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Abstract - “\

In this article, a new version of the trial equation method is suggested. This method allows new exact solutions
of the nonlinear partial differential equations. The developed method is applied to unstable nonlinear fractional-
order Schrodinger equation in fractional time derivative form of order a. Some exact solutions of the fractional-
order fractional PDE are attained by employing the new powerful expansion approach using by beta-fractional
derivatives which are used to get many solitary wave solutions by changing various parameters. New exact
solutions are expressed with rational hyperbolic function solutions, rational trigonometric function solutions,
1-soliton solutions, dark soliton solitons, and rational function solutions. We can say that unstable nonlinear
Schrédinger equation exist different dynamical behaviors. In addition, the physical behaviors of these new exact
solutions are given with two and three dimensional graphs.
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1. INTRODUCTION

Solitary wave theory plays an important role in explaining the solutions of nonlinear partial differential equations.
Acquiring solutions of the partial differential equations helps us to understand many physical phenomena that ap-
pears in diversified scientific fields like in optical fibers, chemical kinematics, fluid mechanics, plasma physics, chemical
physics, solid-state physics and so on. These physical phenomena is examined by obtaining the exact solutions of
nonlinear ordinary and partial differential equations. Investigation of the exact solutions and dynamics of partial
differential equations has been done by many researchers in several areas of sciences.

Some methods have suggested for solutions of the partial differential equations such as tanh function method, Hirota
bilinear method, exp- function method, G’/G-expansion method, trial equation method, improved G’/G-expansion
method, extended trial equation method, multiple extended trial equation method, Weierstrass elliptical function ex-
pansion method, Jacobian elliptical function method, first integral method, modified Kudryashov method, generalized
Kudrayshov method and F-expansion method [1-3, 15-17, 20-25, 30, 33, 34, 39-50, 52, 53, 55, 57, 58, 60].

Ma and Fuchssteiner [38] proposed a powerful method to find the exact solutions of partial differential equations.
Their main purpose was to extend the solution functions of a solvable differential equation to polynomial or rational
polynomial functions. In the recent years, this proposed method was improved by many researchers. Liu developed
this approach called as a trial equation method and implemented to some evolution differential equations [32-34].
Recently this approach was further developed and called as extended trial equation method by Gurefe et al [21] and
Pandir et al [46]. Pandir and Gurefe implemented a more general form of the extended trial equation method to
partial differential equations and attained new and different exact solutions.
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In this article, we present a new version of the trial equation method and then implement this method to the unstable
nonlinear Schréodinger equation. A new version of the trial equation method will give us to find combined soliton
functions and combined jacobi elliptic functions together in the solution function. With the improved new method
has been tried to be attained new and different solutions not found in the literature. We will investigate the solutions
of the following unstable nonlinear Schrédinger equation

iDMU A Ugy + 20\ uPu —29u =0, 0<a<1, \Yy€ER, (1.1)

where A and 7 are arbitrary real constants that explain marginally the development of deteriorations in stable or
unstable environments over time[11, 31]. Here, u is a complex function based on the x and t arguments that provide
the Eq. (1.1). The unstable nonlinear Schrodinger equation is a type of nonlinear Schrodinger equation that occurs
with the displacement of space and time variables. The behavior of this type refers to two-layer baroque clinical
instability and lossless symmetrical two-flow plasma instability. Tebue et al. achieved exact solutions using the new
Jacobi elliptic function rational expansion method and exponential rational function method [56]. In [29], Ismael et al
investigated the dynamic characteristics of nonlinear models that appear in ocean science. Silambarasan and co-workers
[54] employed the F expansion method to the far-field equation and studied on the properties of longitudinal strain
waves travelling in the cylindrical rod. Authors of [27] investigated soliton solutions for the conformable nonlinear
differential equation governing wave-propagation in low-pass electrical transmission lines. In the valuable works some
of researchers studied on solve the nonlinear partial differential equations [14, 18, 19, 26-28, 59]. Also, some researchers
worked the vigorous study on fractional partial differential equations or nonlinear PDEs in which the interested readers
can see herein [4-10].

The rest of the article is regulated as follows: in section 2, a new version of the trial equation method for partial
differential equations is acquainted. Then we implement improved method to the unstable nonlinear Schrédinger
equation in section 3. Finally, the conclusions are given in section 4.

