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Abstract The basic motivation of the present study is to apply the local fractional Sumudu
variational iteration method (LFSVIM) for solving nonlinear wave-like equations

with variable coefficients and within local fractional derivatives. The derivatives

operators are taken in the local fractional sense. The results show that the LFSVIM
is an appropriate method to find non-differentiable solutions for similar problems.

The results of the solved examples showed the flexibility of applying this method

and its ability to reach accurate results even with these new differential equations.
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1. Introduction

Many problems of physics and engineering can be expressed by nonlinear partial
differential equations, we mention some of them, such as, the Schrödinger, the Burgers,
the Bateman-Burgers, the Fokker-Planck, the Korteweg-de Vries, the Klein-Gordon,
the Rosenau-Hyman, the Whitham, the Cahn-Hilliard, the Foam Drainage equation
and other. Given the importance of these partial differential equations and others as
fractionl or local fractional differential equations, many researchers have worked to
develop method to solve them, or find approximate solutions [2, 3, 7, 10, 32, 34]. The
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work of these researchers led to the development of several methods [8, 9, 16, 33],
including the variational iteration method and in the abbreviation (VIM), which is
among the most famous methods developed recently, where it was developed by He
[11, 12, 13].

With the advent of fractional differential equations, the use of this method ex-
panded and began to include the solution of this new type of equations [4, 17, 18, 20,
21, 23], and it was also used to solve another fractional equations which include, local
fractional differential equations, local fractional partial differential equations and local
fractional integro-differential equations [1, 26, 27, 28], or we find them benefit from
the combined with some known transforms, such as: Laplace transform and Sumudu
transform, in order to facilitate the solution of this type of equations, especially non-
linear ones. Among these works we find local fractional laplace variational iteration
method [15, 29, 30] and local fractional Sumudu variational iteration method [31].

The main objective of this work was to apply the method proposed by us in article
[31] to solve local fractional differential equations, where we will apply them here
to solve nonlinear local fractional wave-like equations with variable coefficients, and
these results were compared with the results of other research in the case of σ = 1.

This work consists of five basic sections, after the introduction comes the second
section, which includes basic concepts and some properties related to the local frac-
tional derivative and the local fractional Sumudu transform method. In the third
section we presented the basics of this proposed method. In the fourth section we
apply the modified method (LFSVIM) to solve nonlinear local fractional wave-like
equations. In the last section, we finish our work by presenting the conclusion.

2. Preliminaries

In this section, we will introduce the basics of local fractional calculus, and we will
focus on the following concepts: Local fractional derivative, local fractional integral,
some important results and local fractional Sumudu transform.

2.1. Local fractional derivative.

Definition 2.1. The local fractional derivative of Φ(χ) of order σ at χ = χ0 is defined
as ([24, 25])

Φ(σ)(χ) =
dσΦ

dχσ

∣∣∣∣
χ=χ0

= lim
χ→χ0

∆σ(Φ(χ)− Φ(χ0))

(χ− χ0)σ
, (2.1)

where

∆σ(Φ(χ)− Φ(χ0)) ∼= Γ(1 + σ) [(Φ(χ)− Φ(χ0))] . (2.2)

For any χ ∈ (α, β), there exists

Φ(σ)(χ) = Dσ
χΦ(χ),

denoted by
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Φ(χ) ∈ Dσ
χ(α, β).

Local fractional derivative of high order is

Φ(mσ)(χ) =

m times︷ ︸︸ ︷
D(σ)
χ · · ·D(σ)

χ Φ(χ) . (2.3)

2.2. Local fractional integral.

Definition 2.2. The local fractional integral of Φ(χ) of order σ in the interval [α, β]
is defined as ([24, 25])

αI
(σ)
β Φ(χ) =

1

Γ(1 + σ)

∫ β

α

Φ(τ)(dτ)σ

=
1

Γ(1 + σ)
lim

∆τ−→0

N−1∑
j=0

f(τj)(∆τj)
σ, (2.4)

where ∆τj = τj+1 − τj , ∆τ = max {∆τ0,∆τ1,∆τ2, · · · } and [τj , τj+1] , τ0 = α,
τN = β, is a partition of the interval [α, β]. For any r ∈ (α, β), there exists

αI
(σ)
χ Φ(χ), denoted by Φ(χ) ∈ I(σ)

χ (α, β).

