca1b0b% - 3k3alb,1a,1b0

—*77120,,1[)8 + 4€0bgb,1 — ik‘*a,lb% + ikllaob,lbg + %TLQClob,lbg

+z5n2a1b0b%1 — kca,lbg + 3k3a1b%1a0 + 3k3a31b1b0 + 12£0b1b0b31

+%n2aoblb31 + gk4a1b0b%1 - %k4a0b%1b1 - 6kca,1blb0b,1,

R_ 2 = —%ki)’a,lboaob 1 — 2kca_ 1b0b 1+ 2]66@0()2 1b0 — 2kca_ 1b1b2 + 2k4a1b§1
gk?’az 1b% + %ka b2 +4£0b1b3 + 3n2alb3 + 6§0b2b2 2TL a_ 1b0b 1
2n2a0b%1b0 — 2k4a 1b1b% —+ k‘4(l 1b2b 1 — ]C aobzlbo — %7120, 1b1b% =+ 2kcalb§1,

R_3 = —keca_ 1b0b2 + k4a0b3 1+ 4§0bob3 L+ 2n2agb?

—*k4a 1b0b2 TL a_ 1b0b 1 + k‘caob 15

R_y = &bl

(3.16)

Solving this system of algebraic equations by using Maple, we get the following
results

Case 1: Consider

bo(a172k‘b1)

ap = ay, a0:T7 a—lzov
by = b, bo = bo, by =0, (3.17)
C:_Snizk‘Lv k:ka 50:0,
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where by and by # 0 are free parameters. Substituting these results into (3.14), we
get the following exact solution

ka® o 3n2 4Kt bg(ag —2kby)
) = a1 exp( ey + ey — drrtray ) (3.18)
u1 (xay7 ) = b P g™ G2l .
1eXP(F(1+a)+r(1+a)_ IET (1T o) )+bo
Case 2: Consider
bo(a_1+2kb_
ai :07 aoz[)(zfll)a a_1 =a-1,
by =0, bo = bo, by =b_1, (3.19)
__ 3n%4k* _ _
C*7n4k ) k*ka 50*07

where b_; # 0 and a_; are free parameters. Substituting these results into (3.14), we
get the following exact solution

bo(a_1+2kb_1) ey ny® 3n2 k%)t
B #4‘&71 exp(_(l‘(kl‘*’a)—‘rr(lﬂ»a)_(4719'1‘(1‘*")2) )) (3 20)
() (xa Y, t) = (Bn2 k1) : :

b0+bflexP(_(r(kﬁa)+r(n1ia)_ T (iFa) )

If we take by =1, bp =1, a; = 1 and k =1 Eq. (3.18) uy becomes

= ny® (3n24+1)t™ . z ny® (Bn241)t™
ul(f y t) _ COSh(r(1+a)+F(1?{+a)_ 4TIL’2(1+0¢) )+su]h(1‘(1+a)+r(lio<)_ 47112(1«#(1) )—1
) ) Py [e? (Bn2+4+1)t> . peyey [e% (3 +1)t™ b)
COSh(r(f+a)+r(n1y-¢-a)* 471'“(14-(,) )+Smh(r(f+a)+r(yﬁ-a)7 4711;(1+a) )+1
(3.21)

Similarly, b_1 =1, b9 =1, a_; =1 and k = —1 Eq. (3.20) us becomes

—a™ vy (3n241)t™ . —a™ o (3n24+1)t>
UQ(J? y t) _ COSh(F(1+a)+F(nl?{f—a)+ 41"2(1+(x) )751nh(r‘(1+0)+r(nl:‘{1—a)+ 4F2(1+a) )—1
v Yy _za ny® (3n241)t™ . —zx ny® (Bn2+1)t™ ’
COSh(F(l‘ia)J’_F(lia)Jr IT(1t o) )_Slnh(r(lia)+r(1y+a)+ T (1t o) )+1
(3.22)

which are the exact solutions of the space-time fractional pKP equation.

Remark 1: Comparing our results, Eqs. (3.21) and (3.22), with Borhanifar’s
results in [38], it can be seen that the results are different. And these solutions have
not been reported other authors in the literature.

Now we study the pKP equation to solve by using the (%)—expansion method.

