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€]
expansion method for constructing exact travelling wave solutions of nonlinear par-

tial differential equations. The proposed algorithm has been successfully tested on
two two selected equations, the balance numbers of which are not positive integers
namely Kundu-Eckhaus equation and Derivative nonlinear Schrédingers equation.
This method is a powerful tool for searching exact travelling solutions in closed form
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1. INTRODUCTION

The study of nonlinear partial differential equations (NPDESs) is extremely impor-
tant in various branches of applied sciences [1-23]. These NPDEs form the fabric
of various physical phenomena in nonlinear optics, plasma physics, nuclear physics,
mathematical biology, fluid dynamics, and many other areas in physical and biological
sciences.

With the development of soliton theory, many useful methods for obtaining the ex-
act solutions of nonlinear partial differential equations have been presented, some of

them are: the (%)—expansion method [1-8], the simplest equation method [9-11], the

solitary wave ansatz method [12-14], the first integral method [15-18], the functional
variable method [19-21] and so on.
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Recently, a new method has been proposed by Wang et al., [4] called the (%)—

expansion method to study traveling wave solutions of nonlinear evolution equations.
This useful method is developed successfully by many authors [1-3, 5-8] and the refer-

ence therein. The (%)—expansion method [4-8] is based on the assumptions that the

traveling wave solutions can be expressed by a polynomial in (%) such that G = G(&)
satisfies a second order linear ordinary differential equation (ODE). In this paper, we
describe the (%)—expansion method [4-8] for finding traveling wave solutions of non-

linear partial differentiae equations and then subsequently it will be applied to solve
Kundu-Eckhaus equation and derivative nonlinear Schrodingers equation. The paper
is arranged as follows. In section 2, we describe briefly the %—expansion method. In
sections 3 and 4, we apply this method to Kundu-Eckhaus equation and derivative
nonlinear Schrodingers equation.

2. THE %-EXPANSION METHOD

Consider a nonlinear evolution equation:
F(uautauz;utt;uzz;uzt;-~-) :07 (21)
where F is a polynomial in w and its partial derivatives. In order to solve Eq. (2.1)

using the %—expansion method, we give the following main steps [5-8]:
Step 1. Using the wave transformation

u(@,t) =u(f), { = —ct, (2.2)
from Eq. (2.1) and Eq. (2.2) we have the following ODE:
P (u,u 0", ...) =0, (2.3)
where P is a polynomial in u and its total derivatives and ' = d%.
Step 2. We suppose that Eq. (2.3) has the formal solution:
SUNAGRY
we) =3 A (%) (24)

where A; are arbitrary constants to be determined such that Ay # 0, while G = G(§)
satisfies the second order linear ordinary equation (LODE) in the following form

G+ \G' + pG =0, (2.5)

where A and p are constants to be determined later and the prime denotes the deriv-
ative with respect to &.

Step 3. We determine the positive integer N in Eq. (2.4) by balancing the highest
order derivatives and the nonlinear terms in Eq. (2.3).

Step 4. Substituting Eq. (2.4) into Eq. (2.3) with Eq. (2.5), then the left hand side
of Eq. (2.5) is converted into a polynomial in %, equating each coefficient of the
polynomial to zero yields a set of algebraic equations for A;, u, ¢, A.

Step 5. Solving the algebraic equations obtained in step 4, and substituting the
results into Eq. (2.4), then we obtain the exact traveling wave solutions for Eq. (2.3).

