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1. INTRODUCTION

The area of partial differential equations (PDE’s) has been growing steadily since
middle of the 19th century. PDE’s can be used to describe a wide variety of phenom-
ena such as sound, heat, diffusion, electrostatics, electrodynamics, fluid dynamics,
elasticity, or quantum mechanics (for example see [23-30]).

The boundary value problems with p(z)-biharmonic operator have been studied by
many researchers [1-3,14-20, 31,33, 36].

In this paper we consider the following problem

A2 u+ Iull lju = Af(z,u) inQ,

p(x) x

(1.1)
u=Au=0 on 012,

where
e Q CRM(N >5) is a bounded domain with smooth boundary.
. Ai(x)u = A(|Au[P™®)=2Au), denotes p(z)-biharmonic operator.
o p(z) € C(N), 1< s < p(x) < oo and
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q(r) € C(Q) with 1 < g(x) < p*(x) where

Np(z)
P*(x) ::{ n—pw D) <N,

00 p(x) > N.

e )\ is strictly positive real parameter and
e The Carathéodory function f : 2 x R — R satisfies

|f(x,8)] < a1 + ag|t|?™® =2, for all (z,t) € Q x R, (1.2)

where a1, as are two positive constants.

Wang [34], considered the existence of solutions for the following biharmonic prob-
lem

A2y = N2 Ba(z)|u|""%u = f(x,u) xRN,

|1\“

u e DY (RN) N > 5,

where Dg?(RN) is the closure of C*°(RN), 2**(s) = Q(N__:), 0<s<dandl<r<
2%*,
In 2013, Xie [35] studied the following problem

p—2 .
AZu — )\W‘LTP“ = f(z,u) inQ,
u = % =0 on 012,
where 1 <p< J and 0< A < [W}P.
In this work, we investigate the problem (1.1) and prove the existence of weak

solutions, by applying Hardy’s inequality, S, -condition and Palais-Smale condition
(or (PS) condition). Due to do this, we recall the following definitions.

Definition 1.1. [21] Let 1 <s< & forallueX

|u(x

|x|23 H/ |Au(z)|*dx, (1.3)

(N(S*liéN*QS) )5.

is called the classical Hardy’s inequality, where H :=

Definition 1.2. [32] Let X be a reflexive real Banach space. If the assumptions
limsup,, , oo (T (un) — T (up) un —up) <0 and u, — ug in X imply u, — up in X,
then the operator T': X — X* is said to satisfy the (S4) condition.

Definition 1.3. [4] Let X be a Banach space and ® : X — R a C'-functional. ® is
said to satisfy the Palais-Smale condition (denoted by (P.JS)), if any sequence u, in
X such that ®(u,) is bounded and ®'(u,) — 0 admits a convergent subsequence.

As before
LP@(Q) = {u :  — R;u is measurable and / u(z) [P da < oo} ,
Q

(e
BE
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and it is endowed with
p(z)
lll o = inf § A > 0; / dr <1t
Q

Wire)(Q) .= {90 e LP@); |Vy| e Lp(w)}’

o()
)

Also

and its norm is defined by

lellwre@ = @l Lo + 1Vl Lo -
Finally

Wol’p(gﬂ)(ﬂ) = {(p € WP gl = O} .

Set p~ = 1I€1£p(z) and p* = sup p(z). Let X := W™ (Q) W22 endowed with

z€eN
the norm
[ull = | Aulll Lo ,
by the compact embedding X < L2(*)(Q), there exists a C, > 0 such that
l[ull Laer < Collull, (1.4)

where 1 < g(z) < p*(x) for all x € Q (see [11, Proposition 2.5 ]).
Suppose ® : X — R is a functional defined by

W= [ (L Ap@
o) = [ (oslaupt) +

where 1 < s <p~ <p(z) < p" < oo. By [22] and [11, Theorem 3.1],
o & is a continuously Gateaux differentiable functional and for u,v € X

jul?

)dx, (1.5)

S|l“25

|u|*~2uv
|[25

' (u)(v) = /Q(|Au|p(m)’2|Au||Av| + )dz. (1.6)

e &' : X — X* is strictly monotone, homeomorphism and satisfies the (S;)
condition.

Proposition 1.4. [10, Theorem 1.3] Assume ¢ € Wol’p(x) and pp() = [, lo(x)[P®) da.
Then

() lell <1U=1>1) i plde) <U=1:>1).
() llgll > 1, then Fellol”” < @(e) < GllP" + fo o de
iid) gl <1, then Xllel”" < d(p) < Elloll?” + fo omda.