2. INITIAL DEFINITIONS

Definition 2.1. Definition of S-derivative: Suppose x : [0;1) — R, then the § derivative of x of order « is defined as

l—«
DY (x)(t) = lim * [tﬂ (t i W) } - x(t)

e—0 €

, a€(0,1], t>0. (2.1)

The properties and new theorems will used as follow:

Theorem 2.2. Suppose a € (0,1]; x, % be a-differentiable at a point t, therefore we will
(1) Di¥(ax(t) +b(t)) = aD(x(t) + bDi (4(t), for a,beR.

(2) D¥(c) =0, for ceR.

(3) Dy (x(1)0(8)) = X(D)DP (6(1) + V()DF (x(1)).
(1) Dg(AD) = XD <w<t>> S5 o)
<mDm®:@+ﬁﬂlaﬁ”

Theorem 2.3. Suppose x : [0;1) = R; be a function such that x is differentiable and also a-differentiable. Assume
1 be a differentiable function defined in the range of x. Therefore, we have

11—«
1
DEon) = (14 ) PN ). (2.2
where prime denotes the classical derivatives with respect to t.

The proofs of the above S-derivative properties were obviously presented in [12]. Also, improvement of fractional
derivative have been made in works of Atangana and Baleanu in Refs. [13, 51].
an
BE
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3. METHODOLOGY

In this section, we give a description for the direct truncation method and introduce it for partial differential
equation.
For a given partial differential equation

P(u, g, Ugg, ..., Dfu, Dyu, Dy, ...) =0, 0<a<l1. (3.1)
Using a transformation
l 1 \“
= = — —— 2
u(z,t) = u(g), ¢ =kx+ " (t + I‘(a)) , (3.2)

where k and [ are constants to be determined later, we can rewrite equation Eq. (3.1) in the following nonlinear ODE

Qu, ku', k*u” ..., lu',...) =0, (3.3)

where the prime denotes derivative with respect to ¢. If possible, integrate Eq. (3.3) term by term one or more times.
This yields constants of integration. For simplicity, the integration constants can be set to zero. Suppose g has the
following truncation form

Z;—:o ajf((b)j

9(¢) = RO (3-4)
in which &(¢) and ((¢) are introduced as below form
() = mF(x(9)) + 1G(x(¢)) + 71,
() = p2F(X(9)) + ¢2G(x(9)) + 72,
_oaj(mF G )’
) = gty = Dot (L) + 1) +71) s

(P2F (x(¢)) + ©2G(x()) +12)" ’

where a;,p1,q1,71, P2, ¢2, T2 are constants to be determined, x(¢) is given and F, G are functions determined by an
ordinary differential system, or F', G are functions given by direct ansatz such that their derivations are combinations
of F and G, and x(¢) is determined by an ordinary differential equation

dx(¢)

Ao H(x(¢)) = LF(x(#)) + MG(x(#)) + N, (3.6)

in which the function H is also given by a direct ansatz according to the context, the exponent 7 is determined by
utilizing homogeneous balance method in Eq. (3.1). The value 7 is determined by equalizing the maximum order
nonlinear term and the maximum order partial derivative term appearing in (3.3). If 7 is the rational, then the
appropriate transformations can be applied to conquer these hurdles. Substituting (3.5), (3.6) into (3.4) leads to a
polynomial in F(¢) and G(¢), then set the coefficients of F*(¢)G’(¢) and the constant term to be zero to get a system
of algebraic equations on the unknown parameters in H together with the unknown numbers a;, p1, g1, 71, p2, g2, 2 for

7 =0,1,...,7, by solving the system one can get a;,p1,q1,71, P2, ¢2, 2 and the unknown parameters in H, then solving
Eq. (3.6) to get x(¢) and the solutions of Eq. (3.1) can be obtained.

4. APPLICATION TO UNSTABLE NONLINEAR FRACTIONAL ORDER FORM SCHRODINGER EQUATION

The given section deals with application of new powerful expansion technique by determining the traveling wave
form solutions of fractional order Schrédinger equation. In order to apply the new version trial equation method to
the Eq. (1.1), first let’s take traveling wave transformation

u(z,t) = e?W(E), E=az+ g <t+ 1)04’ (4.1)

()
(&)=
[ENE
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applying aforementioned method. By using the fractional beta complex transform

qb:Bx—i-'u(t-i-l)a,
!

