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Abstract 

A novel design approach to construct a fault-tolerant control (FTC) system for a class of nonlinear systems based on a 

generalized Takagi-Sugeno (GT-S) fuzzy model is proposed. The local rules of the GT-S fuzzy model consist of some 

multiplicative nonlinear terms. The nonlinear system is affected by actuator faults and unknown disturbances. A state/fault 

observer is designed and then, a dynamic output feedback scheme is proposed based on the estimated fault and state 

information. The sufficient conditions for observer and controller design are separately given in terms of linear matrix 

inequalities (LMIs). It can be shown that the number of LMIs and the computational burden is less than that of similar 

methods and the effectiveness of the proposed dynamic output feedback FTC approach is verified by proposing simulation 

results applied to an inverted pendulum system. 
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1. Introduction 

Fast detection of possible faults and attenuation of 

their effects on the closed-loop control systems is a 

challenging research issue. In the past decades, many 

researchers focused on the safe operation of the 

controlled systems when various faults occur [1]. Some 

good methods are proposed for linear systems [2], but 

most of the practical systems have nonlinear and complex 

dynamics and therefore, designing fault-tolerant 

controllers (FTC) for nonlinear systems is a very 

important challenge. This problem is investigated by 

many researchers, but most of the outcomes are only 

applicable for a limited class of systems with restrictive 

conditions (see for example the books [3-6], survey 

papers [7-8], and other works [9-18] and references 

therein). 

Development of Takagi-Sugeno (T-S) fuzzy models 

inspired researchers to successfully extend the previous 

linear methods to nonlinear complex systems that could 

be modelled using T-S fuzzy models. The T-S fuzzy 

model can approximate nonlinear dynamic with some 

local linear IF-THEN rules as long as the number of rules 

is enough [19]. Many excellent works used T-S fuzzy 

modelling for solving the problems of nonlinear systems 

over the past decades and remarkable papers about FTC 

design for nonlinear systems with the aid of T-S fuzzy 

modelling are published in recent years [20-31]. 

Although the T-S fuzzy modelling changes the 

nonlinear dynamic of the complex systems into some 

local linear rules, the  number of this rules augments 

exponentially when someone wants to describe the 

nonlinear system more precise. This results in more 

complication in analysis and design procedures. Recently, 

some methods have been proposed to allow some 

nonlinear terms to explicitly appear in the local models. 

This ends in decreasing necessary rules for describing the 

system, but the linearity shape of the overall system is 

lost. In [32], a very simple form of nonlinear local rules 

with an additive sinusoidal term to the linear part of the 

rules is proposed. More advanced work is performed in 

[33-35] where sector-bounded functions added to the 

rules and some recent papers used these ideas [36-42]. In 

[43-45], the authors suggest another nonlinear T-S fuzzy 

model in which, a nonlinear matrix was kept in the form 

of a multiplying term to the control input in local rules 

and the rest of the rules are linear. Besides decreasing the 

necessary number of needed local rules and hence less 

computational burden, the significant advantage of this 

model is that one can always have controllable models. 

The proposed Generalized T-S (GT-S) fuzzy model 

could overcome the difficulties concerning the 

uncontrollability issues in conventional T-S fuzzy 

models of some nonlinear systems. 

The suggested GT-S fuzzy model in [45] is utilized in 

this paper for modelling nonlinear systems and a dynamic 

output feedback FTC system is designed based on this 

model. First, an observer is designed to simultaneously 

estimate actuator faults and system states and then, the 
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estimated information is used to design FTC law which 

stabilizes the faulty system in the presence of unknown 

disturbances. Sufficient asymptotical stability conditions 

are derived in terms of linear matrix inequalities (LMIs). 

The proposed FTC law is a generalization of the work 

done in [46] and [47] where a dynamic output feedback 

FTC system is suggested based on conventional T-S 

fuzzy model. In the [46], a dynamic FTC law using a fault 

observer was proposed and the same problem has been 

solved in [47] using a set-theoretic description of T-S 

fuzzy model. So, if one could model the nonlinear system 

with the GT-S fuzzy model with less number of local 

rules, the proposed method may have fewer number of 

LMIs than that of [46] and the feasibility of them are 

more likely. A similar work is done in [48] where the GT-

S fuzzy model is used to design a state-feedback FTC 

system based on the estimated fault information. Also, 

the nonlinear term of the local rules in [48] is supposed 

to satisfy a local Lipschitz condition. Although this is not 

a very restrictive condition, in this paper it is just 

assumed that the nonlinear term is norm-bounded in the 

working region. Using an inverted pendulum system, it is 

shown that the proposed method could stabilize the 

closed-loop faulty system with better performance in 

comparison to the existing approaches. The main 

contribution of this paper is to provide a dynamic output 

feedback FTC law for nonlinear systems based on the 

estimated information of faults and states in the presence 

of various types of additive actuator faults and unknown 

disturbances and for this goal, a GT-S fuzzy model is 

utilized. The proposed method could be applicable for a 

very wide class of nonlinear systems with less restrictive 

conditions. 

The rest of the paper is organized as follows: the main 

problem to be solved in this paper is formulated in 

Section 2. In Section 3, a solution is provided and is 

summarized in the form of a constructive algorithm. 

Simulation results on an inverted pendulum system are  

illustrated in Section 4, and Section 5 concludes the paper. 

The notations used in this paper are standard and are 

shown in Table I. 

 

Table I. The notations used in the paper and their 

descriptions. 