Assume f: Q x R — R is a Carathéodory function and for all (z,£) € X, define

¥

§
Pla,€) = /Q o t)dt. (1.7)
e For u € X, define U: X — R by
U(u) := /QF(x,u(x))dm (1.8)

(&)
EE
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e U is continuously Gateaux differentiable functional, has compact derivative
and

= / flx,u(x))v(x)de, (1.9)
Q

for u,v in X (see [22]).
o Define I := ® — A¥. Notice that I’( ) = 0 implies for u,v € X,

/(|Au|p($) 2| Aul|Av| + 1410 |“| YYdz = A /f 2, u(z))v(z)da. (1.10)

So the weak solutions of the problem (1.1) are the critical points of I.
For x € Q, set

0(x) == sup{d > 0: B(zx,d§) C N}, (1.11)
D :=supi(z). (1.12)
€N

Clearly, there exists zg € Q such that B(xg, D) C Q.
Also, for a > 0 and ¢(x) € C(Q2) with
1< q :=inf g(x) < q(x) < ¢" :=supq(x) <0,
ze zEQ
we have:

[a]?®) .= max {a‘f , a‘ﬁ} ,

[a]q(z) := min {a’f , aq+} ,

where z € Q. Let r > 0, set
o ! {a101< S b q[cqmp*)i[m%]q} (1.13)

where a1, as are positive numbers and C, C; are ordinary embedding constants X —
LY(Q) and X < LI®)(Q).

= as +

2. EXISTENCE OF WEAK SOLUTIONS

Here the existence of multiple weak solutions of the problem (1.1) in different cases
are proved and some examples are presented.

2.1. A weak solutions. In order to study the existence of weak solution of the
problem (1.1), we recall the following theorem.

Theorem 2.1. [7] Assume X is a real Banach space, ®,¥ : X — R are two
continuously Gateauz differentiable functional such that

;2&@(@ =®(0) = ¥(0) =0.
Suppose there exist r >0 and T € X with 0 < ®(T) < r such that

o (i) M < igg
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o (i) for all X € A =] ig;,m[, I := & — \V satisfies (PS)!"! con-

dition.
For all X\ € A there exists xg € ®71(]0,7]) such that I}(zo) = 0 and I\(zo) < I\(x),
for all z € ®~1(]0, r[).

Here we state the existence of at least one weak solution.

Theorem 2.2. Suppose f and F are defined by (1.7) and
infeq F(z,t
limsuptﬁmmg;p# = +o0. (2.1)
For all X €]0, \*[, where
1

1 at °
arky (pt) = + 22 [kgl9(pt) P~

The problem (1.1) has at least a nontrivial weak solution.

A=

Proof. Let r =1 and apply Theorem 2.1 to get the result.
Assume X, |ju||,® and ¥ are in the previous section. Fix A €]0,\*[, by (2.1) there

exists
. P +
0<dy <min1,( \E
{ [BlPm(DN — (§)N)
such that
sHinfrealF(2,0) 1

(H+1)[FPEN-1) ~ A

Suppose u € X such that
0 x € Q\B(zg, D),
u(z) = Oz x € B(xo, %),

B(D? = (z —0)*) € B(xo, D)\B(zo, §),
Proposition 1.4 shows

D) = folol 10T +
L2 ]em(DN — (2

IAA A
jaegd
A
oIS
=
2
-
2

So 0 < ®(u) < 1, therefor Proposition 1.4 for each u € ®~ (0o, 1] implies
B B
lull < [pre(w)]» < (p*)r . (22)

Hence

U (u) Jo F (2, u(x))d

IA

ay Jq lu(@)|de + 22 [ |u(@)| " da
q+
< arkaul + 2 (k)7 ul 5
1 ot
< k() + 2 k)1

2D
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for u € ®~1(—o0, 1], so

e
iE

1 a
sup U(u) < ark: (pt) 7 + —=[kg)7(p")
P(u)<1 q

| -
> =

therefor

1 ¥(m)
sup Y(u) < — < —
®(u)<1 ) A ()

Thus I has a local minimum point @ (see Theorem 2.1) and Theorem 2.2 is proved. O

The following example presents a function where satisfies the conditions of Theorem
2.2.

Example 2.3. Let f : R*"xR — R by f(x,t) = el#lt*=1 where 0 < k < p~ < p < 0.
We have F(x,t) = ell*lt*. So

infyeq F(x,t)
tp—

inf cpn e =l ¢k

= limsup;_,o+ =

limsup_,o+
= limsup;_o+

= +o0.

(2

2.2. Two weak solutions. By recalling another theorem, the existence of two weak
solutions of the problem (1.1) can be proved.