2.3. Some important results.

Definition 2.3. In fractal space, the Mittage Leffler function, Hyperbolic sine and
hyperbolic cosine are defined as ([14, 24, 25])

Eσ(χσ) =

+∞∑
m=0

χmσ

Γ(1 +mσ)
, 0 < σ ≤ 1, (2.5)

Eσ(χσ)Eσ(υσ) = Eσ(χ+ υ)σ, 0 < σ ≤ 1, (2.6)

Eσ(χσ)Eσ(−υσ) = Eσ(χ− υ)σ, 0 < σ ≤ 1, (2.7)

sinσ(χσ) =

+∞∑
m=0

(−1)m
χ(2m+1)σ

Γ(1 + (2m+ 1)σ)
, 0 < σ ≤ 1, (2.8)

cosσ(χσ) =

+∞∑
m=0

(−1)m
χ2mσ

Γ(1 + 2mσ)
, 0 < σ ≤ 1. (2.9)
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The non-differentiable functions within local fractional derivative and integral are
given as follows ([24, 25])

dσχmσ

dχσ
=

Γ(1 +mσ)χ(m−1)σ

Γ(1 + (m− 1)σ)
. (2.10)

dσ

dχσ
Eσ(χσ) = Eσ(χσ). (2.11)

dσ

dχσ
sinσ(χσ) = cosσ(χσ). (2.12)

dσ

dχσ
cosσ(χσ) = − sinσ(χσ). (2.13)

0I
(σ)
χ

χmσ

Γ(1 +mσ)
=

χ(m+1)σ

Γ(1 + (m+ 1)σ)
. (2.14)

2.4. Local fractional Sumudu transform. We will introduce the definition of a
local fractional Sumudu transform method and some its basic properties [19].

If there is a new transform operator LFSσ : Φ(χ) −→ F (u), namely

LFSσ

{ ∞∑
m=0

amχ
mσ

}
=

∞∑
m=0

Γ(1 +mσ)amu
mσ. (2.15)

For examples

LFSσ

{
χσ

Γ(1 + σ)

}
= uσ. (2.16)

Definition 2.4. [19] The local fractional Sumudu transform of Φ(χ) of order σ is

LFSσ {Φ(χ)} = Fσ(u) =
1

Γ(1 + σ)

∫ ∞
0

Eσ(−u−σχσ)
Φ(χ)

uσ
(dχ)σ, 0 < σ ≤ 1.

(2.17)

The inverse formula of (2.17) is

LFS−1
σ { Fσ(u)} = Φ(χ) , 0 < σ ≤ 1 . (2.18)

Theorem 2.5. If LFSσ {Φ(χ)} = Fσ(u) and LFSσ {ϕ(χ)} = Ψσ(u), then one has

LFSσ {Φ(χ) + ϕ(χ)} = Fσ(u) + Ψσ(u). (2.19)
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Proof. Using formula (2.17), we obtain:

LFSσ {Φ(χ) + ϕ(χ)} =
1

Γ(1 + σ)

∫ ∞
0

Eσ(−u−σχσ)
Φ(χ) + ϕ(χ)

uσ
(dχ)σ

=
1

Γ(1 + σ)

∫ ∞
0

[
Eσ(−u−σχσ)

Φ(χ)

uσ
+ Eσ(−u−σχσ)

ϕ(χ)

uσ

]
(dχ)σ

=
1

Γ(1 + σ)

∫ ∞
0

Eσ(−u−σχσ)
Φ(r)

uσ
(dχ)σ

+
1

Γ(1 + σ)

∫ ∞
0

Eσ(−u−σχσ)
ϕ(χ)

uσ
(dχ)σ

= LFSσ {Φ(χ)}+ LFSσ {ϕ(χ)} .