Parameter Description 

  

𝐀𝑇  Transpose of a given matrix 𝐀 

𝐀−𝑇 Inverse transpose of a given matrix 𝐀 

𝐈𝑞 𝑞 × 𝑞 unity matrix 

𝟎𝑠×𝑡 𝑠 × 𝑡 matrix with zero elements 

ℒ2[0,∞) space 
The set of signals satisfy 

∫ 𝒗𝑇(𝑡)𝒗(𝑡)𝑑𝑡
∞

0
< ∞ 

‖𝑣‖2 
ℒ2-norm of a given signal 𝑣(𝑡) ∈
ℒ2[0,∞) 

∗ Matrix symmetric elements 

2. Problem formulation  

In this paper, a dynamic output feedback FTC scheme 

based on a generalized T-S fuzzy model that has a 

multiplicative state-dependent nonlinear term in the local 

rules is proposed. The form of ith local rule of the GT-S 

fuzzy model with additive actuator faults and unknown 

disturbances is given by 

IF 𝑧1 is 𝑀𝑖1 and … and 𝑧𝑔 is 𝑀𝑖𝑔, THEN 

�̇�(𝑡) = 𝐀𝑖𝒙(𝑡) + 𝐁𝑖𝐅(𝒙(𝑡))[𝒖(𝑡) + 𝒇(𝑡)]

+ 𝐃1𝑖𝝎(𝑡) 

𝒚(𝑡) = 𝑪𝑖𝒙(𝑡) + 𝑫2𝑖𝝎(𝑡) 

 

 

(1) 

where 𝒙(𝑡) ∈ ℝ𝑛 , 𝒖(𝑡) ∈ ℝ𝑚 , 𝒇(𝑡) ∈ ℝ𝑚 , 𝒚(𝑡) ∈ ℝ𝑝 , 

and 𝝎(𝑡) ∈ ℝ𝑤 are system states, the control input, the 

actuator faults, the output of the system, and unknown ℒ2 

disturbances, respectively, and 𝐀𝑖 , 𝐁𝑖 , 𝐂𝑖 , 𝐃1𝑖  and 𝐃2𝑖 

are real constant matrices with appropriate dimensions. 

𝐅(𝒙(𝑡)) is an 𝑚 × 𝑚 nonlinear matrix and its presence 

in the local rules besides decreasing the number of rules 

and computational burden, provides controllable rules, 

which is a severe problem concerning with some 

conventional T-S fuzzy models [45] and then a very wide 

class of nonlinear systems could be dealt with. It is shown 

in [45], some of 𝐁𝑖  matrices in the conventional T-S 

models for some nonlinear systems might be zero, so the 

corresponding local rules became uncontrollable. Use of 

the GT-S model for modelling this type of nonlinear 

systems often solves this problem. 

The form of overall fuzzy model, which is achieved 

by fuzzy summation of the local rules (1), is as follows 

�̇�(𝑡) = ∑ℎ𝑖(𝒛){𝐀𝑖𝒙(𝑡)

𝑟

𝑖=1

+ 𝐁𝑖𝐅(𝒙(𝑡))[𝒖(𝑡) + 𝒇(𝑡)]

+ 𝐃1𝑖𝝎(𝑡)} 

𝒚(𝑡) = ∑ ℎ𝑖(𝒛){𝑪𝑖𝒙(𝑡) + 𝑫2𝑖𝝎(𝑡)}

𝑟

𝑖=1

 

 

 

 

(2) 

where 

ℎ𝑖(𝒛) =
𝛽𝑖(𝒛)

∑ 𝛽𝑖(𝒛)
𝑟
𝑖=1

, 𝛽𝑖(𝒛) = ∏ 𝑀𝑖𝑗(𝒛)

𝑔

𝑗=1

 
(3) 

in which, 𝒛 = [𝑧1, … , 𝑧𝑔]
𝑇

 is premise variables vector, 

and 𝑀𝑖𝑗  (𝑖 = 1,… , 𝑟; 𝑗 = 1,… , 𝑔) are the fuzzy sets of 

membership functions and 𝑀𝑖𝑗(. )  is the grade of 

corresponding membership function where 0 ≤
𝑀𝑖𝑗(. ) < 1 (𝑖 = 1,… , 𝑟; 𝑗 = 1,… , 𝑔) . The T-S fuzzy 

model can approximate any nonlinear system with 

arbitrary precision and the same discussion can easily be 

made for the GT-S fuzzy model [19]. In order to simply 

deal with nonlinear term, a filtered version of fault is 

defined as follows 

�̅�(𝑡) = 𝑭(𝒙(𝑡))𝒇(𝑡) (4) 

therefore, the nonlinear system (2) including additive 

actuator faults and unknown disturbances could be 

represented by: 

 

�̇�(𝑡) = ∑ℎ𝑖(𝒛){𝐀𝑖𝒙(𝑡) + 𝐁𝑖𝐅(𝒙(𝑡))𝒖(𝑡)

𝑟

𝑖=1

+ 𝐁𝑖�̅�(𝑡) + 𝐃1𝑖𝝎(𝑡)} 

 

(5) 
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𝒚(𝑡) = ∑ ℎ𝑖(𝒛){𝑪𝑖𝒙(𝑡) + 𝑫2𝑖𝝎(𝑡)}

𝑟

𝑖=1

 

It is assumed in this paper that the nonlinear term 

𝐅(𝒙(𝑡)) satisfies 

𝛿1 ≤ ‖𝑭(𝒙(𝑡))‖
2

≤ 𝛿2, ∀𝒙(𝑡) ∈ 𝛺 ⊆ ℝ𝑛 (6) 

where 𝛿1, 𝛿2 > 0 are two real numbers and Ω is a local 

region. In [48], the term 𝐅(𝒙(𝑡)) is supposed to satisfy a 

local Lipschitz condition. Although this assumption is 

not very restrictive, assuming norm-bounded term makes 

the proposed method applicable to wider class of 

nonlinear systems.  

The problem of designing a dynamic output feedback 

FTC law for nonlinear systems that modelled by GT-S 

fuzzy model that is solved in this paper could be 

presented as follows. 

 

Problem 1. Consider the GT-S model (5) with depicted 

in Fig. 1. Design a state/fault observer to estimate states 

and faults simultaneously and then, design a dynamic 

FTC law that stabilizes the system in the presence of 

faults and disturbances based on estimated information 

of faults and states. 

 

Before presenting the main results, the following 

useful lemmas for proving the Theorems of the paper are 

presented. 

 

Lemma 1 [49]: The inequality 

∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛)

𝑟

𝑗=1

𝑟

𝑖=1

𝜣𝑖𝑗 < 0 
(7) 

holds, if the following inequalities are satisfied 

𝜣𝑖𝑖 < 0, 𝑖 = 1,… , 𝑟 

1

𝑟 − 1
𝜣𝑖𝑖 +

1

2
(𝜣𝑖𝑗 + 𝜣𝑗𝑖) < 0, 1 ≤ 𝑖 < 𝑗 ≤ 𝑟 

(8) 

 

 
Fig. 1.  Block-diagram of the overall closed-loop 

control system. 

