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1. INTRODUCTION

The theory of measure chains was introduced and developed by Hilger [7]. It
has been created in order to unify continuous and discrete analysis, and it allows
a simultaneous treatment of differential and difference equations, extending those
theories to so-called dynamic equations. A time scale T is an arbitrary nonempty
closed subset of real numbers with the topology and ordering inherited from R, and
the cases when this time scale is equal to the reals or to the integers represent the
classical theories of differential and of difference equations. Of course, many other
interesting time scales exist, and they give rise to plenty of applications, for example,
in the study of insect population models, neural networks, heat transfer and epidemic
models. We refer the reader to the excellent introductory text by Bohner and Peterson
[9] as well as the recent research monograph [3]. In recent years, there has been much
research activity concerning the existence of solutions of various dynamic equations
on time scales, e.g., see [8, 12] and the references cited therein. Throughout this
paper, by an interval (a,b), we mean the intersection of the real interval (a,b) with
the given time scale T.

In this work, we’ll be concerned with the following boundary value problems of
non-singular type
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YRR () + ©() f(t,y, %) =0, te (a,b)

y(a) = y>(a(b)) = 0,
where f : [a,b] X [0,00)? — [0,00) and ® : (a,0(b)) — (0,00) are continuous. We
assume that o(b) is right dense, so that (o (b))% = o(b).

This paper provides a new technique for showing that (1.1) has a solution y > 0
on (a,b]. Non-singular problems have been discussed in detail in [1, 2, 4, 5, 6, 11].
Our theory complements and generalizes these results for the boundary value problem
(1.1) on time scales.

In this section, we present some necessary theorems and preliminary results that
will be used to prove our main result. In Section 2, we put forward and prove our
main result and give some examples to illustrate the main result.

Our existence principles will be proved using the following fixed point result [10].

(1.1)

Theorem 1.1. Assume U is a relatively open subset of a convex set C' in a normed
space E. Let N : U — C be a compact map with 0 € U. Then either
(A1) N has a fized point in U; or
(A2) there is a u € OU and a X € (0,1) such that u = ANu.
Theorem 1.2. Suppose the following conditions are satisfied, Assume
® € C(a,o(b)) with ® >0 on (a,0(b)) and ® € L'(a,o(d)). (1.2)
and
F :[0,1] x R? — R is continuous. (1.3)

are satisfied. In addition assume there is a constant M, independent of \ with
lyl1 = maz{|ylo, |y>|o} # M for any solutions y € Ct[a,(b)] N C?*(a,o(b)) to

Y22+ AQ(H)F(t,y,y*) =0, te€ (a,b)
y(a) = y*(a(b)) =0,

for each X € (0,1); here |ylo = supa.owyly(t)| and ly2 o = sup[a,a(b)]\yA(t)\. Then
(1.4) has a solution y € C'[a,c(b)] N C?(a,o(b))) with |yl < M.

(1.4)

Proof. Solving (1.4) is equivalent to the fixed point problem y = ANy, where

Ny(t) = / /S ®(u)F(u, y(u), y™ (u) Auls.

Let K[a,o(b)] = {y € Clag,a(b)] : y* € C(a,c(b)) with norm |y|1} which is a Banach
space. It is a easy to see that N : K[a,o(b)] = Kla,o(b)] is continuous and completely
continuous. Let U = {y € Kla,o(b)] : |yls < M} and C = E = Kla,o(b)]. Now,
apply Theorem 1.1 implies that N has a fixed point in U since the condition (A2)
cannot occur. O
t —

Lemma 1.1. Let 22 (t) < 0 on (a,b) and y(a) > 0, then y(t) > Taay(o(b)) for

a(b) —
t € (a,o(b)).

(el
BE
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Proof. If y®2(t) < 0 on (a,b), then y>(t) is non-increasing on (a,o(b)).

Thus, we get y(t) — y(a) = /t Yy (5)As > (t — a)y®(t) and so y(t) > y(a) + (t -
(). .

Similarly, we get y(o (b)) —y(t) = / Yy (s)As < (o (b) — )y>(t) and so y(t) >
Yo (8)) — (o(8) — )y (1), t

Together these two inequalities, we have y(t) >

S av ) =

2. SECOND ORDER PROBLEMS

In this section, we discuss the second order non-singular problem (1.1). Through-
out this section we’ll assume the following conditions hold:

® € Cla,o(b)) with ® > 0 on (a,0(b)) and ® € L*(a, (b)), (2.5)

f:]a,b] x [0,00)% = [0,00) is continuous with f(t,u,p) >0

) (2.6)
for (t,u,p) € [a,b] x (0,00)%,
f(t, u,p) < w(maz{u,p}) with w >0 o7
continuous and nondecreasing on [0, 00), 27)
c
SUPce(0,00) o (b) - > 1, (28)
w(e) / B(s)As
for a constant H > 0 there exist a function Vg
continuous and positive on (a,o (b)), 2.9)
2.9

and constants o, 3 > 0 with a+ < 1

and with f(t,u,p) > Vg (t)u®p® on [a,b] x [0, H]?.