')
Eq. (1.1) is reduced to an ODE as
— (B2 4 p+29)U + 220° = 0. (4.2)
where 3, 1 and v = —2f are constants. Balancing the U” and U3 by employing the homogenous principle, we get
M+2=3M, = M=1. (4.3)

4.1. Case I:. Then the exact solution will be as

w(E) = X Oarpy +eDarqr +arrs +ag. (4.4)
- p262 x(8) 4+ qZQX(g) + 7y ’
Inserting (4.4) in to Eq. (4.2), we obtain

-1 18

3
(( 262 x(§) + q2ex(£) + r2> ) Z Cn exp(nx (6)) = 07 (45)
n=0
where C,,(0 < n < 18) are polynomial statements in terms of ag, a1, p1, P2, g1, g2, 71 and ro. Hence, solving the resulting
system C,, = (0 < n < 18) simultaneously, we acquire the below set of parameters of solutions
Set I:
V=X
L:Oa NZOa M:%7 ﬂ:ﬂ, ap = —airy, Q1:T2:07 (46)
a2

p=—-pF>=2y, a1=a1, pp=p1, P2=p2, @=q, T1=T1.
We, therefore, gained the following generalized solitary solution

un(,6) = [%] . x© = (37 ). (17)

eX©py + go M (€)
in which
242 1 \“ 2 1 \°
¢:Bx—ﬁ 5 ’y<t+l“(a)> , §:x—aﬁ<t+r(a)> . (4.8)
Set II:
L=0 M=M N=N, 8=0 ao=—ar, a=—2Y_ 1,0 (4.9)
2¢1vV/—A
(2Mgq2 — Np2) 1

1
H:*§N2*ﬂ2*2% ar =ai, p1= , P2=D2, 1 =¢q1, G2=¢q2, T1=T1.

Ngo
We, therefore, gained the following generalized solitary solution
2MeX&gy — NeX©py + Ngo | N
i¢ — _
ua(9,€) = [ O | XO=N O+ (- eee ). @0
in which
N2+ 8% +2y 1\ 28 1 \*
— By 2 t -2 (t+—1 . 4.11
= () e B )
Set III:
vV—=A
L=0, N=0, M= almTy B=p8, ay=—-ar1r, @ =q, r2="r2, (4.12)
ro —
= —B*=2y, a1 =ai, pr=p1, p2= —wa Q2 =(q2, T1=7"1.
an
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(1)

==Y == Sy

(f2)

FIGURE 1. The 3D plot of (4.7) at: 8 =01,y = —-1,a1 = —-1,p1 =1, po =15 ¢ =1,M = -1,A = -1

when (f1): « =0.25, (f2): a =0.5, (f3): @ =0.85, and (f4): a = 0.99.

We, therefore, gained the following generalized solitary solution

(€3]
us(,€) = [ Mgy’ } ¢, x(&) =In (_

- eX©pyrg — eXEqiqy — qura

in which

B B% + 2y 1 \" 283
b=pr-—y <t+1“(o<)> ° f—x‘z(”m

Set IV:
Np;

LZO, M:_v N:N7 ﬂ:B» ap = —airi,

q1

u:N2—52—2’7, ay = ay,

ey

~ (2Mga — Npa) _ 1 xaPqt + 4N Pry?
b1 = N(]Q y P2 = 4 Q12N27‘2

p1T2
Gq=q, @=2———, 11="T1.
q1

(4.13)

(4.14)

ry =0, (4.15)
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We, therefore, gained the following generalized solitary solution