 

Lemma 2 [50]: Let 𝐃, 𝐄, and 𝐒 be real matrices with 

appropriate dimensions and 𝐒  satisfying 𝐒𝑇𝐒 ≤ 𝐈 . For 

any scalar 휀 > 0 and vectors 𝒙, 𝒚 ∈ ℝ𝑛 

2𝒙𝑇𝑫𝑺𝑬𝒚 ≤ 휀−1𝒙𝑇𝑫𝑫𝑇𝒙 + 휀𝒚𝑇𝑬𝑇𝑬𝒚 (9) 

 

3. Main idea 

To solve Problem 1, a constructive algorithm is 

proposed in this section. The proposed solution is 

composed of two parts: (i) State/fault observer design, 

and (ii) Constructing a dynamic output feedback FTC law. 

 

3.1. State/Fault Observer Design 

First of all, a state/fault observer for the system (5) is 

constructed as follows 

�̇�(𝑡) = ∑ℎ𝑖(𝒛) {𝐀𝑖𝒙(𝑡) + 𝐁𝑖𝐅(𝒙(𝑡))𝒖(𝑡)

𝑟

𝑖=1

+ 𝐁𝑖 �̂̅�(𝑡)

− 𝐋𝑖(�̂�(𝑡) − 𝒚(𝑡))} 

�̂�(𝑡) = ∑ ℎ𝑖(𝒛){𝐂𝑖𝒙(𝑡)}

𝑟

𝑖=1

 

�̂̅�
̇
(𝑡) = ∑ℎ𝑖(𝒛){−𝐆𝑖(�̂�(𝑡) − 𝒚(𝑡))}

𝑟

𝑖=1

 

 

 

 

(10) 

where 𝒙(𝑡) ∈ ℝ𝑛  and �̂�(𝑡) ∈ ℝ𝑝  are the observer state 

and output, respectively, �̂̅�(𝑡) ∈ ℝ𝑚 is an estimation of 

filtered fault �̅�(𝑡) , and 𝐋𝑖  and 𝐆𝑖  are observer gain 

matrices, to be designed. Denoting 𝒆𝑥 = 𝒙(𝑡) − 𝒙(𝑡) 

and 𝒆𝑓 = �̂̅�(𝑡) − �̅�(𝑡), the dynamics of the error is given 

by 

�̇�𝑥 = ∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛){(𝐀𝑖 − 𝐋𝑖𝐂𝑗)𝒆𝑥

𝑟

𝑗=1

𝑟

𝑖=1

+ 𝐁𝑖�̌�𝒖(𝑡) + 𝐁𝑖𝒆𝑓

+ (𝐋𝑖𝐃2𝑗 − 𝐃1𝑖)𝝎(𝑡)} 

�̇�𝑓 = ∑∑ℎ𝑖(𝒛)ℎ𝑗(𝒛) {−𝐆𝑖𝐂𝑗𝒆𝑥

𝑟

𝑗=1

𝑟

𝑖=1

+ 𝐆𝑖𝐃2𝑗𝝎(𝑡) − �̇̅�(𝑡)} 

 

 

(11) 

where �̌� = 𝐅(𝒙(𝑡)) − 𝐅(𝒙(𝑡)) . Motivated by the 

developments in [46], the dynamic equations (11) are 

rewritten as follows 

�̇̅� = ∑ ∑ℎ𝑖(𝒛)ℎ𝑗(𝒛){(�̅�𝑖 − �̅�𝑖�̅�𝑗)�̅�

𝑟

𝑗=1

𝑟

𝑖=1

+ (�̅�𝑖�̅�2𝑗 − �̅�1𝑖)𝝂} 

 

(12) 

where 

�̅� = [
𝒆𝑥

𝒆𝑓
] , 𝝂 = [

�̌�𝒖(𝑡)

𝝎(𝑡)

�̇̅�(𝑡)

] 

�̅�𝑖 = [
𝑨𝑖 𝑩𝑖

𝟎𝑚×𝑛 𝟎𝑚×𝑚
] , �̅�𝑖 = [𝑪𝑖 𝟎𝑝×𝑚]  

 �̅�1𝑖 = [
−𝑩𝑖 𝑫1𝑖 𝟎𝑛×𝑚

𝟎𝑚×𝑚 𝟎𝑚×𝑤 𝑰𝑚
] 

�̅�2𝑖 = [𝟎𝑝×𝑚 𝑫2𝑖 𝟎𝑝×𝑚], �̅�𝑖 = [
𝑳𝑖

𝑮𝑖
] 

 

 

(13) 

The following Theorem summerizes the conditions for 

robust stability of the augmented error dyamics (12) with 

an 𝐻∞ performance index. 
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Theorem 1. The augmented error dynamics (12) is 

asymptotically stable with 𝐻∞  performance index 

‖�̅�‖2 ≤ 𝛾1‖𝝂‖2 , where 𝛾1  is a scalar, if there exists a 

symmetric positive definite matrix �̅� ∈

ℝ(𝑛+𝑚)×(𝑛+𝑚) and matrices 𝐘𝑖 ∈ ℝ(𝑛+𝑚)×𝑝  (𝑖 =
1,⋯ , 𝑟), which solve the following optimization problem 

minimize 𝛾1, subject to: 

𝚿𝑖𝑖 < 0, 𝑖 = 1,… , 𝑟 

1

𝑟 − 1
𝜳𝑖𝑖 +

1

2
(𝜳𝑖𝑗 + 𝜳𝑗𝑖) < 0, 1 ≤ 𝑖 < 𝑗 ≤ 𝑟 

 

 

(14) 

where 

𝜳𝑖𝑗

= [

𝝍11 �̅�𝑖�̅�2𝑗 − �̅��̅�1𝑖 𝑰𝑛+𝑚

∗ −𝛾1𝑰2𝑚+𝑤 𝟎(2𝑚+𝑤)×(𝑛+𝑚)