Theorem 2.4. [7] Suppose X is a real Banach space, ®,¥ : X — R are two
continuously Gateauz differentiable functionals and ®(0) = ¥(0) = 0. Fizr > 0 and
suppose for

r

A €]0
€lo, sup U (u)
weP—1(]—o0,r[)
the functional Iy := ® — AU is unbounded from below and satisfies (PS) condition.
Iy has two distinct critical points for
r

sup U(u) [
ued—1(]—o0,r)

A €]0,

The existence of two weak solutions is presented by applying Theorem 2.4 in case
r=1.

Theorem 2.5. Let [ satisfies (1.2), F be in (1.7), and there exist @ > p™ andr >0
such that

0 < OF(z,t) < tf(z,t). (2.3)
There exists two weak solutions of the problem (1.1) for A €]0, A*[, where
" 1
A= = pun (2.4)

a;Cy(pT)»

(e
BE
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Proof. Assume ® and U are defined by (1.5) and (1.8), respectively. Theorem is
proved by the following steps:

Step 1. [ := ® — AV satisfies (PS) condition.

Assume {u,} is a sequence in X such that

d:= sup I(un) <oo, [[I'(un)|x+—0,

n—-+oo
thus
d > I(up)
2 fQ ﬁlAunl”(””)dﬂﬁ + %fQ l\i\"’é’ls dx — )‘fQ T, Up)d

> Jo ﬁmunl”(”dw + 4 Jo ke = 5 [, f(@, un)unda

‘z‘QS
> Jo ot @) |Aun [P@dz + 5 [, lﬁ?ﬂ's dz — 5 [o f(x,un)unde

> (5 = §) Jo | BuaPda + G111 (wn) | [[uall,

$0 ||uy || is bounded. Therefore, if u, — u so ¥'(u,) — ¥'(u), since I'(u,) = ' (u,) —
AV (uy,) = 0 then &' (u,) — AV’ (uy), thus u, — u (because ®’ is homeomorphism).
So I satisfies the condition (PJS).

Step 2. [ is unbounded from below.
First we show, there exists M € R such that for x € Q and |t| > M

F(z,6) > K[¢[°. (2.5)
(2.3) implies
0 < OF(x,&t) < &tf(x,&t), for all € > 0.

Let m(x) := Irlmn F(z,¢) and g¢(z) := F(z, 2t) for all z > 0 thus

0 < 0gs(2) = O0F (z,2t) < 2tf(w, 2t) = 2g,(2)
for all z > |TM‘, SO

1 1
a4 gt(2) M 2

[t]

then
Qt(l) |t|6
L?’L( ) = L (7)7
gt(%) Me
therefore
t)° t]° o
F(r0) = 0:(1) > Fo, 17 T > m() L > K

o0 (2.5) is established.

(&)
EE
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Fixed v € X — {0}, for each ¢t > 1 one has
I(tv) = [, ﬁﬁAvP’(z)dx—F L0, ol o — A fq F(z,tv)d

EIRE
" ot

fﬂ 51 AvfP @dr + - [ “Ar’zls dz) — AKt? [, |v|?dx — Cy,

since p* < 0 if t — +oo then I — —oo.
Fix X €]0, \*[ where A\* is defined as (2.4). By Proposition 1.4

[ de — AKt9 [ |v|?de — O

|I|2S

lull < pro()]r <[t = @h), (2.6)
for each u € ®71(] — 00, 1[) and by (1.4)
/Q ju(@)| 9@ da = py(u) < [ull pacor @)? < [Cyllull]® (2.7)

for u € X. Also, the compact embedding X < L(Q), X — L9(Q) there exist
C1,C, > 0 and by (1.2), (2.3), (2.6) and (2.7)

U(u) = [, F(z,u)de
< afy |U (2)|dz + 22 [o, [u(x)]9") dz
< aCillull + 2[C, Jlulje
n L u n at
< aCifpT]eT + 2 (O] (pT) P
- L
= &
< 5
therefore A < ﬁ. Let I := I, by Theorem 2.4, problem (1.1) has two
ued=1(]—o0,1[)
weak solutions. O

Example 2.6. Assume z € R, 1 < pT < 0 < |t| < q¢(v) < o0, F(z,t) = q(z)[cosht —
1]. Consider

|s‘2

AQ(I)u I T = = Ag¢(z)sinht in Q,
u=20 on 0f.
Notice that 0F (z,t) < tf(x,t) or equivalently fcosht — tsinht — 6 < 0 for z € R and

1 < @ < [t|. For this, we consider two different cases:
(¢) Ift > 6 > 1 then

fcosht — tsinht — 0 < Ocosht — tsinht — 0 < fe™t — 0 < 0.
(13) If t < —0 < —1 hence
fcosht — tsinht — 0 < Ocosht + tsinht — 0 < e’ — 0 < 0.

