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Abstract We consider a first-order partial differential equation with constant irreversible co-
efficients in a Banach space in the regular case. The equation is split into equations
in subspaces, in which non-degenerate subsystems are obtained. We obtain an ana-
lytical solution of each system with Showalter-type conditions. Finally, an example
is given to illustrate the theoretical results.
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1. INTRODUCTION

We consider the following equation

A(%—Z+QU):B(C{;—Z+6U)+f(t,x), teT, x € X, (1.1)
where A, B : E — E, E Banach space, A-closed linear operator with a dense domain
D(A) in E. Zero is the normal eigenvalue of the operator A, B € L(E,E), B~
does not exist, f(t, ) - continuous vector-function where his range is a subset of the
banach space E, U = U(t,z) € E, «, 8 are scaler functions; o = «(t,x), 8 = B(¢t, ),
(t,z) € T x X, where T = [0, 0], X = [0, z¢].

Solving equation (1.1) leads to the understanding that function U (¢, x) is continu-
ously differentiable V(¢,x) € T x X, which is satisfying (1.1) for all t, x.

Due to the wide applications of analytical solutions [4, 5, 6, 7], we attempt to find
the analytical solution of equation (1.1) with some boundary conditions.

Unsolvable equations with respect to derivative were studied in many works. The
first one was Poincare in 1885. This type of equations are called differential alge-
braic equations or descriptor systems. Significant results for unsolvable differential
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equations were obtained in Voronezh school (S.G. Krein, A.G. Baskakov, S.P. Zubova
and others), in Chelyabinsk school (G. A. Sviridyuk, V. E. Fedorov, and their stu-
dents), in Irkutsk school (Yu. E. Boyarintsev, N. A. Sidorov, A. A. Shcheglova, V.
F. Chistyakov, M. F. Falaleev, and their students), in Yekaterinburg school (I. V.
Melnikova and her students)[16]. Ongoing researches have been conducted abroad by
A. Favini, A. Yagi, S.Campbell, P. Kunkel, V. Mehrmann, R. Marz, S. M. Wade, 1.
B. Paul, and others[16].

Degenerate systems of partial differential equations have applications in various
fields: hydrodynamics (Navier-Stokes equations), thermal engineering, electrical en-
gineering, etc. [1, 11, 3, 8, 2, 9].

The regular case has been taken into consideration: when A is sufficiently small in
modulus but not zero (A € U(0)), the operator pencil (A — AB) is invertible. When
Operator A has 0 normal eigenvalue, Banach space E can be decomposed into the
direct sum of two subspaces [15]

E=M®N, (1.2)

N is the root subspace of operator A, M is invariant subspace with respect to operator
A. Restriction A of operator A in M has a bounded inverse operator A=1 [10]. In
this paper, we consider dim ker A = 1.

2. PRELIMINARIES

Assume that the null space of operator A is one-dimensional; e; € KerA, {e;} -
jordan chain, where Ae; =0, Ae;_1 = e;, i = 2,...,n. This means
N = Lin{ey,ea,e3,...,en}.

In the subspace N, we introduced inner product < (-),(-) >, to get orthonormal
basis {e1, €2, €3, ..., €, }. Projectors on M and N corresponding to decomposition (1.2)
are represented with Q and P, respectively.

In this section, the following obtained lemmas and theorem 2.4 are in [12, 14, 13].

Lemma 2.1. Equation Av = w, v,w € E, is solvable with respect to v if and only

if
< Pw,e, >=0, (2.1)
wherein
v=A"w+ce;, VeceC, (2.2)
where A~ = A~1Q + A, P,
0 0 0 0 0
1 0 0 0 o0
Ai=0 1 o0 0o o],

AP:N N, A'Q: M — M.

(<)
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Condition (2.1) is the condition for the correctness of equation Av = w.

Lemma 2.2. 3(A — AB)~,VA € U(0) if and only if 3¢ € N such that,
< PB(A=B)" ley, e, ># 0.

p - is the minimum of ¢, such that
< PB(A™B)" ey, e, >#0.
v; is the B-adjoint elements to e;:
Avy =0, Av;=Bv;—1, 1=2,3,... . (2.3)

It is known that in [15] the pencil (A — AB) is regular if and only if the B-Jordan
chain v; has finite length. The following results were obtained from [12, 14, 13].