∗ ∗ −𝛾1𝑰𝑛+𝑚

]  

 𝝍11 = �̅�𝑖
𝑇�̅� + �̅��̅�𝑖 − �̅�𝑖�̅�𝑗 − �̅�𝑗

𝑇�̅�𝑖
𝑇 

 

 

(15) 

If the optimization problem (14) has feasible 

solutions, then the gains �̅�𝑖 are given by 

�̅�𝑖 = �̅�−1�̅�𝑖, 𝑖 = 1, … , 𝑟 (16) 

 

Proof. Consider the following Lyapunov function 

candidate 

𝑉1 = �̅�𝑇�̅��̅� (17) 

the time derivative of 𝑉1 is given by 

�̇�1 = ∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛) {�̅�𝑇 [(�̅�𝑖 − �̅�𝑖�̅�𝑗)
𝑇
�̅�

𝑟

𝑗=1

𝑟

𝑖=1

+ �̅�(�̅�𝑖 − �̅�𝑖�̅�𝑗)] �̅�

+ 2�̅�𝑇�̅�(�̅�𝑖�̅�2𝑗 − �̅�1𝑖)𝝂} 

 

 

(18) 

Define the cost function 

𝐽1 = �̇�1 + 𝛾1
−1�̅�𝑇�̅� − 𝛾1𝝂

𝑇𝝂 (19) 

then 

𝐽1 ≤ ∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛) {�̅�𝑇 [(�̅�𝑖 − �̅�𝑖�̅�𝑗)
𝑇
�̅�

𝑟

𝑗=1

𝑟

𝑖=1

+ �̅�(�̅�𝑖 − �̅�𝑖�̅�𝑗)] �̅�

+ 2�̅�𝑇�̅�(�̅�𝑖�̅�2𝑗 − �̅�1𝑖)𝝂

+ 𝛾1
−1�̅�𝑇�̅� − 𝛾1𝝂

𝑇𝝂} 

 

 

(20) 

or 

𝐽1 ≤ ∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛){�̃�
𝑇𝜴𝑖𝑗�̃�}

𝑟

𝑗=1

𝑟

𝑖=1

 
(21) 

where 

�̃� = [
�̅�
𝝂
] , 𝜴𝑖𝑗 = [

𝝎11 �̅�(�̅�𝑖�̅�2𝑗 − �̅�1𝑖)

∗ −𝛾1𝑰2𝑚+𝑤

] 

𝝎11 = (�̅�𝑖 − �̅�𝑖�̅�𝑗)
𝑇
�̅� + �̅�(�̅�𝑖 − �̅�𝑖�̅�𝑗)

+ 𝛾1
−1𝑰𝑛+𝑚 

(22) 

Defining 𝐘𝑖 = �̅��̅�𝑖 , by Schur complement, the 

inequality 𝛀𝑖𝑗 < 0 becomes 

[

𝜿11 �̅�𝑖�̅�2𝑗 − �̅��̅�1𝑖 𝑰𝑛+𝑚

∗ −𝛾1𝑰2𝑚+𝑤 𝟎(2𝑚+𝑤)×(𝑛+𝑚)

∗ ∗ −𝛾1𝑰𝑛+𝑚

] < 0 

𝜿11 = �̅�𝑖
𝑇�̅� + �̅��̅�𝑖 − �̅�𝑖�̅�𝑗 − �̅�𝑗

𝑇�̅�𝑖
𝑇 

 

(23) 

Taking Lemma 1 into account, it is obvious that if 

(14) hold, then (12) is asymptotically stable with 𝐻∞ 

performance index ‖�̅�‖2 ≤ 𝛾1‖𝝂‖2 . The proof is 

completed.  

 

3.2. Dynamic Output Feedback FTC Design 

After state/fault observer design, now we suggest a 

dynamic output feedback FTC law based on the 

estimated states and faults. It will be shown that this 

control law guarantees asymptotical stability of the 

closed-loop system that depicted in Fig. 1 in the presence 

of actuator faults and unknown disturbances. 

The suggested dynamic output feedback FTC law is 

as follows 

�̇�(𝑡) = ∑∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛)ℎℓ(𝒛)

𝑟

ℓ=1

{𝐍1𝑖𝑗ℓ𝜻(𝑡)

𝑟

𝑗=1

𝑟

𝑖=1

+ 𝐍2𝑖𝒚(𝑡)} 

𝒖(𝑡)

= ∑ ∑ℎ𝑖(𝒛)ℎ𝑗(𝒛)𝐅
−1(𝒙(𝑡)) {𝐊1𝑖𝑗𝜻(𝑡)

𝑟

𝑗=1

𝑟

𝑖=1

+ 𝐊2𝑖𝒚(𝑡) − �̂̅�(𝑡)} 

 

 

 

(24) 

where 𝜻(𝑡) ∈ ℝ𝑛 is the state of the controller and 𝐍1𝑖𝑗ℓ, 

𝐍2𝑖 , 𝐊1𝑖𝑗 , and 𝐊2𝑖  (𝑖, 𝑗, ℓ = 1,⋯ , 𝑟) are controller gain 

matrices with appropriate dimensions, to be designed. 

Substituting (24) in the system dynamics (5), we have 

(25) at the bottom of the page 

�̇�(𝑡) = ∑∑ ∑ℎ𝑖(𝒛)ℎ𝑗(𝒛)ℎℓ(𝒛)

𝑟

ℓ=1

{(𝐀𝑖 + 𝐁𝑖�̃�𝐊2𝑗𝐂ℓ)𝒙(𝑡) + 𝐁𝑖�̃�𝐊1𝑗ℓ𝜻(𝑡) + (𝐁𝑖 − 𝐁𝑖�̃�)�̅�(𝑡) − 𝐁𝑖�̃�𝒆𝑓

𝑟

𝑗=1

𝑟

𝑖=1

+ (𝐁𝑖�̃�𝐊2𝑗𝐃2ℓ + 𝐃1𝑖)𝝎(𝑡)} 

 

(25) 