This ends the proof. �

Theorem 2.6. The Sumudu transform of local fractional derivative and integral is

• If LFSσ {Φ(χ)} = Fσ(u), then one has

LFSσ

{
dσΦ(χ)

dχσ

}
=
Fσ(u)− F (0)

uσ
. (2.20)

From (2.20), we have if LFSσ {Φ(r)} = Fσ(u), so

LFSσ

{
dnσΦ(χ)

dχnσ

}
=

1

unσ

[
Fσ(u)−

n−1∑
k=0

ukσΦ(kσ)(0)

]
. (2.21)

When n = 2, from (2.21), we get

LFSσ

{
d2σΦ(χ)

dχ2σ

}
=

1

u2σ

[
Fσ(u)− Φ(0)− uσΦ(σ)(0)

]
. (2.22)

• If LFSσ {Φ(χ)} = Fσ(u), then we have

LFSσ

{
0I

(σ)
χ Φ(χ)

}
= uσFσ(u). (2.23)

Proof. see [19] �

3. Analytical of Sumudu variational iteration method in the case
local fractional derivative

We consider a general nonlinear local fractional differential equation

LαV (χ, τ) +NαV (χ, τ) +RαV (χ, τ) = hα(χ, τ), (3.1)

with Lα = ∂2α

∂τ2α denotes linear local fractional derivative operator of order 2α, Rα
represent linear operator of order less than Lα, Nα denotes nonlinear operator and
hα(χ, τ) is the non-differentiable source term.
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We apply the local fractional Sumudu transform on both sides of (3.1), we obtain

Sα [LαV (χ, τ)] + Sα [NαV (χ, τ) +RαV (χ, τ)] = Sα [hα(χ, τ)] . (3.2)

By use the property of the local fractional Sumudu transform, we get

Sα [V (χ, τ)] = V (χ, 0) +
∂αV (χ, 0)

∂τα
uα + u2αSα [hα(χ, τ)]

−u2αSα [NαV (χ, τ) +RαV (χ, τ)] . (3.3)

Now, applying the inverse transform on (3.3)

V = V (χ, 0) +
∂αV (χ, 0)

∂tα
τα

Γ(1 + α)
+ S−1

α

(
u2αSα [hα(χ, τ)−NαV −RαV ]

)
.

(3.4)

Applying ∂α

∂tα on both sides of (3.4), we find

∂αV

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα [NαV +RαV − hα(χ, τ)]

)
− ∂αV (χ, 0)

∂τα
= 0. (3.5)

The application of the main step of the VIM method (correction functional) [22],
gives the following fundamental formula

Vn+1 = Vn − 0I
(α)
τ

[
∂αVn
∂τα −

∂αV (χ,0)
∂τα

+ ∂α

∂ταS
−1
α

(
u2αSα [NαVn +RαVn − hα(χ, τ)]

) ] . (3.6)

The approximate solution is calculated by the following limit

V (χ, τ) = lim
n→∞

Vn(χ, τ). (3.7)

4. Applications of this method

In this part, we apply local fractional Sumudu variational iteration method [31]
for solving some models of nonlinear local fractional wave-like equations with variable
coefficients.

Example 4.1. We consider the following nonlinear local fractional wave-like equa-
tion, which takes the following form

V
(2α)
tt = x2α ∂

∂xα

(
V (α)
x V (2α)

xx

)
− x2α

(
V (2α)
xx

)2

− V, 0 < α ≤ 1, (4.1)

subject to the initial conditions

V (x, 0) = 0, V
(α)
t (x, y, 0) = x2α. (4.2)
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According to (3.6) and (4.1), we obtain the formula of successive approximations
which given by

Vn+1 = Vn − 0I
(α)
t

[
∂αVn
∂τα

− ∂αV (x, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(4.3)

− x2α ∂α

∂xα

(
V (α)
nx V

(2α)
nxx

)
+ x2α

(
V (2α)
nxx

)2

+ Vn

])]
.

