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Abstract

In this work, we use the symmetry of the Lie group analysis as one of the powerful tools that deals with the
wide class of fractional order differential equation in the Riemann-Liouville concept. We employ the classical Lie
symmetries to obtain similarity reductions of nonlinear time-fractional Benjamin-Ono equation and then, we find
the related exact solutions for the derived generators. Finally, according to the Lie symmetry generators obtained,
we construct conservation laws for related classical vector fields of time-fractional Benjamin-Ono equation.

Keywords. Fractional equation, Lie symmetry analysis, Classical symmetry, Conservation laws.

2010 Mathematics Subject Classification. 76M60, 35R11.

1. INTRODUCTION

Lie group transformations were first put forward by Sophus Lie, who was an influential Norwegian mathematician in

the early 19th century. These transformations play a fundamental role in the analysis of different kinds of differential
equations [5, 6, 11, 17, 20, 22, 28]. The classical Lie symmetry method is utilized for fractional differential equations
in [2, 9, 10, 24, 27, 29]. Various branches of the Lie symmetry method are introduced to find additional generators.
Fractional calculus theory has received much attention from researchers and scientists in applied mathematics and
physics because of its remarkable properties to the accurate description of different abnormal physical events and
complex processes in engineering and applied science such that classical calculations were insufficient to explain them
[14, 15, 19]. To investigate the fractional calculation theory, several abnormal events have been sampled through
integral or fractional differential equations in the real-world.
The aim of this paper is assigned to Lie symmetry analysis of the (1+1)- dimensional Benjamin-Ono equation. We
use the symmetry of the Lie group as an appropriate tool that deals with the wide class of fractional order differential
equations in the Riemann-Liouville sense. In the current work, firstly, we employ the classical Lie symmetries to obtain
similarity reductions of nonlinear generalized time fractional Benjamin-Ono equation. In the next step, we find the
relevant exact solutions for the extracted generators, and finally, classical symmetries are used to find conservation
laws. In summary, based on the advantages of the obtained exact solutions, one can find this method a promising one
to solve different nonlinear time-fractional equations.

2. PRELIMINARIES

Now, we present some basic definitions for fractional operators and Lie symmetry analysis of fractional partial
differential equations. We advise the readers to read more on these definitions and other properties of fractional
differentiation to see [14, 15, 19].

Received: 14 April 2021 ; Accepted: 30 July 2021.
* Corresponding author. Email: ahajibadaliQgmail.com.

608



CMDE Vol. 10, No. 3, 2022, pp. 608-616 609

2.1. Fractional operators. Here, we recall the following definition.

Definition 2.1. [14] Riemann—Liouville derivative operator of order « is defined as:

n t _ n—a—1
a—/ (t=09) f(x’a)da n—1<a<n,

9 otn I'(n—a)
Yo (J?,t) =
ot an
& fan a=n,  neN,

where I'(+) denotes the well-known gamma function.

Definition 2.2. [9] The Erdélyi-Kober fractional integral operators for F(() is as:

N B P R e
<IC£;'1]:) — T /1 (s—1)*""s F(¢s7)ds, a >0, (2.1)
]:<C)7 a=0,

Definition 2.3. [9] The Erdélyi-Kober fractional derivative operators for F(¢) is as:

<7>g’af) H (T +i- 3¢5 <;> </cf+°‘ . °‘]—"> ©),

nz{[a]—!—l, a g N,
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2.2. Lie symmetry analysis method for fractional partial differential equation (FPDE). The following
FPDE of order a € (0, 1) is considered as:

aa
A= @ 76(x7t7u7uzauzz) :07 (22)
where x,t are independent variables, and u is depend to z, t.
Suppose that equation (2.2) is invariant with respect to the following 1-parameter Lie symmetry transformations

o* =+ e€(x,t,u) + O(€),
t* =t +er(x,t,u) + O(e?),
u* = u+en(z,t,u) + O(e%),

9%u* 9«
atfa = Tu + ena’t(x’tvu) + 0(52)a (2.3)
ou* OJu 5

o> _874_677 ($7tau)+0(€ )7

?ur 9*u 9
) +en™(z,t,u) + O(€),

where the group parameter is shown by €, and its corresponding infinitesimal generator is

0 0 0

This vector field must be creates a symmetry of (2.2) iff the following is true in invariance conditions:

+7(x,t,u)

Pre2y(A) =0, (2.5)
A=0
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where 2 show the highest integer-orders of extended infinitesimals in the equation of (2.2), and it is worth noting that
the extended operator of fractional prolongation Pr(®2)V is introduced by [9]:

r@2y =y 4 n“’ta@au) T G T (2.6)
where n”, n"" and n*** represent integer-order extended infinitesimals which is defined as:
1" = Do) = Da(§)ua — Do (T)ur, @7
1" = Don® = Do(§)Uaa — Da(T)uat,
and the operator of total derivative along x, i.e, D, is:
Dx:%+uz%+uxm%+~-. (2.8)