Therefore, the function f satisfies (2.3), so by Theorem 2.5 this problem has two weak
solutions.

Remark 2.7. In Example 2.6, ¢(z) can be replaced by all positive functions cosh z, e*,

x2.

(e
BE
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2.3. Three weak solutions. Finally one can prove the existence of three weak so-
lutions of the problem (1.1) by recalling the following theorem.

Theorem 2.8. [7] Assume X is a reflexive real Banach space, ¥ : X — R is a
continuously Gateaux differentiable functional whose Gateaux derivative is compact,
® : X — R is a continuously Gateaux differentiable, coercive, sequentially weakly
lower semi-continuous functional, whose Gateaux derivative has a continuous inverse
and

;Ielg(b(m) =®(0) = T(0) =0.

Suppose there exist r > 0 and T € X, with ®(T) < r, such that

T
(1) - <35 B
(ii) ® — AW is coercive for A € A :=] i%g, W[

® — AU has at least three distinct critical points in X for A € A.

Theorem 2.9. Assume that f, F be in (1.7) and

F(z,t) >0, (2.8)
for (x,t) € Q x RT, also there exists C € [0,00) such that

F(x,t) < C(1+ [t]2®), (2.9)

for (x,t) € Ax R, q(x) € C(Q) and 1 < ¢~ < q(x) < ¢ < p~. Moreover, there exist
0,7 >0 with r < p%[%]pm(DN — (£)N) such that
(H+1)[F]PeN -1)

sH inf F(x,d)
e

The problem (1.1) implies at least three weak solutions for A € A, where

N

o A ::]%W, 11, @ isin (1.13) and D is in (1.12).
ﬂ«’L‘GSZ

T2

e

o m:= is the measure of unit of RN where I' is the Gamma function.

v[Z

Proof. Let X,®, ¥ and I be the same of as the last section. We investigate the
conditions () and (i¢) of Theorem 2.8.
Let w € X such that

0 x € Q\B(zo, D),
a(z) = onx z € B(zo, 2),
(D2 — (2 —w)?) = € B(zo, D)\B(wo, 3),
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By Proposition 1.4 and hypothesis of theorem

o< & EBLmDN - (B)Y)

< oGl 1T + JH)dz = o (a)

‘m‘Q:.

< o YAuP@de + 3 [, |Au*de

%)

™)

A
@ |

[BPm(DY = (B)Y) + 3 m(DY —

vl

\ /\

LB IPm(DN — ()N).

sH

therefore
o (w) . sH;relf F(z,0)
(@) ~ (H+1)[ZPRN -1)

because

U(w) > /B( )F(x,ﬂ(x))dx > ;relsf) F(x,é)m(g)N.

Proposition 1.4 for u € ®~!(—oo, r] shows

lull < [pTe(w)]7 < (p+)7=[r]7.

827

(2.10)

(2.11)

Now (2.11), (1.2), the compact embedding X < L*(Q) and X < L9(®)(Q) impliy

U(u) = [oF(z,u(x))ds
< a1 Jq lu(@)lde + 22 [ [u(z )|9@) dg

qt

< a1Cyllull + 22 [Colo (v) #= [[r]7]

< aCi(pt)7=[r]F + 22 (Co) (r*) = [[r]?]
for u € ®71(—o0, r], therefore
1 1 1,41
- sup  Y(u) < - {alC1(P+)’°‘ [r]7 + —=[Cy)' (™)
T wed—1(—o0,r] r

this implies part (i) of Theorem 2.8 is satisfied.

Notice that I := & — AV is coercive for each A > 0. Let v € X with ||u|| > {1, %}7

by (1.4) and (2.9), we have

U(u) = /QF(Ivt)df” = /Q(C(l +[4]7)))da < C(1Q] + [Cyllul]*"),

therefor

I(u) = ®(u) = AU(u) > %IIUHP — (9] + g Jlul ),
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hence, g7 < p~ implies I is coercive and (1.1)implies at least three weak solutions. []

Example 2.10. Let f: R” x R — R by f(x,t) = e I#ItF=1 where 1 < k < ¢~ <
q(z) < co. Thus F(z,t) = e~ I1#I#k So, by C > 1, we have

F(x,t) = e lzlh « ok < c(1+ |t|q(x))

and the conditions of Theorem 2.8 are satisfied.
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