Using the formula (4.3), we obtain the following successive approximations:

V0(x, t) = x2α tα

Γ (1 + α)
,

V1 = V0 − 0I
(α)
t

[
∂αV0

∂τα
− ∂αV (x, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[

− x2α ∂α

∂xα

(
V

(α)
0x V

(2α)
0xx

)
+ x2α

(
V

(2α)
0xx

)2

+ V0

])]

V2 = V1 − 0I
(α)
t

[
∂αV1

∂τα
− ∂αV (x, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[

− x2α ∂α

∂xα

(
V

(α)
1x V

(2α)
1xx

)
+ x2α

(
V

(2α)
1xx

)2

+ V1

])]
,

V3 = V2 − 0I
(α)
t

[
∂αV2

∂τα
− ∂αV (x, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(4.4)

− x2α ∂α

∂xα

(
V

(α)
2x V

(2α)
2xx

)
+ x2α

(
V

(2α)
2xx

)2

+ V2

])]
,

...

and so on.
Depending on the relations (4.5), we get the first terms of this method that take

the following form
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V0(x, t) = x2α tα

Γ (1 + α)
, (4.5)

V1(x, t) = x2α

(
tα

Γ (1 + α)
− t3α

Γ (1 + 3α)

)
,

V2(x, t) = x2α

(
tα

Γ (1 + α)
− t3α

Γ (1 + 3α)
+

t5α

Γ (1 + 5α)

)
,

V3(x, t) = x2α

(
tα

Γ (1 + α)
− t3α

Γ (1 + 3α)
+

t5α

Γ (1 + 5α)
− t7α

Γ (1 + 7α)

)
,

...

Vn(x, t) = x2α

(
tα

Γ (1 + α)
− t3α

Γ (1 + 3α)
+

t5α

Γ (1 + 5α)
− t7α

Γ (1 + 7α)
+ · · ·

+ (−1)n
t(2n+1)α

Γ(1 + (2n+ 1)α)

)
.

Then the non-differentiable solution of (4.1), is calculated by

V (x, t) = lim
n→∞

Vn(x, t) (4.6)

= x2α lim
n→∞

(
tα

Γ(1+α) −
t3α

Γ(1+3α) + t5α

Γ(1+5α) −
t7α

Γ(1+7α)

+ · · ·+ (−1)n t(2n+1)α

Γ(1+(2n+1)α)

)
.

This leads to the following result

V (x, t) = x2α sinα(tα). (4.7)

Note that, our solution (4.7) satisfies the initial conditions (4.2), and in the case
σ = 1, we obtain the same solution obtained in [5] by Adomian Decomposition Method
and in [6] by homotopy perturbation method.

Example 4.2. Now, we consider a model of two dimensional nonlinear local fractional
wave-like equation which defined by

V
(2α)
tt =

∂2α

∂xαyα

(
V (2α)
xx V (2α)

yy

)
− ∂2α

∂xαyα

(
xαyαV (α)

x V (α)
y

)
− V, 0 < α ≤ 1,

(4.8)

or otherwise

V
(2α)
tt =

(
V (2α)
xx V (2α)

yy − xαyαV (α)
x V (α)

y

)(2α)

xy
− V, 0 < α ≤ 1, (4.9)
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subject to the initial conditions

V (x, y, 0) = Eα(xαyα), V
(α)
t (x, y, 0) = Eα(xαyα). (4.10)

By using (3.6) and (4.8), we obtain the successive approximations

Vn+1 = Vn − 0I
(α)
t

[
∂αVn
∂τα

− ∂αV (x, y, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(4.11)

(
− V (2α)

nxx V
(2α)
nyy + xαyαV (α)

nx V
(α)
ny

)(2α)

xy
+ Vn

])]

According to (4.10) and (4.11), we find

V0(x, y, t) = Eα(xαyα) + Eα(xαyα)
tα

Γ(1 + α)
,

V1 = V0 − 0I
(α)
t

[
∂αV0

∂τα
− ∂αV (x, y, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(4.12)

(
−V (2α)