Lemma 2.3. The length of the chain v; is equal to p; therefore, we can take elements
v; as the following:

v =e1, vi=(A"B)le;, i=23,....p . (2.4)

Theorem 2.4. Operator Ay = (A — AB)"'A for some A € U(0) has 0 normal
eigenvalue, so we can write E as the direct sum of two subcpaces:

E =DM &Ny, (2.5)

where N1 is the root subspace of Ay, the invariant subspace with respect to operator
A, is the subspace My, where:

M, ={z€ F:< PB(A"B)'z,e,, >=0,< PB(A”B)?z,e,, ># 0}, (2.6)
i=1,2,...,p— L

Lemma 2.5. FElements of the subspace N1 are linear combinations of v; elements, i
=1,2 38 ..., p.

The projectors on Ny and M; corresponding to decomposition (2.5) are represented
with Py and @1, respectively. P1 + Q1 = I. The restriction A, of the operator Ay on
M; has a bounded inverse operator (Ay)~?.

3. EQUATION SPLITTING

1
substitute B = X()\B — A+ A) and multiply equation (1.1) from the left by (A —
AB)~! to get the following equation

oU Ay —10U A, —1
AN +al) = =50+ =5

Substitute U(t, z) in the form QU (¢, x) + P U(t, ) in the last equation. As a result

the vector function (A — AB)~!f(t,z) splits into functions in subspaces N; and M.
(el
BE

BU + (A= AB) ' f(t,z). (3.1)
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Since subspaces Ny and M; are invariant with respect to Ay, and Ny N M; = {0} we
get the following equations. In subspace Ny

oPU Ay - P OPU | A\ —
A Fehl) ==3—5 -+ Spnu (3.2)
+PU(A=AB) (@),
in subspace M;
- 0QU ~Qi10QU Ay — Q1
AT el = =5+ pU (3.3)

+Q1(A - /\B) Lt @).

4. FORMULATION OF THE PROBLEM

Equation (1.1) splits into equations in subspaces N1 and M;. Each one is solvable
under the Showalter-type conditions:
in subspace Ni:

PlU(t,O) = ’L/)(t) € Ny, (41)
in subspace M;:
Q1U(0,2) = ¢(x) € M. (4.2)

Our goal is to construct the solution of equation (1.1) with boundary conditions (4.1),
(4.2) in the following form

Ult,z) = QU(t,z) + PU(t, x). (4.3)

5. SOLUTION OF THE PROBLEM IN THE ROOT SUBSPACE

To solve the problem (3.2), (4.1) elements PiU(t,z) and Py (A — AB)~1f(t,z) are
linear combinations of the basis {v;},7 = 1,2, ..., p, therefore we can write them as
the following:

PU(t,x) Zuzvz, u; = w(t, ), (5.1)
Pi(A—AB)"'f(t,x) ZF% F; = Fi(t,z, \). (5.2)
From (5.1), (5.2) equation (3.2) can be written as the following
P P p
Ou 1 ou
Z atlAA’Uz“FOéZUiA)\UZ_XZ 8‘,;(14)\—})1)’1]1
i=1 i=1 i=1 (53)
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Lemma 5.1.

i—1
1
A)\'UZ' = — Z W'Uk. (54)
k=1
Proof. We can write the element Ayv; as it belongs to N7 as in the following
P
A)\UZ‘ = Zcijvj. (55)
j=1

From the above equation, we get
P
=3 cua =B (5.6)

Elements Av; in (5.6) are replaced with Bv,;_1, j = 2,3,...,p, Av; = 0, therefore
relation (5.5) is equivalent to the next relation

p—1
A’UZ' = Z(Cij+1 — )\Cﬁ)B’l}j - )\CipB’Up. (57)

=1

By using lemma 2.1, equation (5.7) is true if and only if

p—1
Z Cij+1 — A¢ij) < PBuj, e, > —Acip < PBuy, e, >=0, (5.8)
j=1
wherein
p—1
v; = Z(CijJrl — A¢ij)AT Bvj — AcipA” By, + ceq, Ve € C. (5.9)
j=1

By condition (2.4) and the definition of p in equation (5.8), < PBvj,e, >=0,Vj =
1,2,..,p—1, 50 ¢;p = 0. Now (5.9) has the form:

p—1
V; = Z(CijJrl — )\Cij)vj+1 + c.eq. (510)