Theorem 2.1. Assume (2.5)-(2.9) hold. Then (1.1) has a solution y € C*[a, o (b)] N
C?(a,o (b)) with y > 0 on (a,c(b)].

Proof. Choose M > 0 with
M
a(b)
w(M) / D(s)As

a

> 1.
(2.10)

=
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M
Next choose € > 0 and € < — with
M
> 1.
i3 2.11
(o) —a+1) | w(M) | ®(s)As+e (2.11)
1
Let ng € {1,2,...} be chosen so that —<e and let Ng = {ng,ng + 1,...}. We first
0
show that
A+ M (ty,y®) =0, a<t<b
(@) =y 0) = - 1
ya) =y=(o(h) = —,
has a solution for each m € Ny; here
ftu,p), uw>+ p>=+
t 1 > 1 1
frltp) = I mb w2 P
f(taﬁ, )7 u<m’ pzﬁ
f(@%»%)» u <

m7 p<
To show (2.12) has a solution, we consider the family of problems

Y22 () + AB(E) [ (L, y

|-

Ay o,
y(@ =y o) = -,

a<t<b

(2.13)
m € Ny
for 0 < X < 1. Lety € Ca,o(b)] N C?(a,o(b)) be any solutions of (2.13). Then
1 1
yA(t) > - and y(t) > — on [a,b]. Also from (2.7) we have —

here [y|1 = maz{[ylo. |y>lo} and |ylo = suppa,om)y(t)]
If we integrate in —y

B4 < 2(w(lyh)
(t) < @()w(|y|1) from t to o(b), we obtain

a(b) a(b)

- [ oens < [ eeulyhas

t

a(b)
—yA (o) + ¥ (1) < wllyh) / B(s
t

o(b)
v < wluh) [ @()As+ o for te la.o()

t
In particular for t = a, we have
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o(b) a(b)
v>(@ < ullyl) [ @()As+e < (o) - a+ Dwyh) [ Bas+e,
’ ’ (2.15)
Also again, integrate from t to o(b) in (2.14), we get
o(b) o(b) o(b) ) o(b)
/ Yy (t)As < / w(|y|1) / O(u)Au | As+ - / As
o(b) o(b) )
so®) ~y(t) < wilyl) [ [ ew)auas+ (ot -1
and
o(b) o(b) 5
o®) = yta) < wlsl) [ [ Pwauas+ 720~
So we have,
a(b)
y(a (b)) < w(lyl1)(o(b) —a) / (u)Au+ (o(b) —a+1)e
o(b)
< (o) —a+1) | wiyh) / B(u)Au +e | . (2.16)
Combine (2.15) and (2.16) to obtain
lyla <1
o(b) -
(0(®) —a+1) | w(lyh) / O(u)Au + £ (2.17)

a

Now, (2.11) together with (2.17) implies |y|1 # M.
Thus Theorem 1.2 implies (2.12) has a solution yp, with |ym|1 < M. In fact

L < ym(t) < M and % <y (t) < M for t € [a,a(b)] (2.18)

m
and Y., satisfies

YRR + B f(tyyt) =0 a<t<b

=
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Now, (2.10) guarantees existence of a continuous and positive function U,,(t) on
(a,0(b)), and constants a > 0, B > 0 with a+ B < 1 and with f(t,ym(t),y5(t)) >
T (1) g (DI WA D) for (4o (6), 53 (1)) € [a,8] x [0, M.

Together with the differential equation and Lemma (1.1), we get

t—a

~BRAOIP20 2 n(020) (52 ) limlo®)]" fort € (a,0(0)

If we integrate from t to o(b), we obtain

o(b) o(b)
s—a

- [mrereieasz [ wa@ee (S0 beo)as
o) —a
t t
For the left side of this inequality, using Theorem 5.45 [3], we get

o(b)
[ )22 988 = 0] - A I

where I' satisfies

o(b) a(b)
inf / Y22 (s)As | <T < sup / ya2(s)As |,
t t

soI' < 0.
Since the function y5 (t) is non-decreasing on (a, o (b)) and o, B > 0 with a+ < 1,
fort < o(b) we get

Y () > yim(0(0)) = [ym (D] ~° < lym(a(0)] 77
= [ym (] = lym (@ ()] 7 < 0.