w.o |4 N2eX©a;1q,%ry (XOp; + 1) 0 (4.16)
Ug\ P, - 62)((5))\@12(]14 +4N2e2x(5)p12r22 —|—8eX(5)p17"22q1N2 +4Q12N2T22 ’ ’
=N C)+1 N
X(g)_ (§+ )+ n _—l—i—%e]\/(f‘i‘c) )
1
in which
—N2 432 +2y 1 \“ 2 1 \°
= Bz — t , E=x— — |t+ =~ . 4.17
¢ =P ) E=a—— * o) (4.17)
Set V:
L0 M=0 N:\/—)\(alrl—&—ao) 5=5 :_—2)\a127“12+ﬁ27“22—4/\a0a1r1+2’yr22—2/\a02
) ) ’]"2 ) ) /J/ 7’22 )
(4.18)
o - _ p2(a1ry +ao) _ o _ _
ap = aop, a; = ai, pl__77 p2_p23 QI—Q2—O7 =T, T2 = T2.
a1r2
We, therefore, gained the following generalized solitary solution
2x(6) 2x(8) — — _ vV—\
us(6,6) = |~ AP T C T d0bs C Ty T 007 | iy (¢ - VAT W) oy (q9)
(p2e2X(&) + 79) o T
in which
—2Xai?r? + Bro? — 4 dagayry +2v712% — 2 Xag? 1 o 20 1 *
= Br— t =rz—— |t4+=—] . (420
¢ = bz ary? + I(a)) E=2 + () (4.20)
Set VI:
L—0. M=o NZQ\/T)\(alrl—i—ao) 5=5 :_—2)\a12r12+ﬁ2r22—4)\a0a1r1+277“22—2)\a02
) ) 7’2 b ) /’L T22 )
(4.21)
1 —ai?q1%r2? + a12q2?r % + 2 apa1 221 + ap?qe?
ap = ap, aiy =ai, pi1 = —- 2 ’
4 ay (a1 + ag) ro
1 —a1?q1%r2% + a1? 2% + 2 apa1q2%r1 + ag®q2? g =0 P =11 e
pz=7 ro (a1?r12 4+ 2apair1 + ag?) L= ® v b T2 2z
We, therefore, gained the following generalized solitary solution
(6,€) (a1r1 + ao) (—a1eX® qira + a1XO gory + X aggy — 2a1m17m5 — 2a072) io (4.22)
U s = | — e, .
6 ra (—a1eX©qiry + a1eX@gory + eXaggy + 2a1r1m2 + 2 agrs)
2v/ =\ (0,17“1 + ao)
X (§) = €+0),
T2
in which
—2Xa12m? 4 B%re? —4 dagarr + 27722 — 2 X ag? 1 \° 28 1 \*°
= — t =r—— (t+ —— . (4.23
¢ B'T ar22 + F(OL) ’ g r + F(Ol) ( )
Set VII:
V=2 V=2
L:07 M:%7 N=2 T2a07 5257 ap = ap, a1 =0, p2:07 (424)

(=)
[E)NE



CMDE Vol. 10, No. 2, 2022, pp. 549-566 555

B2ra® +29me? — 2 X ag?

H=—= 12 y PL=DP1, T2=T2, q1=4q1, q2=¢q2, T1=T1.
We, therefore, gained the following generalized solitary solution
Vv —Aag
aop id vV —Aag 2
ur(9,8) = | ——m——1 €', =2 +C)+In| - , 4.25
"(6:8) {Q2€X(5) + 7“2] X (&) T2 (€ ) 14+ \/T/\%oqz o2 JZ““ (£4+C) ( )
T2
in which
52T22+2’YT22—2A(102 1 @ 25 1 &
= Bx — t =r——(t+—<] . 4.26
¢ =pe arg? + Ia)/) t=w o U ') (4.26)

4.2. Case II:. Then the exact solution will be as
sinh (x (§)) a1p1 + cosh (x (£)) a1q1 + air1 + ao

) =T s () + a2 cosh (x (€)) F 72 20
Inserting (4.27) in to Eq. (4.2), we obtain
((pasinh (x () + a2 cosh (x (6)) +12)°) 3 Cissimb(x (€)) coshi(x (£)) = 0, (1.25)

i+j=5
where Cj;(i+j =5,0 <1i,j <5) are polynomial statements in terms of ag, a1,p1,p2,¢1,¢2,71 and 7. Hence, solving

the resulting system Cj; = 0(i+j = 5,0 < i,j < 5) simultaneously, we acquire the below set of parameters of solutions
Set I

—2Xa1’p1? + B2q2? + 27 ¢2?

V=X
L=0, M=0, N=Y_P% 5 5 ,__ 2 , (4.29)
a2 q2
ag=—a1ry, a1 =0, pr=p1, p2=0, 1 =0, g2=4¢2, 11 =711, T72=0.
We, therefore, gained the following generalized solitary solution
aypy sinh (x ({))) ” V=Ap1a1
ufb,f( e?, x(=—"""E+0), 4.30
1(9,€) 42 cosh (x (©)) ©) - ( ) (4.30)
in which
—2Xa1’p1? + B2q2% + 27 q2? 1\ 23 1\
Set II:
/=N 9N as2a,2 2,2 4 9n 2
L=0, M=0, N="Y""0% " 5g_3 ,-_—220110 +52‘J2 Teye (4.32)
q2 q2
ai (qira + qor1)
a=—"—" ", a1 =4a, p1=4qi1, P2=4G2, 41 =41, q2=4q2, "1 =T1, T2=T2.