=1

By comparing the equal coefficients of v; in (5.10), we obtain:

for i = 2:
. -1
Co5 = Oa (] = 2a35"'ap_ 1) — C21 = T;
for i = 3:
. -1 1
C3j = Oa (.] = 3747"'7p_ 1)7—> C32 = 77031 - X6327
for i = k:

. -1 1 1
;i =0,(j=kk+1,..,p—1), = crp—1 = T Ckh—2 = Y Chk—1; - Ch1 = YOk,
c[v]
(o] ¢ ]
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from the above and (5.5):

A -1 1 1 — 1
AV = Fvl Ni—2 V2 — — Vi1 = Ni—Fk Vk-
k=1
g
By considering formula (5.4), equation (5.3) can be written as the following:
(9uZ 1 8uz 1 1 <&
Bt ~xaw Z)\Z ROk XZ
= (5.11)

i—
=— Z(gu’ — auy;) Z %Uk + Z(Fz
i=2 k=1 i=1

In equation (5.11), a comparison between the equal coefficients of v; leads to the
following relations:

% = AF, — B(t, x)up,
g o
83; = 82:1 + a(t, x)uipr — Bt x)u; + (AF; — Figq),

i—1,2, ... p-l.

Lemma 5.2. Functions \Fp, \F; — Fi11,i=1,...,p — 1 are independent of \.
Proof. Expression (A — AB)~!f(t,z) standing on the right side of equation (3.1) has

the following form:

(A= AB) ' f(t,z) = ZF@H—QlF Q1F = Q1(A—AB) ' f(t,z).

1=1

From here
P
ft,x) = Fi(A—=AB)v; + (A= AB)Q1 F. (5.13)
i=1
By the definition of the basis v;,7 = 1,2, ..., p, we get the following:
P p—1
> Fi(A=AB)v; = > (Fij1 — AF;)Bv; — AF, By, (5.14)

i=1 i=1
Consequently, expression (5.13) is:
p—1

f(t,x) = (Fiy1 — AF;)Bv; — AF,Buy, + (A — AB)Q1 F,

i=1
therefore

p—1
AQ1F = f(t,2) + ABQ1F =Y (Fiy1 — AF;)Bu; + AF,Buy,. (5.15)

=1
[c[v]
(0] < |
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By lemma 2.1, equation (5.15) is solvable with respect to Q1 F if and only if

p—1
< Pf,e, >= (Fiy1 — AF;) < PBu;, e, >
; + (5.16)
— A< PBQ:1F,e, > —AF, < PBuy, e, >,
wherein
p—1
Q1 F=A"f(t,z) + \A"BQ1F — Z(FHl — AF;)A™ Bo; (5.17)
i=1 :
+AF,A” Buy, + cA ey,
so that
p—1
A" f(t,x) = F;.1 — \F;)A™ By,
f(t,x) ;( i+1 i) Ui (5.18)

— AF,A"Bvy, + (I — A" B)Q1F + ceq, Ve e C.

By (2.4), (2.6), and definition of p, all terms in the right side of equation (5.16) equal
zero except for the last one, therefore

< Pf,e, >= —AF, < PBu,,e, > . (5.19)

Applying the inner product < PB(+), e, > to both sides of equation (5.18) gives the
following

< PBA™ f ey, >= (F), = AF_1) < PBuvy, e, > =AF, < PBA™ Bu,, e, > .
Applying the inner product < PB(A~B)*~1(-),e, > to both sides of equation (5.18)
gives the relation

k
<P(BA™)ff.en>=> (Fp_js1 — AF,_;) < PB(A”B)f vy, e, >
i=1

—~ AF, < PB(A"B)*vp, e, >, k=2,3,.,p— 1.

(5.20)

From equations (5.19), (5.20) for k = 1,2, ...,p — 1 the functions AF},, \F; — Fy41,i =
1,...,p — 1 do not depend on A. O

As a result, we can write these functions as the following

AF, = ®p(t, x),

5.21
)\Fl — FiJrl = CI)Z(t, .’E) ( )
Equations in (5.12) have the following forms
% = (I)p - 5(75’ x)up»
o I (5.22)
e = 8’:1 +a(t, 2 uip — Bt a)u; + 05,0 =1,2,...,p— 1.
[c]v)



474 S. P. ZUBOVA AND A. H. MOHAMAD

P
To find P U(t,x) = Zuivi, substitute ¢ (t) € Ny in equation (4.1) as the form
i=1

then
us(£,0) = i(t),i = 1,2, ...,p. (5.23)
By the first equation of (5.22) and condition (5.23) with ¢ = p, we define

up(t,z) = /0 "o, (t, 2)eap < / ’ ﬁ(t,s)ds) dz

+eap (- /O " A, 5)ds> o (b).