 

where �̃� = 𝐅(𝒙(𝑡))𝐅−1(𝒙(𝑡)). Now we can write 

�̇�(𝑡) = ∑∑∑ ℎ𝑖(𝒛)ℎ𝑗(𝒛)ℎℓ(𝒛){(�̃�𝑖𝑗ℓ

𝑟

ℓ=1

𝑟

𝑗=1

𝑟

𝑖=1

+ �̃�𝑖�̃��̃�1𝑗ℓ�̃�ℓ)𝒙(𝑡)

+ (�̃�𝑖ℓ + �̃�𝑖�̃��̃�2𝑗�̃�ℓ)𝝁} 

 

(26) 

where 

𝒙(𝑡) = [
𝒙(𝑡)

𝜻(𝑡)
] , 𝝁 = [

𝝎(𝑡)

�̅�(𝑡)
𝒆𝑓

] 

�̃�𝑖𝑗ℓ = [
𝑨𝑖 𝟎𝑛×𝑛

𝑵2𝑖𝑪ℓ 𝑵1𝑖𝑗ℓ
] , �̃�𝑖 = [

𝑩𝑖

𝟎𝑛×𝑚
]  

 

(27) 
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 �̃�𝑖ℓ = [
𝑫1𝑖 𝑩𝑖 𝟎𝑛×𝑚

𝑵2𝑖𝑫2ℓ 𝟎𝑛×𝑚 𝟎𝑛×𝑚
] 

�̃�ℓ = [
𝑪ℓ 𝟎𝑝×𝑛

𝟎𝑛×𝑛 𝑰𝑛
] 

�̃�ℓ = [

𝑫2ℓ 𝟎𝑝×𝑚 𝟎𝑝×𝑚

𝟎𝑚×𝑤 −𝑰𝑚 𝟎𝑚×𝑚

𝟎𝑚×𝑤 𝟎𝑚×𝑚 −𝑰𝑚

] 

�̃�1𝑗ℓ = [𝑲2𝑗 𝑲1𝑗ℓ] 

�̃�2𝑗 = [𝑲2𝑗 𝑰𝑚 𝑰𝑚] 

and the output equation becomes 

𝒚(𝑡) = ∑ ℎ𝑖(𝒛){�̃�1𝑖𝒙(𝑡) + �̃�2𝑖𝝁}

𝑟

𝑖=1

 
(28) 

where 

�̃�1𝑖 = [𝑪𝑖 𝟎𝑝×𝑛] 

�̃�2𝑖 = [𝑫2𝑖 𝟎𝑝×𝑚 𝟎𝑝×𝑚] 

 

(29) 

The robust stability of the closed-loop system (26) 

and (28) with an 𝐻∞ performance index is guaranteed by 

the following Theorem. 

 

Theorem 2. The closed-loop system (26) and (28) is 

asymptotically stable with an 𝐻∞  performance index 

‖𝒚(𝑡)‖2 ≤ 𝛾2‖𝝁‖2, where 𝛾2 is a scalar, if there exists 

symmetric positive definite matrices 𝐗, 𝐘 ∈ ℝ𝑛×𝑛 , 

matrices 𝐐1𝑖𝑗ℓ ∈ ℝ𝑛×𝑛 , 𝐐2𝑖 ∈ ℝ𝑛×𝑝 , 𝐐3𝑖ℓ ∈ ℝ𝑚×𝑛 , and 

𝐐4𝑗 ∈ ℝ𝑚×𝑝 , and scalars 𝜆1𝑖𝑗ℓ, 𝜆2𝑖𝑗ℓ, 𝜆3𝑖𝑗ℓ > 0, (𝑖, 𝑗, ℓ =

1,… , 𝑟) that solve the following optimization problem 

minimize 𝛾2, subject to: 

𝚷𝑖𝑗𝑗 < 0, 𝑖 = 1,… , 𝑟 

1

𝑟 − 1
𝜫𝑖𝑗𝑗 +

1

2
(𝜫𝑖𝑗ℓ + 𝜫𝑖ℓ𝑗) < 0, 

𝑖 = 1,⋯ , 𝑟, 1 ≤ 𝑗 < ℓ ≤ 𝑟 

(30) 

where 𝚷𝑖𝑗ℓ is shown in (31) at the top of next page. If the 

above conditions are feasible, then the FTC gain matrices 

in (24) are given by 

𝐊2𝑗 = 𝐐4𝑗 

𝐍2𝑖 = 𝐍−1𝐐2𝑖 

𝐊1𝑗ℓ = (𝐐3𝑗ℓ − 𝐐4𝑗𝐂ℓ𝐗)𝐌−𝑇 

𝑵1𝑖𝑗ℓ = 𝑵−1(𝑸1𝑖𝑗ℓ − 𝒀𝑨𝑖𝑿 − 𝑸2𝑖𝑪ℓ𝑿)𝑴−𝑇 

 

(32) 

where 𝐌,𝐍 ∈ ℝ𝑛×𝑛 satisfy 𝐌𝐍𝑇 = 𝐈𝑛 − 𝐗𝐘. 

 

Proof. Consider the candidate Lyapunov function 

𝑉2 = 𝒙𝑇�̃�𝒙 (33) 

its time derivative is given by 

�̇�2 = ∑∑ ∑ℎ𝑖(𝒛)ℎ𝑖(𝒛)ℎℓ(𝒛){𝒙
𝑇(�̃�𝑖𝑗ℓ

𝑇 �̃�

𝑟

ℓ=1

𝑟

𝑗=1

𝑟

𝑖=1

+ �̃��̃�𝑖𝑗ℓ)𝒙

+ 2𝒙𝑇�̃��̃�𝑖�̃��̃�1𝑗ℓ�̃�ℓ𝒙

+ 2𝒙𝑇�̃��̃�𝑖ℓ𝝁

+ 2𝒙𝑇�̃��̃�𝑖�̃��̃�2𝑗�̃�ℓ𝝁} 

 

 

 

(34) 

According to Lemma 2, we have 

2𝒙𝑇�̃��̃�𝑖�̃��̃�1𝑗ℓ�̃�ℓ𝒙

≤ 휀1𝑖𝑗ℓ
−1 𝛼2𝒙𝑇�̃��̃�𝑖�̃�𝑖

𝑇�̃�𝒙

+ 휀1𝑖𝑗ℓ𝒙
𝑇�̃�ℓ

𝑇�̃�1𝑗ℓ
𝑇 �̃�1𝑗ℓ�̃�ℓ𝒙 

 