q2
We, therefore, gained the following generalized solitary solution

_ [a1q1 (g2 cosh (x (€)) + gasinh (x () — Tz)] i6 _ 2V Aaa
U2(¢, 5) - P (q2 COSh (X (é—)) T 0 Sil’lh (X (§)> ¥+ TZ) € X (5) - PR (5 + C)’ (433)
in which
B —2Xa’qi” + P2 + 27 ¢2° 1\ _ 2B 1\
¢ = Pz — o <t+f‘(a)> , Exa(t+lw> . (4.34)
Set III:
p=0 M=o, N2 g, SRAGRCH BT (1.35)
2 2
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_ay (qura + qor) _ _ _ _ — — —
aO__q—Q’ ap =4ai, p1=—4q, pP2=—G, q1=4q1, q2=4q2, TL =T1, T2 ="T2.

We, therefore, gained the following generalized solitary solution

a1¢1 (g2 cosh (x (§)) — gz sinh (x (§)) — 7“2)] ié 2V -Aqiax
us (6, €) = : ¢ = VTADG e o, 4.36
08 = | (Cacosh (x () Taasimh (x (€) +ra) | € X =74 €40 (4.36)
in which
—2Xa’*q1® + B + 27 q2? 1\ 2f3 1\
— _ = _— _— . 4.
¢ = Px = t+ Ta)) E=z o t+ (o) (4.37)
Set IV:
hY —2\ 2 2 2 2 2 2
Lo m—o n=Yam g Z2Aaie’ Pttt (4.38)
q2 q2
ag = —airy, ay=ai, p1 = —iq1, P2 =1G2, q1=q1, q2=¢q2, T1 =711, T2 =0.
(f1) (f2)

FIGURE 2. The 3D plot of (4.30) at: 8 =0.1,y = —1,a1 = 1.5,p1 =2,¢2 = 1,A = —1 when (f1): a = 0.25,
(f2): @ = 0.5, (f3): @ = 0.85, and (f4): a = 0.99.
oo
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We, therefore, gained the following generalized solitary solution

a1q1 (2 sinh i cosh -1 i VAgqia
ui(,6) = |- 2o (@) icosh (@) = D | i () = V2D, ) (439)
a2 (2 (cosh (x (£))" ~ 1) a
in which
—2Xa’’q® + B2 + 27 ¢o° 1\ 28 1\
_ I et L 4.4
¢ = Px og? t+ o)) ==z o t+ (o) (4.40)
Set V:
— _ 2 2 2.2 2
L=0, M=0, N=Y 20U 5_p5  _ Z2AGTOTFBD 4 2py (4.41)
D2 P2
4142

ap = —airy, a1 =ai, p1=p727 P2=p2, (1 =q, ¢2=¢q2, r1="r1, 12=0.

We, therefore, gained the following generalized solitary solution

h + g2 sinh , vV=\
us(,) = | Bl L) pe & doouh @))] ¢, ()= Y2 ¢y 0, (4.42)
(p2 sinh (x (£)) + g2 cosh (x (£))) p2 P2
in which
—2Xa?q1? + B%pa? + 2y po? 1 \" 23 IR
— Bz — ¢ Y R i (T B 4.43
¢=pe aps? * I'(a) t=e o' * I'a) (443)
Set VI:
2=\ Y 2, 2 2.2 2 2
L=0, M=o, N=2A0 g5, TSI P 426 (4.44)
q2 q2
ap = —airy, a1 =ai, p1 = —2q, P2= 50 1=q1, G2=q2 T1=T1 rg = 0.
We, therefore, gained the following generalized solitary solution
qia1 (cosh (x (§)) — 2 sinh (x (5)))] i 2V =Aq1aq
ug(9,§) = |2 . e’ x(§) =——(&+0), 4.45
o108 = 2 4 (sinh (x (6) 7 2 cosh (x (€) O=—" &+0 (4.45)
in which
—8Xar’*qi® + B2qe* + 27 ¢2? 1 \“ 23 1\
= — t =r— — (t+ =— . 4.46
Set VII:
1 N2QQ 1 NQQQ 1 2 2
L=— 22 py= = 282 N_N =8 u=-—-N:—p52_2-, 4.47
Tag von Tag von =8, u 3 B Y (4.47)
aopvV —A
ag =agp, a1 =0, p1=p1, P2=q2, (1 =q1, G2=¢G2, 1 =171, T2 =2 N