Next, we substitute (5.24) in the second equation of (5.22) with ¢ = p — 1 to get
up—1(t,x). Repeat this process for i = p—2,p — 3,....,1 to get all elements u;(t, x).
Consequently, the solution of system (5.12) with conditions in (5.23) leads to the
following result.

(5.24)

Lemma 5.3. Assume that f(t,z) is continuously differentiable (p + 1) times with
respect to t, and (t) is continuously differentiable (p 4+ 1) times. As a result, the
solution of (3.2), (4.1) does exist and is unique, independent of X and is determined
from (5.24), equations of (5.22), i = 1,2,...,p — 1, and condition (5.23) with i =
1,2,...p—1.

Remark 5.4. The smoothness conditions for the functions f(t,x) and ¥(t) can be
weakened by the fact that different smoothness is required from different components
of them in Nj.

6. THE SOLUTION OF THE PROBLEM IN THE COMPLEMENTARY SUBSPACE

Equation (3.3) is solvable with respect to the partial derivative of ¢ due to the
existence of the inverse of operator Ay in subspace M;:

~ 1 ~ —1
01U Q1A 01U | Q1 — Ay
T or T Pav (6.1)
AT QuUA = AB) L (t 2).
Q1 —z‘[,\_1

The right-hand side of this equation and the operator at the derivative

with respect to x are independent of A\ [16]. We earlier proved that the operator
Pi(A—\B)~! does not depend on \, but operator Q1(A — AB)~! does depend on \.
However, we get the following lemma.

Lemma 6.1. Operator Ax_lQl(A — AB)~! does not depend on \.

(<)
EE



CMDE Vol. 9, No. 2, 2021, pp. 467-479 475

Proof. All elements of equation (6.1) except for Ax_lQl(A — AB)71f(t,x) do not
depend on A and f(t,x) does not depend on A; therefore the operator A,\_lQl(A -
AB)~! does not depend on A. O

Let’s move on to solve the problem (6.1), (4.2). We introduce the following nota-
tions:

-1
Q1 — Ay
G—i)\ ,

L(t,z) = B(t,z)G — a(t, z)Q1,
h(t,x) = Ay~ Qu(A - AB) " f(t, ).
As a result, equation (6.1) can be written as the following:

oU G@QlU
ot Ox
The solution of this equation with the condition (4.2) is:

Qﬂ7=«mp(Athmem)¢uh>

+/Ot exp (/:L(S,Dl)ds) h(r, Ds)dr,

where, D1 = (t — $)G + 2Q1, Dy=tG+z2Q1, D3z=({t—7)G+zQ1,

+ L(t,z)Q1U + h(t, x). (6.2)

L(s, D)= f (=96 + @ wQ) " Ls.md
(D) = 2_711]? (tG + (z — u)Q1)_1¢(u)du,
hrDa) = 5 § (6= 1IG + (o= w@1) b

where, I' - closed rectifiable Jordan contour, surrounding spectrum of bounded oper-
ators Dy, Dy, and Ds.

Theorem 6.2. Under the conditions of lemma 5.3, solution of the problem (1.1),
(4.1), (4.2) exists, is unique in E, determined by (4.3), (5.1), (5.24) and solutions of
(5.22) with conditions (5.23) as well as formula (6.3).

Example 6.3. In the space {2, the following system is given
- 8U1 8U2 aUZ 8U3

O—Eﬁ-a‘i‘ﬁljl‘f’ﬁ(ha W+QU2:E+BU37 (64)
oUs - oUy oU; - an-i-l 4 '
W‘FQUS— E“‘BU% ot +aUz— Oz +/BU1+1a

i = 4,5, ..., with conditions (4.1), (4.2) under the assumption of infinite differentia-
bility with respect to x of the functions « = «a(t,x), f = B(t,z) and ¢(z). Operator
(A—AB) is regular since the chain vy,vs, ..., is finite; where Avy = 0, Av; = Bv;_1,i =