0xx V
(2α)
0yy + xαyαV

(α)
0x V

(α)
0y

)(2α)

xy
+ V0

])]
,

V2 = V1 − 0I
(α)
t

[
∂αV1

∂τα
− ∂αV (x, y, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(
−V (2α)

1xx V
(2α)
1yy + xαyαV

(α)
1x V

(α)
1y

)(2α)

xy
+ V1

])]
,

V3 = V2 − 0I
(α)
t

[
∂αV2

∂τα
− ∂αV (x, y, 0)

∂τα
+

∂α

∂τα
S−1
α

(
u2αSα

[
(
−V (2α)

2xx V
(2α)
2yy + xαyαV

(α)
2x V

(α)
2y

)(2α)

xy
+ V2

])]
,

...
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So, the first terms of solution is given by

V0(x, y, t) = Eα(xαyα) + Eα(xαyα) tα

Γ(1+α) ,

V1(x, y, t) = Eα(xαyα)
(

1 + tα

Γ(1+α) −
t2α

Γ(1+2α) −
t3α

Γ(1+3α)

)
,

V2(x, y, t) = Eα(xαyα)
(

1 + tα

Γ(1+α) −
t2α

Γ(1+2α) −
t3α

Γ(1+3α) + t4α

Γ(1+4α)

+ t5α

Γ(1+5α)

)
,

V3(x, y, t) = Eα(xαyα)
(

1 + tα

Γ(1+α) −
t2α

Γ(1+2α) −
t3α

Γ(1+3α) + t4α

Γ(1+4α)

+ t5α

Γ(1+5α) −
t6α

Γ(1+6α) −
t7α

Γ(1+7α)

)
,

...

Vn(x, y, t) = Eα(xαyα)
[

tα

Γ(1+α) −
t3α

Γ(1+3α) + t5α

Γ(1+5α) − · · ·+
(−1)nt(2n+1)α

Γ(1+(2n+1)α)

]
+Eα(xαyα)

[
1− t2α

Γ(1+2α) + t4α

Γ(1+4α) −
t6α

Γ(1+6α) + · · ·+ (−1)nt2nα

Γ(1+2nα)

]
.

(4.13)

As the non-differentiable solution is calculate by

V (x, y, t) = lim
n→∞

Vn(x, y, t), (4.14)

which

V (x, y, t) = lim
n−→∞

(
Eα(xαyα)

[
tα

Γ(1 + α)
− t3α

Γ(1 + 3α)
+

t5α

Γ(1 + 5α)
(4.15)

− · · ·+ (−1)nt(2n+1)α

Γ(1 + (2n+ 1)α)

]
+

[
1− t2α

Γ(1 + 2α)
+

t4α

Γ(1 + 4α)

− t6α

Γ(1 + 6α)
+ · · ·+ (−1)nt2nα

Γ(1 + 2nα)

])
.

This leads to the following result

V (x, y, t) = Eα(xαyα) (sinα(tα) + cosα(tα)). (4.16)

Note that, in the case σ = 1, we obtain the same solution obtained in [5] by
Adomian Decomposition Method and in [6] by homotopy perturbation method.

Example 4.3. Finally, we consider this model of nonlinear local fractional wave-like
equation

V
(2α)
tt = V 2 ∂

2α

∂x2α

(
V (α)
x V (2α)

xx V (3α)
xxx

)
+
(
V (α)
x

)2 ∂2α

∂x2α

(
V (α)
x

)3

−18V 5+V, 0 < α ≤ 1,

(4.17)
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with the initial conditions

V (x, 0) = Eα(xα), V
(α)
t (x, 0) = Eα(xα). (4.18)

By using (3.6) and (4.17), we get the following formula

Vn+1 = Vn − 0I
(α)
t

[
∂αVn
∂τα

− ∂αV (x, 0)

∂τα
(4.19)

− ∂α

∂τα
S−1
α

(
u2αSα

[
V 2
n

∂2α

∂x2α

(
V (α)
nx V

(2α)
nxx V

(3α)
nxxx

)])
− ∂α

∂τα
S−1
α

(
u2αSα

[(
V (α)
nx

)2 ∂2α

∂x2α

(
V (α)
nx

)3

− 18V 5
n + Vn

])]