B0
(2]
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Remark . The second order LODE (2.5) has the following solutions:

When \? — 44 > 0,

When \? — 44 < 0,

G N JAp— 2
5+

G 2 C1 cos < 4’;_)\2 §> + Oy sin < 4’;_)\2 §>
When A2 — 44 = 0,
G’ A C
_— = —— + 71 5 (28)
G 2 CiE+ 0y
When =0, A #0,
el C —X¢
= ,)\L, (2.9)
G Ci + C’ge_’\5
where C7 and C5 are arbitrary constants.
3. THE KUNDU-ECKHAUS EQUATION
Let us consider the Kundu-Eckhaus equation [22]
iQ: + Qua — 201QP°Q + 3?|QI*Q +2i0 (|Q*) ,@ = 0. (3.1)
We may choose the following traveling wave transformation:
Q1) = T80y g), € = ik (x — 2at), (3.2)
where k, o and 3 are constants to be determined later.
On substituting these into Eq. (3.1) yields
Q¢ =i (Bu — 2kowt/) 0= +5Y) (3.3)
Quz = — (Pu + 2kan/ + k*u”) giloztht) (3.4)
(|Q|2)1 Q _ 2iku2u’ei(az+5t), (35)
Substituting Eqgs. (3.3)-(3.5) into Eq. (3.1), we have
—(B+ aPu — k2 — 20u® + 6*u® — 4kduu’ = 0. (3.6)
When balancing u” with u° then gives
1
N+2=5N=N=_. (3.7)

2
an
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To obtain an analytic solution, N should be an integer. This requires the use of the
transformation

u(€) = (v(&)* (3.8)
that transforms (3.6) to

—4(B+ a®)v? + k2 (V)2 — 2k%v0” — 8ov® 4 46%v* — 8kdv?v’ = 0. (3.9)
Balancing vv” with v* in (3.9) gives

9N +2 = 4N, (3.10)
so that N = 1. Hence, we look for solutions to Eq. (3.9) in the form

G/

v(€) =A0+ A (E) , A1 #0. (3.11)

By using Eq. (2.5), from Eq. (3.11) we have
G"\* G’
v'(€) = —Ay <E) — A1\ (E) — Aip, (3.12)

G\’ G"\* el
v"(€) =24 <5) + 341 <5> + (2410 4+ A1) <E)+A1)\,u. (3.13)

Substituting Eqgs. (3.11)-(3.13) into Eq. (3.9), collecting the coefficients of (%)l, (I =
0,1,...,4) and set it to zero we obtain the system

—80 A3 + 452 AL — A(B + a2) A2 + k2p2 A2 — 2k2\uAg Ay + SkSpAZA; =0,

16k0p1Ag A2 + SkONAZA; + 1662 A3 A, — 2k2(A\2 — ) Ag Ay — 6k2pAg A, — 240 A2 A, —
8(8+ a2)AgA; =0,

8kOpAB+16kASAg A2+ 8kSAZA| +2462 A2 A2 — 2k2(\2 — 1) A2 — 6k2 A2 — k2N Ag Ay —
240 Ag A2 + 2k2 A2 + K2A2A2 — 4(8 + a2) A2 =0,
8kNIA3 + 16k AgA2 + 160249 A3 — 4k2NA2 — 4k2AgA; — 80 A3 = 0,

46% AT + 8k AT — 3K% A% = 0. (3.14)
Solving this system by Maple gives

Ag =0, A = (#) (g) p=0, A= (%) (%) (3.15)

(246%0% + 40%) (=2 £ V7) — 307 — 166%a>
862 (—8 £ 3/7) ’

where k£ and « are arbitrary constants.
By using Eq. (3.15), expression (3.11) can be written as

v(§) = W (%/) : (3.16)

B0
(2]
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From Eq. (2.9), Eq. (3.8) and Eq. (3.16), we obtain:

EXRFVT) [ Che ¢
oe) = 22T (01 e E) | (3.17)
and
IANQFEVT) [ CheE \?
u(®) = 20 <C1 + 026_)‘5) ' (3.18)

Thus, in (z,t)- variables we have the exact traveling wave solution of the Kundu-
Eckhaus equation as follows:

kA (2FV7) ( Cye Mz —2aD) )5 pilar— At}

Q(z,t) = 25 C + Coe—irk(z—2at) (3.19)

where
Vo (2% VT ( o ) . (246202 + 40?) (-2 £V7) — 302 — 166202
—34+7) \ké/’ 862 (—8 £ 3/7) '