Thus, we get
o (b) a(b)
[ ) 22988 = e [ 52388

= [Ym (@ (0))] " [ym (0 (b)) — ym(t)]
= [Ym (@) = [ym (0 (0))] Py (1).
Since [y5 (o (b))]7P+1 > 0, then
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o(b)
- /[yﬁ(s)]_ﬁyﬁA(S)AS < [ym (0 (0)] Py ().

Thus, we have

and so
o(b)

U0 = n(o®)+ [ \Ifm<s><1><s>( s—a >A

t

If we integrate from a to o(b), we get

%

(o(b) —a)*

a a

o (b) b))yt s a(b) [ o(b)
/yﬁ(s)As M/ /\Pm(u)@(u)(ufa)o‘Au As

S

Ym(0(0)) 2 ym(a (b)) — ym(a)

o(b) [ a(b)
o ath

a

@ - | |

a

o(b) [ o(b)
(Y (a (D)) Z;/ (/ \I/m(s)@(s)(sa)o‘As) At.

The other words, we get

o(b) [ o(b) tmap
Ym (o (b)) > {(a(b)la)o‘ / (/ U, (s)®(s)(s a)o‘As) At} = dy.
' (2.19)
From Lemma (1.1), we have
bnlt) 2 o) 2 do s for t € [a,0(0) (2.20)
(<)
EE
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Of course, it is immediate that yﬁjmeNo is a bounded, equicontinuous family on
[a,0(b)] for each j =0,1.

The Arzela-Ascoli Theorem guarantees the existence of a subsequence N of No
and a function y € C*{a,o(b)] with {y5'} converging uniformly on [a,o(b)) to {y>"}

as m goes infinity through N; here j = 0,1. Also y(a) = 0 = y®(o(b)) and y(t) >
=

oy~ Jor t € a.0(8)] (especially y > 0 on (a7 (8))). Now . m € N satisfies
t
(D)= o+ 0 / =2 P um () 1 () As
’ a(b)

t—a

st [ B (s A

fort € [a,o(b)].
Fiz t € [a,o(b)] and let m goes infinity through N to obtain
t
) = [ B u(s). v () As

a

o(b)
t—a
0 e / () (5,9(5), 5 (5)) As.

Example 2.1. Consider the boundary value problem
yAA) + (WA )P =0 fora<t<b
y(a) = y*(o(b)) =0
with o > 0, B> 0 and o+ B < 1. Then, (2.21) has a solution y € C'[a,o(b)] N
C?(a,o(b)) with y > 0 on [a,c(b)].

To see we’ll apply Theorem 2.1. Notice (2.5), (2.6), (2.7) (w(z) = z**P#) and
(2.9) (g =1, a =« and B = B) hold. Also from (2.8),

(2.21)

e e
o(b) — FUPee0.:29) ot B (5 (b) — a)

w@/@@&

a

1< SUPee(0,00) =00

hold. Again Theorem 2.1 establish the result.
Remark 2.1. Notice y =0 is also a solution of (2.21) if a + 8 # 0.

Example 2.2. Consider the boundary value problem
yBA (1) + ule” TN O (@) + moy" () +m) =0, a <t <b (2.22)
y(a) =y (a(b) =0

(el
BE
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with a7/877705771 > Oa Y > 0 and Oé+ﬂ <1l If
c
B + moc” +my
then, (2.22) has a solution y € Cla,a(b)]NC?[a,a (b)) withy > 0 on (a,c(b)]. Again,
we apply Theorem 2.1.
It is easy to check (2.5), (2.6), (2.7) (w(z) = 2P 4+ nox” + m), and (2.9)
(Vg =e 9 a=a and B =) hold. Also,

(0(b) — a)p < supce(o,00) (2.23)

C C
- 0>
SUPce(0,00) o (b) Z SUPce(0,00) ,LL(O'(Z)) — a)[cO‘Jrﬁ n 77007 I 771] y

w(e) / B(s)As

a

o(b)
since / e~ =95t < o(b) — a. So (2.23) guarantees that (2.8) holds. Theorem 2.1

a
now establishes the result.

3. CONCLUSION

In this study, we showed the existence of positive solutions of the nonsingular type
second order boundary value problem on the time scale and we supported it with
some examples.
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