We, therefore, gained the following generalized solitary solution

aoN (N cosh (x (€)) 2 + N'sinh (x (6)) @2 +2 22 )

U7(¢a g) = ) - €i¢, (448)
2N?(cosh (x (§)))” q2® + 2 N? cosh (x (§)) sinh (x (£)) g2* — N?q2* + 4 X ao?
x (&) =2arctanh [ 8, [— Aao? 2€N(¢+C) -1,
(—1 4 NgaeN@+0) — 4/“XageN(#+0))
in which
—3N?— B2y 1\ 28 1\*
_ 2 .2 1
NP LT S TN T o
ElE
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(f1) (12)
FIGURE 3. The 3D plot of (4.48) at: 8 =0.1,y = —1,a0 =1.5,N =5,g2 = 1,A = —1 when (f1): a = 0.25,
(f2): @« =10.5, (f3): @ =0.85, and (f4): a = 0.99.
Set VIII:
1 NQQQ 1 N2QQ 1 2 2
=— — =——, N=N, =0, p=—=-N*—p[7—27, 4.50
dag /—N\ dag /—N\ ﬂ ﬁ ® 2 ﬁ v ( )
aopvV —A
ap =ao, a1 =0, p1=p1, P2=—G2 Q=q, @=¢2 M =", T2=2—5F—.
We, therefore, gained the following generalized solitary solution
oo aoN (I cosh (x (€)) @2 — N sinh (x () a2 + 2 4% ) . s
ug\ @, = e, .
2 N2 (cosh (x (£)))* g2 — 2 N2 cosh (x (&) sinh (x (€)) g2% — N2g5% + 4 A ap?
N\ ao?
x (&) =2arctanh [ 8, [— o QeN(¢+C) -1,
(=14 NgoeN©@+0) — 4/—XageN(#+0))
in which
—3N?— B2y 1\ 28 1\*
= 2 t =z " (t+=—=) . 4.52
e )RR Ge 432
an



CMDE Vol. 10, No. 2, 2022, pp. 549-566 559

Set IX:

L=L, M=M, N=N, ﬂ:ﬂa H= M, (453)

ap = —airy, a1 =ai, p1=0, pa=p2, =0, @=gq2, T1 =711, T2=T2.

We, therefore, gained the following generalized solitary solution

ug(9,§) = 0. (4.54)

Set X:
V=2 V=2 2v—A
L= (a17“12+ o) q2v M = (a1r12+ %) q27 N = (ar + ao)’ B=5, p2=q, =0,
T T9 T2
(4.55)
—2Xa1%rm? 4 B%re? — 4 dagarr + 27192 — 2 X ag?
H=— 2 )

T2
ap =ap, a1 =ay, p1=0, @@=q, 11 =71, T2=T2.

We, therefore, gained the following generalized solitary solution

w _ a1r1 + ap 1%
10(:) <q2 SIR(E) + g cosh(xX(©)) ) ’ (4.56)

x (§) = 2arctanh (1_4r2€2\/w <1_e2\/w (q2_2r2)>_1> |
in which
¢ = Pr—
Set XI:

—2Xa2r? 2p2 — 4\ 2 2 _ 92 \ag? 1 a 2 1
a1r1” + B°ro apairy + 272 ag (tJrr )> 6<t+r

Oé’l"22 (a ) 5:‘%*; @) . (457)

vV 7)\ (a17‘1 + ao) q2

7‘22 ’

kY4 7)\ (0,17’1 + ao) q2

7‘22 ’

2\/ 7)\ (a1T1 + ao)

T2

) B:ﬂv P2 = —q2, Q1207
(4.58)
B —2Xa1?m?% + B%re? — 4 dagarirs + 2722 — 2 X ag?
n= T22 )
ag = ag, ar = a1, p1 =0, g2 = q2, 11 =711, T2 =T2.

