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Abstract In this paper, we study the existence of a nontrival weak solution for a class of Kirch-
hoff type problems with singular potentials and critical exponents. The proofs are
essentially based on an appropriated truncated argument, Caffarelli-Kohn-Nirenberg
inequalities, combined with a variant of the concentration compactness principle. We
also get a priori estimates of the obtained solution.
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1. INTRODUCTION

In this paper, we are interested in the existence of solutions for a class of Kirchhoff
type problems of the form
=M ([, |z|7°P|Vul? dz) div (2|7 |Vu[P~2Vu)

= Na| 7% f(z,u) + |z]|"Pacluffac2u, zeQ, (1.1)

u=0, x€iQ,

where Q C R¥ is a smooth bounded domain, 0 € Q, 0 < a < %, 1<p<N,
a<bc<a+l, p,. = %, f € 0 xR,R), Xis a positive parameter,
M e C’(RS‘ ,RS‘ ) is increasing and satisfies the following condition:

(My) There exists mg > 0 such that

M(t) > mg, VteR] :=]0,+00).

It should be noticed that if a = b = 0 and ¢ = 0 then problem (1.1) becomes the

p-Kirchhoff type problem with critical growth
—M ([, I[VulP dz) Apu = Af(z,u) + [ulP" 2u, z€Q, (1.2)

u=0, x€0dN,

where p* = NN—ZJ is the critical Sobolev exponent.
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Since the first equation in (1.2) contains an integral over €2, it is no longer a
pointwise identity; therefore it is often called a nonlocal problem. This problem
models several physical and biological systems, where u describes a process which
depends on the average of itself, such as the population density, see [10]. Problem
(1.2) is related to the stationary version of the Kirchhoff equation which is presented
by Kirchhoff in 1883, see [18] for details.

In recent years, Kirchhoff type equations have been studied in many papers, we
refer to some interesting papers [1, 4, 8, 9, 15, 17, 23, 25], in which the authors have
used different methods to get the existence of solutions for the problems with sub-
critical growth. Because of the presence of the critical exponent p*, problem (1.2)
creats many difficulties in applying variational methods. These come from the fact
that the embedding W,"*() < LP"(Q) is not compact and thus the Palais-Smale
condition fails, we refer to [2, 12, 16, 22, 26]. In recent papers [6, 11, 13, 14] the
authors have considered a class of Kirchhoff type problems with singular potentials
involving Caffarelli - Kohn - Nirenberg inequalities [27]. There, some existence and
multiplicity results for the appropriated problems have been obtained by using vari-
ational methods in the subcritical case. In this paper, we will study the existence
of nontrival solutions for problem (1.1) with singular potential and critical growth.
By condition (My), the Kirchhoff function M (t) may be unbounded. This causes
some mathematical difficulties which make the study of such problems (1.1) and (1.2)
particularly interesting. For this reason, we need a truncation on M(t) as in (2.1).
In order to overcome the lack of compactness, we use the weighted version of the
Concentration Compactness Principle due to Xuan [28]. Applying the mountain pass
theorem [3], we show that problem (1.1) has at least one nontrival weak solution wuy,
provided the parameter \ is large enough. Moreover, we prove that the norm of the
obtained solution u) tends to zero when A — +o0.

We start by recalling some useful results in [5, 7, 27]. We have known that for all
u € C§°(RY), there exists a constant C, . > 0 such that

(/ |m|cp:,,cu|p:,cdg;> gca,c/ 2| =P |VulP de, (1.3)
RN RN

. _ Np
Pa,c = N—-(1+a-c)p’
Let Wy (Q, |z|~%P) be the completion of C§°(Q) with respect to the norm

%
fall = ([ eV az)
Q

Then Wy P(Q, || ~%P) is a reflexive and separable Banach space. From the bounded-
ness of Q) and the standard approximation argument, it is easy to see that (1.3) holds
for any u € Wy (€, |z|~*?) in the sense that

([ tolpur az)

where

N-p
—0<a< , a<c<a+1,
D

%

< Ca’c/ |z| P |Vul? dz, (1.4)
Q

(c]m)]

ga
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for1 <l<p*= NN—_’;, a < (1+a)l+N(1—%), that is, the embedding Wy * (2, |z| =)

— LYQ,|z|~®) is continuous, where L!(Q, |z|~%) is the weighted L!(2) space with
the norm

1
1
o 2= il 1oy = ( /Q x|“|u|ldx>

The best constant of the embedding W, (%, ||~%) < L}(Q, |z|=*) will be de-
noted by S, ¢, which is characterized by (see [7, 19])

e 1 i A L

—— > 0. (1.5)
ueX\{0} (fg || ~Pa e |u[Pa.c dx) Pac

In fact, we have the following compact embedding result which is an extension of
the classical Rellich-Kondrachov compactness theorem.

Lemma 1.1 (see [27], Compactness embedding theorem). Suppose that Q C RY
is an open bounded domain with C* boundary and that 0 € Q, where 1 < p < N,

-0 <a< %, 1<i< NN—_’;, and o < (1+a)l+N(1— %) Then the embedding
WP (S, |z|~%) — LY, x| =) is compact.
In the rest of this section, we recall the weighted version of the Concentration

Compactness Principle due to Xuan [28], the readers can see the original papers by
Lions [20, 21] for the non-singular case.