(35) 

and 

2𝒙𝑇�̃��̃�𝑖�̃��̃�2𝑗�̃�ℓ𝝁

≤ 휀2𝑖𝑗ℓ
−1 𝛼2𝒙𝑇�̃��̃�𝑖�̃�𝑖

𝑇�̃�𝒙

+ 휀2𝑖𝑗ℓ𝝁
𝑇�̃�ℓ

𝑇�̃�2𝑗
𝑇 �̃�2𝑗�̃�ℓ𝝁 

 

(36) 

where 𝛼 = ‖�̃�‖
2
 and according to the condition (6), we 

have 𝛼 ≤
𝛿2

𝛿1
. Defining the cost function as 

𝐽2 = �̇�2 + 𝛾2
−1𝒚𝑇𝒚 − 𝛾2𝝁

𝑇𝝁 (37) 

then we have 

𝐽2 ≤ ∑∑ ∑ℎ𝑖(𝒛)ℎ𝑖(𝒛)ℎℓ(𝒛){𝒙
𝑇𝜩𝑖𝑗ℓ𝒙}

𝑟

ℓ=1

𝑟

𝑗=1

𝑟

𝑖=1

 
 

(38) 

where 

𝒙 = [
𝒙
𝝁
] , 𝜩𝑖𝑗ℓ = [

𝝃11 𝝃12

∗ 𝝃22
] 

𝝃11 = �̃�𝑖𝑗ℓ
𝑇 �̃� + �̃��̃�𝑖𝑗ℓ + 𝛾2

−1�̃�1𝑖
𝑇 �̃�1𝑖

+ (휀1𝑖𝑗ℓ
−1 + 휀2𝑖𝑗ℓ

−1 )𝛼2�̃��̃�𝑖�̃�𝑖
𝑇�̃�

+ 휀1𝑖𝑗ℓ�̃�ℓ
𝑇�̃�1𝑗ℓ

𝑇 �̃�1𝑗ℓ�̃�ℓ 

𝝃12 = �̃��̃�𝑖ℓ + 𝛾2
−1�̃�1𝑖

𝑇 �̃�2𝑖  

𝝃22 = 휀2𝑖𝑗ℓ�̃�ℓ
𝑇�̃�2𝑗

𝑇 �̃�2𝑗�̃�ℓ + 𝛾2
−1�̃�2𝑖

𝑇 �̃�2𝑖

− 𝛾1𝑰2𝑚+𝑤  

 

 

 

(39) 

 

𝚷𝑖𝑗ℓ =

[
 
 
 
 
 
 
 
 
 
 
𝐀𝑖𝐗 + 𝐗𝐀𝑖

𝑇 𝐀𝑖 + 𝐐1𝑖𝑗ℓ
𝑇 𝐃1𝑖 𝐁𝑖 𝟎𝑛×𝑚 𝟎𝑛×𝑚 𝐗𝐂𝑖

𝑇 𝐁𝑖 𝐐3𝑗ℓ
𝑇

∗ 𝛑22 𝐘𝐃1𝑖 + 𝐐2𝑖𝐃2ℓ 𝐘𝐁𝑖 𝟎𝑛×𝑚 𝟎𝑛×𝑚 𝐂𝑖
𝑇 𝐘𝐁𝑖 𝐂ℓ

𝑇𝐐4𝑗
𝑇

∗ ∗ −𝛾2𝐈𝑤 𝟎𝑤×𝑚 𝟎𝑤×𝑚 𝐃2ℓ
𝑇 𝐐4𝑗

𝑇 𝐃2𝑖
𝑇 𝟎𝑤×𝑚 𝟎𝑤×𝑚

∗ ∗ ∗ −𝛾2𝐈𝑚 𝟎𝑚×𝑚 −𝐈𝑚 𝟎𝑚×𝑝 𝟎𝑚×𝑚 𝟎𝑚×𝑚

∗ ∗ ∗ ∗ −𝛾2𝐈𝑚 −𝐈𝑚 𝟎𝑚×𝑝 𝟎𝑚×𝑚 𝟎𝑚×𝑚

∗ ∗ ∗ ∗ ∗ −𝜆1𝑖𝑗ℓ𝐈𝑚 𝟎𝑚×𝑝 𝟎𝑚×𝑚 𝟎𝑚×𝑚

∗ ∗ ∗ ∗ ∗ ∗ −𝛾2𝐈𝑝 𝟎𝑝×𝑚 𝟎𝑝×𝑚

∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜆2𝑖𝑗ℓ𝐈𝑚 𝟎𝑚×𝑚

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜆3𝑖𝑗ℓ𝐈𝑚]
 
 
 
 
 
 
 
 
 
 

 

𝛑22 = 𝐘𝐀𝑖 + 𝐀𝑖
𝑇𝐘 + 𝐐2𝑖𝐂ℓ + 𝐂ℓ

𝑇𝐐2𝑖
𝑇  

 

 

 

(31) 
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Defining 𝜆1𝑖𝑗ℓ
−1 = 휀2𝑖𝑗ℓ , 𝜆2𝑖𝑗ℓ

−1 = (휀1𝑖𝑗ℓ
−1 + 휀2𝑖𝑗ℓ

−1 )𝛼2 , and 

𝜆3𝑖𝑗ℓ
−1 = 휀1𝑖𝑗ℓ, and using Schur complement, the inequality 

𝚵𝑖𝑗ℓ ≤ 0 can be rewritten as 

 

[
 
 
 
 
 
 
𝝆11 �̃��̃�𝑖ℓ 𝟎2𝑛×𝑚 �̃�1𝑖

𝑇 �̃��̃�𝑖 𝝆16

∗ 𝝆22 𝝆23 �̃�2𝑖
𝑇 𝝆25 𝝆26

∗ ∗ 𝝆33 𝟎𝑚×𝑝 𝝆35 𝝆36

∗ ∗ ∗ −𝛾2𝑰𝑝 𝝆45 𝝆46

∗ ∗ ∗ ∗ 𝝆55 𝝆56

∗ ∗ ∗ ∗ ∗ 𝝆66]
 