We, therefore, gained the following generalized solitary solution

v _ airy + ag ¢i
1(#:8) <—QZ SB(X(©)) + d2 cosh(x(€)) & ) ’ (4.59)

o ¥Y=X(a3r1+ag)(6+C) o ¥Y=X(a3r1+ag)(6+C) -1
X (§) = 2arctanh | 1 — 4rqe "2 1—e "2 (g2 — 2713) )
in which
6= o
Set XII:

—2Xa12m? 4 B%re? — 4 dagarr + 277122 — 2 X ag? 1 \¢ 28
t+ , E=r——
arg? ()

1 (03
t+1“(a)> . (4.60)

—2Xa1?q1? + B2 + 2y q2?
g2? ’

L=L M=M, N=N, B=8, u=— (4.61)

_ a1 (qr2 — gor) _ _ P2 _ B _ _ _
ao—q—Q, a; = ag, Pl—qj, b2 =p2, @1 =41, 42 =42, T1="T1, T2 ="T2.
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We, therefore, gained the following generalized solitary solution

u2(9, ) = (

X (&) = 2arctanh (

in which

—2Xai’qi® + g + 27 ¢o?

a1Q1> e,'qs?
q2

HANI

M —-N

6= pr—

Set XIII:

aqs?

L=I, M=M, N=N, §=p, p=—3N?~ -2,

1 (2M7’1T27NQ1T27N(]2T1)\/7A ]. 2M7’27N(]2
agp = = , ] == ——F———,
072 Aqi T2 Vg
P1=4q1, P2 =Qq2, 41 = ¢, 42 =42, "1 = T1, T2 = T2.

We, therefore, gained the following generalized solitary solution

(2Mrira—Ngira—Ngar1)®

—tan (3 (€ +C)V=LZ+ M? —N2)V—L% + M? — N? +L>

N(

1
2

V=X

1 Nqiqgz2(sinh(x(§))—cosh(x(£)))(2 Mriro—Ngira—Ngar1) )
2 ey

U13(¢, é-) =

G =4 M?r ?ry? — 4]\4]\71117’17"22 — 4MN¢127'12T2 + NZQ12Q22 + ]\72(]12T22 + 2N2Q1Q27’1T2 + N2Q22T127

2 N2 cosh (x (£)) q12¢2?2 (sinh (x (§)) — cosh (x (£))) + G

M—-N

(+C)V—L2+ M?Z - N?)\/—LZ+ M% — N2 +L>

—t 1
x (§) = 2arctanh ( an (5
in which
_l N2 _ 2 _ 2 1
¢ =B+ —2 -2y (t+
« IN(e
Set XIV:
I Aaiq M= V=Aq1aq
vV 7)\7”2 T2
a 1 —2+v—=Xayr1 + Nry
0=75

V=A ’

ay = a1, Pp1=pi1, p2:0a

We, therefore, gained the following generalized solitary solution

u14(,€) = {

q1 = q1,

q2:0a

1 =2Xaiqisinh (x (§)) —2Xa1qi cosh (x (¢)) + Nv/=Aro

|

rn =r,

2 )\TQ
2.2
x (§) =2arctanh | 2, [— AN 26N(¢+C>_1 ’
(_1 4 eN(9+0) (N\/TATQ + /\a1611))
in which
—iN2_p52 24 1 ¢ 28 1 “

J— 2 = - ()

b= P+ 5 (t+r(a)> b= <t+F(a)) '
[c[m]

e

o = T2.

)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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4.3. Case III:. Thereafter we search the exact solution with the below form
sin (x (§)) a1p1 + cos (x (§)) a1q1 + arr1 + ao

) = T S (X (€) + 42 cos (x () + 72 (4.70)
Inserting (4.70) in to Eq. (4.2), we obtain
((p2sin (x (€)) + a2 os (x () +72)") 3 Cipsind(x(€)) cosi(x (€)) =0, (@.1)

i+j=5
where Cj;(i+j =5,0 <1i,j <5) are polynomial statements in terms of ag, a1, p1,p2,¢1,¢2,71 and 7. Hence, solving

the resulting system C;; = 0(i+j = 5,0 <1i,j < 5) simultaneously, we acquire the below set of parameters of solutions
Set I

/7)\ 2\ 2,2 2.2 2 2
L=0, M=0, N=Y""PU " 35_pz ;- 22017 +5QQQ T2ve” (4.72)
q2 q2
ap = —airy, a1 =ai, p1=p;, p2=0, 1=0, @2 =¢q2, r1 =71, T2 =0.
We, therefore, gained the following generalized solitary solution
a1p; sin (x (5))) id V—=Ap1ay
U1¢,§=( e?, x()=—""@E+0), 4.73
(¢,€) 4205 (x (6)) &) - ( ) (4.73)
in which
2Xa1?p1? + B2q2? + 2 ¢2? 1 \“ 28 1 \*
= fx — t =rx——(t+=—=] . 4.74
Set II:
AVEED) —2Xai%q? 2092 + 2 2
L=0, M=0, N=2Y2M0 55 T2Aaran e+ 276 (4.75)
q2 q2
a ro + qaor . . .
GOZ*M, ay =ay, p1=1iq1, P2=14G2, Q1 =q1, G2=q2, T1 =71, T2=T2, i=v—1