(el
BE
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2,3, .... Therefore, v1 = (1,0,0,...),vy does not exist. Here dimN; = 1.The space lo
decomposes among the direct sum of two subspaces lo = My + Ny, i.e.:

Uy —Usg Uy + U2
U2 U2 0
ug | = | us | + 0 . (6.5)
Ugq Uy 0
Condition (4.1) is:
ul(t, 0) + UQ(t, 0) = wl (t) (66)
Condition (4.2) is:
u;(0,2) = ¢i(x), ©=2,3,.... (6.7)
The system in Ny satisfies system (5.12):
 —10(ur +u) 1
0= N or Xﬂ(llq + u2), (6.8)
hence, the solution of (6.8) with the condition (6.6) is
up + us = Y (t)exp(—/ B(t, s)ds) (6.9)
0
Operator G and projectors Py, Q1 are
o O -1 0 0 O 1 1 0
0 O 1 0O 0 O 0 0 O
G=lo o o 1 0 o0 =0 0 o0 Qi =I1—P.
0 0 0 0 1 0 0 0 0

The solution of the problem in My is constructed by formula (6.3) as the following:

QU — WD g(Dy), (6:10)
where,
0 —ay —by —by —bs
0 a b by b3
t
B 10 0 ag b1 by b3

W(t,z) —/0 L(s,D1)ds = 0 0 0 a b1 b 7

0 0 0 0 ap b

(6.11)

Y e O s (CND)
ag —/0 %ﬁﬁdud&
_ [T B(s, 1) i a(s,p) , o
b= /0 271 j{ ((x — ) (t—s) '+ — (1 - S)])d,uds7 j=1,2,...,
&
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a(t,z) and B(t,x) are smooth at x, therefore ag, b; have the following forms:
t
ag = —/ a(s,x)ds,
0
t 0
h= [ () = (= 9) Lot )is

A e (t—s)) &7 .
bjf/o (Waﬂ,_lﬁ(s,z)f Tl @a(s,x))ds, i=2,3,..,

i— ¢Z+1 (x)
_Zt 1 (i—1)!
o ()
th 1 ZZ+ :
_ )l
¢(D2) = a0 @) | (6.12)
Z;t o)
: i— 1¢£:—31)(x)
Zt (t—1)!

Example 6.4. Assume that in example 6.3 a(t,x) = t,5(t,x) = x. Then W(t,s) is
constructed by (6.11) as the following:

2 2
0 -2 @ £ 0 0 0
Wta)=l0 0 -L 2t £ 0 0
0o 0 0 -L£ & L o0

Function QiU takes the form of (6.10) with the matriz W (¢t,x). In fact, the solution
in My satisfies system (6.4) and condition Q1U(0,x) = ¢(z).

From (6.9), (6.10), (6.12), the general solution of system (6.4) with conditions (6.6),
(6.7) is

_§3ﬂ1¢%5ff
w1(t)8‘””2/2 th 1(2551111 1()sc')
= W (t,) (i-1)
Ul(t, ) 8 +e z; e ld){ﬁ 1(;) ) (6.13)
St
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0 xt 0 0 0
0 —zt O 0 0
WEtaz)=( 0 0 —xt 0 0 )
0 0 0 —xt O
and )
—Z e 1¢£’+1 (@)
(1 —1)!
1—1
th 1 ¢£+1 )(x)
= (i —1)!
(i-1)
i— 1¢Z+2 (.13)
QiU = e 12 Zt (i —1)! , J=4,5,

ois (2)
i—17i4+3 \*"/
> G

Z - 1¢§L”( )

2—1

Substituting Q1U into (6.4) and condition (4.2) proves the obtained result true.
The general solution of system (6.4) with conditions (6.6), (6.7) in this case is:

—tr —tx i— 1¢1111)( )
Ur(t.) = a(t)e Zt o (6.14)
Uj(t,x) =e mth 1¢1;”_11( ), Jj=2,3,... (6.15)

7. CONCLUSION

In this study, we use an analytical method for solving equation (1.1) with Showalter-
type conditions when the operator pencil (A — AB) is regular. Due to the regularity
of the operator pencil, equation (1.1) splits into equations in disjoint subspaces. In
each subspace the equation is differential, and the algebraic part is absent; therefore
equation (1.1) cannot be called differential-algebraic. One of these equations is solved
at x = 0, the other at ¢ = 0; thus, the problem with such conditions can be called
semi-boundary or semi-initial.
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