And according to the formula (4.19), we obtain the following first terms

V0(x, t) = Eα(xα) + Eα(xα)
tα

Γ (1 + α)
,

V1 = V0 − 0I
(α)
t

[
∂αV0

∂τα
− ∂αV (x, 0)

∂τα

− ∂α

∂τα
S−1
α

(
u2αSα

[
V 2

0

∂2α

∂x2α

(
V

(α)
0x V

(2α)
0xx V

(3α)
0xxx

)])
− ∂α

∂τα
S−1
α

(
u2αSα

[(
V

(α)
0x

)2 ∂2α

∂x2α

(
V

(α)
0x

)3

− 18V 5
0 + V0

])]
,

V2 = V1 − 0I
(α)
t

[
∂αV1

∂τα
− ∂αV (x, 0)

∂τα

− ∂α

∂τα
S−1
α

(
u2αSα

[
V 2

1

∂2α

∂x2α

(
V

(α)
1x V

(2α)
1xx V

(3α)
1xxx

)])
− ∂α

∂τα
S−1
α

(
u2αSα

[(
V

(α)
1x

)2 ∂2α

∂x2α

(
V

(α)
1x

)3

− 18V 5
1 + V1

])]
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V3 = V2 − 0I
(α)
t

[
∂αV2

∂τα
− ∂αV (x, 0)

∂τα
(4.20)

− ∂α

∂τα
S−1
α

(
u2αSα

[
V 2

2

∂2α

∂x2α

(
V

(α)
2x V

(2α)
2xx V

(3α)
2xxx

)])
− ∂α

∂τα
S−1
α

(
u2αSα

[(
V

(α)
2x

)2 ∂2α

∂x2α

(
V

(α)
2x

)3

− 18V 5
2 + V2

])]
...

Using the previous formulas (4.20), we get the first terms of this method as follows

V0(x, t) = Eα(xα)
(

1 + tα

Γ(1+α)

)
,

V1(x, t) = Eα(xα)
(

1 + tα

Γ(1+α) + t2α

Γ(1+2α) + t3α

Γ(1+3α)

)
,

V2(x, t) = Eα(xα)
(

1 + tα

Γ(1+α) + t2α

Γ(1+2α) + t3α

Γ(1+3α) + t4α

Γ(1+4α) + t5α

Γ(1+5α)

)
,

...

...

Vn(x, t) = Eα(xα)
(

1 + tα

Γ(1+α) + t2α

Γ(1+2α) + t3α

Γ(1+3α) + t4α

Γ(1+4α) + t5α

Γ(1+5α)

+ · · ·+ tnα

Γ(1+nα)

)
.

(4.21)

And therefore, then the non-differentiable solution of (4.17) is calculated by

V (x, t) = Eα(xα) lim
n−→∞

n∑
k=0

tkα

Γ(1 + kα)
, (4.22)

we know that this limit is

V (x, t) = Eα(xα)Eα(tα). (4.23)

Which represent the exact solution of equation (4.17).
Depending on the results presented in [14], we can write the solution (4.23) as

follows

V (x, t) = Eα(xα + tα). (4.24)

Note that, in the case σ = 1, we obtain the same solution obtained in [5] by Adomian
Decomposition Method and in [6] by homotopy perturbation method.
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5. Conclusion

In this work, we applied the local fractional Sumudu variational iteration method
(LFSVIM) to solve some nonlinear wave-like equations with variable coefficients and
within local fractional derivative. Through this work done, we can say that this
algorithm is easy to use during the solution and provides us with a solution in the
form of a series that converges rapidly towards the exact solution if it exists, as
shown from examples that we have solved it though it looks very complicated. From
the results obtained, it can be concluded that this algorithm is powerful and effective
in applying to this type of equations, and thus can be applied to other nonlinear local
fractional partial differential equations with fixed or variable coefficients.
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