By using the ansatz (3.5), for the linear term of highest order U with the highest
order and the nonlinear term (U’)?, balancing U”" with (U’)? in Eq. (3.5) gives

m+3=2m+ 2, (3.23)
so that
m = 1. (3.24)

(<)
EE
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Suppose that the solutions of (3.5) can be expressed by a polynomial in (%) as
follows:
U(€) = ao + ay (%) Lay #0. (3.25)
By using Eq. (2.12) and Eq. (3.25) we have
G"\* G’
U'(€) = —a (G> — @A <G> —aip, (3.26)
and

’

U” (&) = —6a, (%)4 —12a1 2 (%)3 — (8a1p + Tai\?) (%)2 )
—(8a1 Ay + a1 \3) (%) — a1 p?® — 2a1 \? . '

By substituting Eqs. (3.25)-(3.27) into Eq. (3.5), collecting the coefficients of

N 1
(%) (1 =0,...,4) and setting them to zero, we obtain the equation system

—3k*ay + $k%ai =0,
—3k*a \ + %k‘g'a%)\ =0,
—2ktayp — Tk'a A? + 2k + 3k3a3A? — keay — 3ntay =0, (3.28)
—ik4a1)\3 - %nzal)\ + %k’%%)\u — 2k*a A\ — kcai A =0,
—%k;4a1)\2,u — %nQalu + %k%%uz — ik‘laluz — kcayp + &o.
By solving this system with the aid of Maple, we obtain

4. 14y2 o 2
ag = ag, a1 = 2k, c= 2 p=k A" =3n" ]1;3 3n
(3.29)

k=k, n=n, 50:%k5)\2u—%k:5 2,

where X\ and p are arbitrary constants. By using Eq. (3.29), expression (3.35) can be
written as

U(E) = ao + 2k (%) . (3.30)

By substituting general solutions of Eq. (2.12) into Eq. (3.30) we have three types of
travelling wave solutions of the space-time fractional potential Kadomtsev—Petviashvili
(pKP) equation as follows:

When A2 — 44 > 0, we obtain the hyperbolic function traveling wave solution

1 1
Cy sinh 54/A2—4p€+C5 cosh 54/ A2 —4ué
=ag— kXN+ kN2 -4 2 2 31
U1(6) = ao * H <01 cosh 5/A2—4p€+Cs sinh;,/,\zzmg)’ (3.31)
[c[v]
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_ kx~ ny® (4k* p—k* N2 —3n2)t> .
where £ = Tita) T Tasa) T T (iTa) , and C7, Cy are arbitrary constants.

In particular, if C; # 0, Co =0, A > 0, pu = 0, then the traveling wave solution of
(3.31) can be written as:

kx® ny® (K*A% + 3n?)t®
— g 2 -
us(z,y,t) = ap—kA+kXtanh { 2 (I‘(l +a) + I'(1+a) 4kT(1 4 )
(3.32)
And assuming C; =0, Co # 0, A > 0, = 0,then we obtain
ko ny® (K*A\2 + 3n?)t
= ag— h{2 -
us(z,y,t) = ag—kA+kA cot {2 (I‘(l +a) + L(1+ a) 4ET(1 + o)
(3.33)

When A2 — 4 < 0, we obtain the trigonometric function traveling wave solution

_ 'inl —\2 l —\2
Us(€) = ap — kA + ik\ ( Choin g VANZ Vet Chcos g v AN 5) : (3.34)
C1 cos 5\/4/}47}\254‘1’02 sin $/4p—A2¢

Also, if we assume C7 #0, Co =0, A >0, p =0, then

kx® ny® (k*A% + 3n?)t
Tlta) Tta) 4I(L+a) )}
(3.35)

us(x,y,t) = ap—kA+kA tanh {; <

and when C; =0, Cy 20, A >0, =0, the solution of Eq. (3.34) becomes

kx® ny® (K*A\? + 3n?)t®
t) = agp—kA+kAcoth < 3 -
us(2,9, 1) = ao—kA+kA co {2 <r(1 o) "TTlra) @It
(3.36)
So we obtain the solutions wug(x,y,t) and ug(x,y,t).
When A2 — 4, = 0, we obtain the rational function solution
2kC:
ur(z,y,t) = ag—kA 2 . (3.37)

kxo o (4k*p—k*A2—3n2)t>
Cl + CQ (F(lﬁ_a) + F(Tiz-a) + H4kF(1+(¥)n )

Remark 2: Compare our results, Egs. (3.32), (3.33) and (3.37),with Budhiraja’s
and Zayed’s solutions in [39, 40], it can be seen that the results are different.
(& 1
(==
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4. CONCLUSIONS

In this paper, we have seen that three types of exact analytical solutions includ-
ing the hyperbolic function solutions, trigonometric function solutions and rational
solutions for the space-time fractional pKP equation are successfully found out by
using the exp-function and (G’/G)-expansion methods. This study shows that the
exp-function and (G’/G)-expansion methods are quite efficient and practically well
suited for finding exact solutions of the pKP equation. The performance of these
methods are reliable and effective and give the exact solitary wave solutions and peri-
odic wave solutions. The availability of computer symbolic systems like Mathematica
or Maple facilitates the tedious algebraic calculations. Thus, we deduce that the pro-
posed method can be extended to solve many systems of nonlinear time-fractional
partial differential equations.
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