Also, the a-order extended infinitesimal operator n®? is
= Dj'n + EDjuy — Df (€uy) + DY (Dy()u) + D7 — DT (Tu),

where Djf* represent the total a-order fractional derivative in a course of time. Applying the Leibnitz formula and the
chain rule [14, 15], the a-order extension of infinitesimal 7! can be obtained explicitly as:

nt = 0% +< —oth(T))a hd —ua il

ot ot ote
; i; (0) G- (,5,) oo (2.9
ni; < ) DY " (ug) + p,

where

—_

=X SIS () () gy (v

8%
Furthermore, since n is linear w.r.t variable u, then derivatives an for n > 2 are vanished and immediately we

oum
conclude that pup = 0.

3. IMPLEMENTATION OF LIE SYMMETRY ANALYSIS METHOD FOR TIME—FRACTIONAL BENJAMIN-ONO EQUATION

In this section, we are interested to discuss about the fractional version of a well-known Benjamin-Ono equation.
This equation with integer order is analyzed and investigated in literature from the many points of view [7, 8].
Time-fractional Benjamin-Ono equation is as the following form[1, 18, 25]

a(l
F: aTu—&—Hum—i—uuw—O (3.1)
where H is the Hilbert transform. We suppose that it is not dependent on x and ¢, then it is an arbitrary constant.
The Benjamin-Ono (BO) equation is a fully integrable equation which used to describe internal waves. This equation
has N-soliton solutions.
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3.1. Classical symmetries. If we apply prolongation of the fractional vector field to the this equation, we obtain

N +ugn +un® + Hn™" =0, (3.2)
by substituting (2.7) and (2.9) in (3.2) and solving the determining equations we obtain the following symmetry
generators

0 0 0 0
X1 =— Xo=arx— +2t— —au—. 3.3
1T B 2 T T Mo (3:3)

Invariant solution of vector field Xy is u(z,t) = f(¢), then equation (3.1) reduced to the following time-fractional
ordinary differential equation (FODE)

605

2 _ft) =0, 3.4

o r) (3.4)
hence, the exact solution of equation (3.1) is u(x,t) = 1t~ L.
According to the vector field Xy we have the following invariant solution for equation (3.1)

u(‘ra t) = t%af(C)’ ¢= ate . (35)

Theorem 3.1. Using the above transformation and substituting in equation (3.1) reduced the governing equation and

obtain the following FODE

1-22 o
(P2 F°8) (Q+ HI"(Q + FOF () =0 (3.6)
Proof. Let a € (n — 1,n),n € N, the Rieman-Lioville fractional derivative of relation (3.5) can be written as follows
0%u o 1 t . )
P [P — t— gl 5p -%$\d :
ote otm |:F(n _ a) /0 ( 3) S (iL’S ) s:| , (3 )

t -t
let w = —, then ds = — dw. Equation (3.7) becomes
s w

3a
0w _0 lr § )/ (w—l)”alwaéan(xtzwz)dwl
1

ate ot [T(n—a
0“u o n—3a 1-§ n—a
g 0 F (k3 F) @)
Furthermore, considering ¢ = 2t~ %, p € (0, 00) gives
9 oy =98dp(Q) _ o dp(Q)
PO =t Tac T T3 ac
Hence,
O™ T.,_3sa 1-2n—a _ o1t 1o n—3a 1-% n—a
g |7 (K3 PTF) ©] = g L’?t (i (5 F0r) (Q)}
o [ sa g 3 a.d 1-2n—a
o1 { (“ N 2<dg) (K #"F) (0]
_ p—32rmn—1 _3704 g i 1-Zn—a
=t FIG (1- 5+ 2Cd<) (ICQ F) (©)
=% (PLF) (0)
Thus,
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We can find the exact solution of (3.6) by using power series method. Let

FO) =" anc", (3.8)
n=0
then,

£ = ant1(n+1)¢",
n=0

F10) = ansa(n+2)(n+1)¢", (3.9)
n=0
o o, Pe-g+D
(Pﬁ f)(C)—nz_% O s s L

substituting above relation in (3.6) we have

o0

3 no
2

r(1—3-—na 41 o >
E:ml( T )Cn+§:§:m—k+1MMM4wKn+H§:W+4X”+%%Hi”20 (3.10)
n=0 F(1*7*7+1) n=0 k=0 n=0

According to the equation (3.10), for n > 0 we have the following recursive relation

-1 r@e-%-%) <
2 =T D (0t 2)H (“”r( Ba _nay T 2 (n—k+t l)a’“a”"”l)’ (310

T2 k=0

also ag and a; are arbitrary constants. According to (3.5), the exact solution of equation (3.1) is
— o —
u(a,t) =t7= Y ap(at™ )" (3.12)
n=0