 
 
 
 
 

< 0 

𝝆11 = �̃�𝑖𝑗ℓ
𝑇 �̃� + �̃��̃�𝑖𝑗ℓ, 𝝆16 = �̃�ℓ

𝑇�̃�1𝑗ℓ
𝑇  

𝝆22 = −𝛾2𝑰2𝑚+𝑤, 𝝆23 = �̃�ℓ
𝑇�̃�2𝑗

𝑇  

𝝆25 = 𝝆26 = 𝟎(2𝑚+𝑤)×𝑚 

𝝆33 = −𝜆1𝑖𝑗ℓ𝑰𝑚, 𝝆35 = 𝝆36 = 𝝆56

= 𝟎𝑚×𝑚 

𝝆45 = 𝝆46 = 𝟎𝑝×𝑚 

𝝆55 = −𝜆2𝑖𝑗ℓ𝑰𝑚, 𝝆66 = −𝜆3𝑖𝑗ℓ𝑰𝑚 

 

 

 

 

 

(40) 

Now, supposing the symmetric positive definite 

matrix �̃� and its inverse have the following form 

�̃� = [
𝒀 𝑵
𝑵𝑇 𝑾

] , �̃�−1 = [
𝑿 𝑴

𝑴𝑇 𝒁
] (41) 

due to �̃��̃�−1 = 𝐈𝑛, one could get 

�̃� [
𝑿
𝑴𝑇] = [

𝑰𝑛

𝟎𝑛×𝑛
] , �̃� [

𝑿 𝑰𝑛

𝑴𝑇 𝟎𝑛×𝑛
]

= [
𝑰𝑛 𝒀

𝟎𝑛×𝑛 𝑵𝑇] 

 

(42) 

Define 

𝑯1 = [
𝑿 𝑰𝑛

𝑴𝑇 𝟎𝑛×𝑛
] , 𝑯2 = [

𝑰𝑛 𝒀

𝟎𝑛×𝑛 𝑵𝑇] 
(43) 

it follows that �̃�𝐇1 = 𝐇2 . Premultiplying and 

postmultiplying by diag(𝐇1
𝑇 , 𝐈2𝑚+𝑤, 𝐈𝑚 , 𝐈𝑝, 𝐈𝑚, 𝐈𝑚)  and 

its transpose in (40) respectively, and denoting 𝐐1𝑖𝑗ℓ =

𝐘𝐀𝑖𝐗 + 𝐍𝐍2𝑖𝐂ℓ𝐗 + 𝐍𝐍1𝑖𝑗𝐌
𝑇 , 𝐐2𝑖 = 𝐍𝐍2𝑖 , 𝐐3𝑖ℓ =

𝐊2𝑗𝐂ℓ𝐗 + 𝐊1𝑗ℓ𝐌
𝑇, and 𝐐4𝑗 = 𝐊2𝑗, and taking Lemma 1 

into account, if (30) hold, then the closed-loop system (26) 

and (28) is asymptotically stable with 𝐻∞  performance 

index ‖𝒚(𝑡)‖2 ≤ 𝛾2‖𝝁‖2. This completes the proof.  

 

At the following, the obtained results in this paper 

which is a solution to Problem 1 is summarized in the 

form of an algorithm. 

 

Algorithm 1: Given the GT-S fuzzy model (4), design 

dynamic output feedback FTC system by performing 

following steps: 

(1) Solve LMIs (9) and obtain state/fault observer 

gains in (10). 

(2) Construct the state/fault observer in Figure 1. 

(3) Solve LMIs (15) and obtain gain matrices (16). 

(4) Construct the dynamic output feedback FTC 

system in (11). 

(5) Construct the closed-loop system in Figure 1. 

 

This algorithm is constructive and could be executed 

using standard scientific numerical software such as 

Matlab [51]. 

 

4. Simulation Results 

To show the effectiveness of the obtained results, we 

use the problem of balancing an inverted pendulum on a 

moving cart [46]. The dynamic equations of the system 

are given by 

�̇�1(𝑡) = 𝑥2(𝑡) 

�̇�2(𝑡) =
𝑔 𝑠𝑖𝑛 𝑥1(𝑡) − 1

2
𝑎𝑚𝑙𝑥2

2(𝑡) 𝑠𝑖𝑛(2𝑥1(𝑡))
4𝑙
3 −𝑎𝑚𝑙 𝑐𝑜𝑠2 𝑥1(𝑡)

−
𝑎 𝑐𝑜𝑠 𝑥1(𝑡)

4𝑙
3 −𝑎𝑚𝑙 𝑐𝑜𝑠2 𝑥1(𝑡)

𝑢(𝑡) 

𝑦(𝑡) = 𝑥1(𝑡) 

(44) 

where 𝑥1(𝑡)  and 𝑥2(𝑡)  are the angle of the pendulum 

from the vertical line in radians, and the angular velocity 

in rad/s, respectively. 𝑔 = 9.8 𝑚 𝑠⁄  is the gravity 

constant, 2𝑙 = 1 𝑚  is the pendulum length, and 𝑎 =
1

(𝑚+𝑀)
 where 𝑚 = 2 𝑘𝑔 and 𝑀 = 2 𝑘𝑔 are the pendulum 

and the cart mass, respectively. This system is modelled 

with 3 local rules in some works like [36] and with 2 rules 

in some other works like [46]. The GT-S fuzzy model for 

this system including additive actuator fault and unknown 

disturbance has 2 local nonlinear rules, as follows 

Rule 𝑖: IF 𝑥1(𝑡) is 𝑀𝑖, THEN 

�̇�(𝑡) = 𝑨𝑖𝒙(𝑡) + 𝑩𝑖𝑭(𝒙(𝑡))[𝒖(𝑡) + 𝒇(𝑡)]

+ 𝑫1𝑖𝝎(𝑡) 

𝒚(𝑡) = 𝑪𝑖𝒙(𝑡) + 𝑫2𝑖𝝎(𝑡), 𝑖 = 1,2 

 

 

(45) 

where 

𝑨1 = [
0 1
𝑔

4𝑙
3 −𝑎𝑚𝑙

0] , 𝑩1 = 𝑩2 = [
0

−𝑎
] 

𝑨2 = [

0 1
2𝑔

𝜋(4𝑙
3 − 𝑎𝑚𝑙𝛽2)

0] , 𝑪1 = 𝑪2 = [0 1] 

𝑫11 = 𝑫12 = [
0.01
0.01

] , 𝑫21 = 𝑫22 = [0.001] 

𝑭(𝒙(𝑡)) =
𝑐𝑜𝑠 𝑥1(𝑡)

4𝑙
3 −𝑎𝑚𝑙 𝑐𝑜𝑠2 𝑥1(𝑡)

 

 

 

 

(46) 

and 𝛽 = cos(88°) and the membership functions 𝑀1 and 

𝑀2 are shown in Fig. 2. 