If we choose C; = C3 in Eq. (3.19 ), we obtain the exact solution of the Kundu-
Eckhaus equation as follows:

oy = (B EED (1L (1)) e

where
917\ /o
o (%i\f:) (%)

4. DERIVATIVE NONLINEAR SCHRODINGERS EQUATION

(3.20)

In this section we study the Derivative nonlinear Schrodingers equation [23] in the
following form

Gt + 1Gza + (|Q|QQ);C =0. (4.1)
We use the transformation
a(@,t) = O (E) € = ik (z + 2at), (4.2)

where k,« and [ are constants to be determined later.
On substituting these into Eq. (4.1) yields

g =i (Bu + 2kau’) o= A (4.3)

Goe = —(@Pu + 2kan + k')l +BY) (4.4)

(|q|2q)x _ i(au3 +3ku2u’)ei(am+5t)a (4_5)
[c[m]
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Substituting Eqs. (4.3)-(4.5) into Eq. (4.1), we have

(B —a®)u—Kku" + ou® + 3ku*u’ = 0. (4.6)
When balancing v/ with u?u’ then gives
1
N+2=3N+1=N=_. (4.7)

To obtain an analytic solution, N should be an integer. This requires the use of the
transformation

u(€) = (0(©)?, (43)
that transforms (4.6) to

4(B =) v® +k*(v)* = 2k*00" + dav® 4 6kv*0’ = 0. (4.9)
Balancing vv” with v?v’ in (4.9) gives

ON +2=3N +1, (4.10)
so that N = 1. Hence, we look for solutions to Eq. (4.9) in the form

G/
v(§) = Ao+ A1 (E) . A1 #0. (4.11)

Substituting Egs. (3.11), (3.13) and Eq. (4.11) into Eq. (4.9), collecting the coeffi-
N
cients of (%) , (1=0,1,...,4) and set it to zero we obtain the system
—2k*A\puAg Ay + 4a A + 4(B — o) AZ + kPP AT — 6kuA3A; =0,
—12kpuAgAZ—6kAAZAL —2k* (N2 — ) Ag Ay —6k Ao A +1200A2 A1 +8(B—a?) Ag Ay = 0,

—6kuAS —12kAAgA? — 6kAZA; — 2K2(\2 — ) A3 — 6k% A2 — 6k2NAg Ay + 2k2 A3 +
k2A2A2 4+ 120 A40A3 +4(B — a?)A2 =0,

—GRAAY — 12k AgA? — 4K7NA? — 4% Ao A + daA? =0,

—6kA3 — 3k%A? = 0. (4.12)
Solving this system by Maple gives
k kA k222
AOZO, AlZ—E,M:O,Oé:—?,B: 5 ,u:O, (413)

where k£ and \ are arbitrary constants.
By using Eq. (4.13), expression (4.11) can be written as

oo =-5 (%) (414)



CMDE Vol. 2, No. 1, 2014, pp. 11-18 17

From Eq. (2.9), Eq. (4.8) and Eq. (4.14), we obtain:

L2 Core?¢
v(§) = o5 (m) ) (4.15)

X[ G \E
u(§) = ?<m> ) (4.16)

Thus, in (z,t)-variables we have the exact traveling wave solution of the Derivative
nonlinear Schrodingers equation as follows:

. 1
(01) =/ 22 Coe 007 et o (4.17)
A 2 \ O} + Cohe—ikM(z—kAt) ’ :

If we choose C; = Cs in Eq. (4.17), we obtain the exact solution of the Derivative
nonlinear Schrodingers equation as follows:

and

11 / P
q(z,t) = % {5 ~3 tanh (% (x — k)\t))} e~ T (@R (4.18)

5. CONCLUSION

In this paper, the (%)—expansion is applied successfully for solving the Kundu-

Eckhaus equation and derivative nonlinear Schrodingers equation. The results show
that this method is efficient in finding the exact solutions of complex nonlinear partial
differential equations.
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