q2
We, therefore, gained the following generalized solitary solution

qia1 ((;(22 + 2igasin (x (€)) ro — r22) ” 2v/—Aqra1
u2(¢, &) = e'?, =—(&+0), 4.76
2(¢ g) P (q22 + 2 cos (X (é—)) qar2 ¥ 7122) X (g) 0 (§ ) ( )
in which
—2Xa’q?® + B2 + 27 ¢2? 1\ 23 1\
= B — t =x— = (t4+——] . 4.77
Set III:
\ —2\ 2,2 2.2 2 2
L=0 M=0, N:@, B=8, u=-— 41 % +52q2+ ¥a (4.78)
q2 q2
ap = —a1ry, a1 =ai, pL=qi, P2=—9, 1 =4q, @2=¢q2, r1="r1, r2=0.
We, therefore, gained the following generalized solitary solution
q1a1 (cos (x (§)) +sin (x (f)))} i Vgia
u3(9,§) = - e’ x(§)=——+0), 4.79
08 = |7y feos (x (€) — sin (x ) == €19 (479)
in which
—2Xa’qi” + Pg2” + 27 ¢2° 1 \“ 28 1\
= — t =r— — (t+ — . 4.80
Set IV:
—\ 2\ 2,2 2, 2 2 2
L=0, M=0, N=Y 244 5 45 ,_ 22074 *527”2 2P (4.81)
D2 D2
[c )



562 M. BAGHERI AND A. KHANI

q142
ap = —airy, ai =ai, p1= o P2 =Dp2, q1=4q1, G2=¢q2, T1 =711, T2 =0.
2

We, therefore, gained the following generalized solitary solution

q1a1 (cos (x (§)) p2 — sin (x (f))(h)] id V=Aqia;
ws(6,€) = : eid _ VTN e o, 4.82
0= | s @) + e @) ape | ¢ XD =T, EFO) (4:82)
in which
2Xai?q1? + B2pa? + 2 pa? 1 \“ 28 1 \*
— _ t =r— —(t4+—) . 4.
¢ = px aps? + ) =1z o it Ta) (4.83)
Set V
— _ 2 2, p2, 2 2
L=0, M=o, N=2YMU 55, TSP+ 27a (4.84)
q2 g2
. 1.
ag = —airy, a1 =ai, p1=2iq1, P2 = ziq2, g1 =4q1, G2 =¢q2, 11 =71, T2 =0.

2

We, therefore, gained the following generalized solitary solution

a2 (3 (cos (x (£))” + 1) &
in which
B —8Xai’qi® + P2 + 27 ¢o° 1\ _ 2B 1\
¢ = Bx — e <t+f‘(a)> , E—x—; (t+r(a)> . (4.86)

5. GRAPHICAL REPRESENTATION

All of obtained exact solutions for the unstable nonlinear Schrodinger equation are examined, the exact solution
(4.30) is similar to the solution of Arbabi [11] usa(z,t), the solution of Lu [31] (4.54) and the solution of Lu [36] (4.65)
in the literature. In addition, the exact solution (49) is similar to Lu’s [36] (4.39) solution. The other obtained exact
solutions that are not included in the literature, and it can be said that they are new exact solutions obtained by the
new version trial equation method. Also, two and three dimensional graphics of the obtained solution functions are
illustrated in Figures:(1)-(4) which demonstrate with suitable parametric choices.

6. CONCLUSION

In this paper, the new version of the direct truncation method has been successfully applied to achieve the new
exact solutions of unstable nonlinear time-order fractional Schrodinger equation. This method make it possible to
attain combined new function solutions. These solutions include hyperbolic function solutions, 1-soliton solutions,
dark soliton solitons, rational function solutions, combined dark-bright function solutions and combined soliton solu-
tions. Two and three dimensional graphics of the obtained solution functions were illustrated in Figures:(1)-(4) which
demonstrate with suitable parametric choices. We conclude that new solutions of other nonlinear fractional partial
differential equations can be obtained with this method. So,this gives the efficient applications of new analytical
expansion for fractional PDEs. Moreover, the method applied in this paper provides an effective tool to obtain exact
solutions of nonlinear system and can in common use for other NLDEs.

(=)
[E)NE
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