 

 

 
Fig. 2.  Membership functions. 
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This example has feasible LMI conditions and the 

results of performing Algorithm 1 on this problem using 

YALMIP parser in the Matlab software and and SeDuMi 

version 1.1 as solver [52] are as follows: 

𝐋1 = [
37.8444
275.4664

] , 𝐋2 = [
38.1722
263.1176

] 

𝐆1 = −1292.0301, 𝐆2 = −1300.8683 

𝐊111 = 10−8 × [3.1685 15.8322] 
𝐊112 = 10−8 × [3.1498 16.8236] 
𝐊121 = 10−7 × [−2.2365 −8.8956] 
𝐊122 = 10−8 × [−1.3205 0.2946] 
𝐊21 = 814.2532, 𝐊22 = 333.8132 

𝐍1111 = [
−1.2587 24.0408
0.9471 1.5031

] 

𝐍1112 = [
−0.9704 24.0745
−7.6898 0.9186

] 

𝐍1121 = [
−1.5461 23.9864
9.5841 2.0801

] 

𝐍1122 = [
−1.2585 24.0376
0.9471 1.5018

] 

𝐍1211 = [
−0.4840 9.6417
0.9892 0.6319

] 

𝐍1212 = [
−1.6067 8.7531
−5.9343 −0.4389

] 

𝐍1221 = [
0.6385 10.5174
7.9126 1.6969

] 

𝐍1222 = [
−0.4839 9.6397
0.9892 0.6309

] 

𝑵21 = 107 × [
−5.5956
−26.2000

] 

𝑵22 = 107 × [
3.5732

−18.9800
] 

 

and the minimization results for 𝛾1  and 𝛾2  obtained by 

several methods are summarized in Table II. 

 

 

Table II. Minimization values of 𝛾1 and 𝛾2obtained 

from several methods. 

 Proposed  [46]  [47] 

    

𝛾1𝑚𝑖𝑛 1.5125 3.6104 2.9457 

𝛾2𝑚𝑖𝑛 0.0098 0.0388 0.0314 

 

Suppose a constant fault as 

𝒇(𝑡) = {
0 , 0 ≤ 𝑡 < 5

20(1 − 𝑒−(𝑡−5)) , 5 ≤ 𝑡 ≤ 20
 

(47) 

which is almost constant after 𝑡 = 8 𝑠𝑒𝑐. Consider 𝝎(𝑡) 

as a white Gaussian noise with power of −10 𝑑𝐵, and 

suppose the initial conditions are 𝒙(0) = [20° 0°]𝑇 . 

Simulation has been run with Matlab and the results along 

with that of [46] and [47] are shown in Figs. 3 and 4. 

It can be seen that the proposed method stabilizes the 

closed-loop system and attenuates the effects of actuator 

fault and disturbance. The dashed and dotted lines are 

related to the results of [46] and [47], respectively, and 

show some oscillations in the beginning of the simulation, 

which do not exist in the results of proposed method. On 

the other hand, deviation of the vertical line when the 

actuator fault occurs is bigger in the proposed method. 

That is due to big amplitude of the fault signal and the 

existence of nonlinear term in the rules, but the proposed 

method estimates the fault better than [46] and [47] 

without oscillations and stabilizes the system in a proper 

time. Zooming the pictures show that in the steady-state, 

the proposed method completely rejects unknown 

disturbance, while there are some oscillations around the 

equilibrium point in other methods’ results. 

 

 
Fig. 3. Output responses under the constant fault. 

 

 
Fig. 4. Estimation of the constant fault. 

 

For the intermittent fault of the form 

𝒇(𝑡) = {
0 , 0 ≤ 𝑡 < 5

10 𝑠𝑖𝑛(𝑡 − 5) , 5 ≤ 𝑡 ≤ 20
 

(48) 

the simulation results are shown in Figs. 5 and 6. Here, 

the fault information performance is better than that of 

other methods without big oscillations and the stability is 

preserved as well. Again, the robustness of the proposed 

method against disturbance could be seen in the zoomed 

pictures. 

 
Fig. 5. Output responses under intermittent fault. 
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Fig. 6. Estimation of the intermittent fault. 

 

As a concluding remark, although the number of LMIs 

is more than that of [46], as the simulation results show, 

the performance of our proposed dynamic output 

feedback FTC scheme is better than that of the existing 

ones. 

 

5. Conclusion  

In this paper, a special generalized form of T-S fuzzy 

model with nonlinear local rules has been utilized and a 

wide class of nonlinear systems are modelled with this 

model. A dynamic output feedback FTC law is designed 

based on this GT-S model by solving an LMI feasibility 

problem and the sufficient conditions for stabilizing the 

closed-loop system in the presence of unknown 

disturbances and additive actuator faults are derived. In 

general, the number of fuzzy rules in the utilized fuzzy 

model is fewer than that of conventional T-S fuzzy model; 

also, the problem of uncontrollable local rules is solved 

using GT-S fuzzy model. The proposed design approach 

could be applied to a large class of nonlinear systems with 

unmeasurable states and is robust to different types of 

unwanted signals. Extending the proposed algorithm to 

some class of uncertain nonlinear systems with actuator 

and sensor faults and applying them to the real systems 

with time-delays and considering some free parameters to 

decrease conservatism of the solutions are interesting 

issues for future works. 
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