In order to illustrate the related plots of the obtained exact solution (3.12), we truncate its series with N = 24.
Figure 1 shows the plots of u(x,t) for ag = 1,a; = 0.5 and H = 1. Figure 1 (A) shows the convergence properties
of the obtained exact solutions to the exact solution of the integer-order Benjamin-Ono equation when « tends to
1 and Figure 1 (B) shows the 3D plots of (3.12) for the value of @ = 0.9. In [21, 23], the fractional Benjamin-Ono
equation with conformable fractional derivative is discussed. However, to the best of authors knowledge, there is no
paper about the exact solutions of fractional Benjamin-Ono equation with Riemann-Liouville derivative.

an
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(a) The plot of u(z,0.5) for different values of (b) The plot of u(z,¢) in 3D for the value of
a. a=0.9.

FIGURE 1. The related plots of the exact solutions of (3.12) which obtained by classical generator of X5 for
different values of « in 2D and 3D.

4. CONSERVATION LAWS OF THE TIME-FRACTIONAL BENJAMIN-ONO EQUATION

In this part, we attention to the nonlinear self-adjointness [12] and new conservation laws theorem that firstly used
to construct the conservation laws by Ibragimov in [13]. This theorem uses the Lie symmetries to find conserved
vectors [3, 4, 16, 26]. Here, we intend to construct conservation laws for (3.1) according to this method. Conservation
laws of equation (3.1) is given by

DT + D, T;" =0, (4.1)

where 7' = T (t,z,u,...) , T* = T*(t,x,u,...) are the conserved vectors

’G””=(W+ZD Dy )6H>,

Uy k>1 8u(k+l):v
= oM oM 2
a—1—k ; Dk _ _1 n u ; D’n
Z%) a ( W) t a(a?u) ( ) j Wa t(a(atau)) ’
where n = [a] + 1 =n; — &u, — T;uy and the integral 7 is given by
—_ \)n—(at1)
h, g) / / P 2)g (s 2) (1 = A) drdp. (4.3)
I'(n—a)
The formal Lagrangian for (3.1) is given by
H =z, 1) @t;‘ + uu, + Hu> (4.4)

where ®(x,t) = ¥(x,t,u) is new dependent variable and the adjoint equations of the fractional Benjamin-Ono equation
can be specified as follows

oH
f=—=0 4.5
4 ou ’ (4.5)
where the operators of Euler—Lagrange are given by
) 0 ) 0
Su  Ou +(97) + Z 8u;m’

k>1
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where (0)* denotes the adjoint operator for the 9. According to the Riemann-Liouville fractional differential
operator

(0F)" = (~=1)"I37*(9F) = (97)F,
T o) (F — n—(1+a)
7 “h(t,x) = / hr, )I(‘(n _t)a) dr, n=la]+1,

t

where (0%)¢ is the operator of right-sided Caputo derivative.
If we have the following relation for the time-fractional nonlinear equation (4.4), then we can say that the equation
(3.1) is self adjoint

oH
Fr=-" = ur 4.6
50 M (4.6)
where p unknowns to be determined. Thus, we can write the nonlinear self adjoint condition (4.6) as follows
w=0, U(z,t,u) = A, AeR.
Hence, if we suppose A = 1, then
30(
H = Wg + utty + Hugy- (4.7)

According to the above analysis and Lie symmetry generators, we consider the conserved vectors for classical generators
of time-fractional Benjamin-Ono equation. We have the following cases for classical generators:
Case 1: Here for the first classical generator X7, the respective Lie characteristic function is

“Wl = —Ug. (48)

Substituting (4.8) into (4.2) yields the conserved vector as follows:

0 0 0
’le:uW1< H D H) +Dgc(uW1) H

- T
Ouy Olpy Olgy

TE =T (“Wh) ¥ + j(uwl, ‘I’t>,

then
TF = —uz(u— H) — Hugy
T =T %,V + T (= uq, Uy).

Case 2: For the generator Xs = aw% + Qt% — au%. the respective Lie characteristic function is obtained by
"Wy = —au — oz, — 2tuy. (4.9)

Substituting (4.9) into (4.2) yields
T3 =—(u— H) (au+ azu, + 2tu) — H (2au, + axug, + 2tug) ,
TE = —T'%(au + azu, + 2tuy).

5. CONCLUSION

In this work, we used the symmetry of the Lie group analysis for nonlinear time-fractional Benjamin-Ono equa-
tion and employed the classical Lie symmetries to obtain similarity reductions of this equation and find the related
exact solutions for the derived generators. Finally, according to the Lie symmetry generators obtained, we construct
conservation laws for related classical vector fields of the mentioned equation.

(=)=
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