Proposition 1.2 (see [28]). Let 1 < p < N, —0 < a < %, a <c<a+l,

Do = m, and let M (R) be the space of positive bounded measures on RY .
Suppose that {u,} C Wol’p(ﬂ, || =) is a sequence such that
U, — u in Wy'P(, |2|7%P),
2|~ Vun|lP = p in MF(RY),
[~ lug [P = v in MF(RY),
U () = u(x) a.e. on RY.
Then there are the following statements:

(1) There exists some at most countable set J, a family {x; : j € J} of distinct
points in RN and a family {v; + j € J} of positive numbers such that

Pa,c + E Vj(S:EJW

jeJ

v =|[lz[""u|
where 0, is the Dirac unitary mass concentrated at x; € RNV,
(i) The following inequality holds

> (|2l P+ b,
jeJ
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e
for some family {u; : j € J} of positive numbers satisfying Sa,chpa'c <
pj for all j € J, where the constant S, is given by (1.5). In particular,

P

Pac
dljesvy "t < oo

2. MAIN RESULT

In this section, we shall state and prove the main result of the paper. We use the
letters C; to denote positive constants whose values are changed from line to line. In
order to state the main result of the paper, we introduce the following hypotheses:

(F1) There exist C' > 0 and p < ¢ < min {NN—_’;, %} such that

[f(z, )] < CA+[t[17Y),

for all (z,t) € Q x R;
(F) limgq ‘ft(lf—fl) = 0 uniformly in xz € §;
(F3) There exists p < 6 < min {NN—_’;), %} such that

0<0F(z,t) := G/t f(z,s)ds < f(x,t)t,
0

for all z € Q and ¢ > 0.

There are many functions satisfying the conditions (F})-(F3). A typical example
of such functions is given by

k

flat) = vl
i=1
where k € N*, p < ¢; < min {NN—Z), %} and 7; : © — (0,+00) is a continuous

function, i = 1,2, ..., k.

Definition 2.1. We say that u € X = Wy ?(Q, |z|~%) is a weak solution of problem
(1.1) if

M </ |z| =P |VulP dx) / 2|~ *P|VulP~2Vu - Vo dr
Q Q

—)\/ || =% f (2, u)v dz —/ || ~Pac |ufPec2un de = 0, Vo e X.
Q Q

Theorem 2.2. Assume that the conditions (My) and (F1)-(F3) are satisfied. Then
there exists \* > 0 such that, for all X > N\*, problem (1.1) has a positive solution.
Moreover, if uy is a solution of problem (1.1) then limy_ 4o ||ua]

a,p = 0.

Here we are assuming, without loss of generality, that the Kirchhoff function M ()
is unbounded. Contrary case, the truncation on M(¢) is not necessary. From (M),
(<)
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given r € R such that mg < r < %mo, there exists tg > 0 such that M(¢y) = r. We
set

M, (t) := (2.1)

M(t)a 0<t< to,
r, t> to.
From (M) and (2.1) we get
M.(t)<r, Vt>0. (2.2)

As we shall see, the proof of Theorem 2.2 is based on a careful study of the solutions
of the following auxiliary problem

—M, ([, |z|7%|VulP dz) div (Jz| =% |Vu|P~2Vu)
= M| f(z,u) + x|~ Pac|uffac2u, zeQ, (2.3)
u=0, x€dQ,

where f,a,b, c, and A are as in Section 1. We shall prove the following auxiliary result.

Theorem 2.3. Assume that the conditions (My) and (Fy)— (F3) are satisfied. Then,
there exists Ag > 0 such that for all A > Ao and all r € (mo7 %mo), problem (2.3) has

a positive solution.

Because we want to find a positive solution, we can assume that f(x,¢) = 0 for all
x € Qandt<0. A function w € X is said to be a weak solution of problem (2.3) if

M, (/ || =P |Vul? da:) / |z|"*"Vu - Vudr — )\/ 2|7 f (2, u)v dx
Q Q Q
—/ ||~ Pae [ulPae 20w dz = 0
Q

for all v € X. Hence, we shall look for weak solutions of (2.3) by finding critical
points of the C'— functional I, : X — R given by the formula

1~
I a(u) = =M, (/ || " P|Vul? dx> - /\/ |z| PP F (2, u) dx
p Q Q

[ Jalie e da,
pa,c Q

where M (t) = fg M (s) ds. Note that

raw)(v) = M, (/ || =P |V ul? d:c> / ||~ |VulP~2Vu - Vo da
Q Q

—)\/ |J:|_bpf(x,u)vdac—/ ||~ Pase [u|Pae 2w daz,
Q Q

for all v € X. Moreover, if the critical point is nontrival, by the maximum principle
(see [24]), we conclude that it is a positive solution of the problem.

We say that a sequence {u,} C X is a Palais-Smale sequence for the functional
I at level ¢,y € R if

Ioa(un) = ¢ x and I 5 (uy) — 0 in X,

(el
BE
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where X* is the dual space of X. If every Palais-Smale sequence of I, y has a strong
convergent subsequence, then one says that I, » satisfies the Palais-Smale condition

((PS) condition for short), see [3].

Lemma 2.4. For all A > 0, there exist positive constants p and 7y such that I, x(u) >

v >0 for all w € X with |ul|q,p = p.
Proof. From (F3) for each € > 0, there exists 6 > 0 such that
|f (2, )] < €|t~ V|t| < d and all € Q.
Hence, by (F}), for each € > 0, there exists a constant C, > 0 such that
If (2, )| < e|t[P~! + C |7, Vt€R and all x € Q.
This leads to the fact that
Ce
|F(z,8)] < S|P + =$[t]9, V¢ € R and all z € Q.
p q
By Lemma 1.1, there exist two positive constants C7, Cy such that
01/ ([~ |u|P d < / [~ [V u|P da
Q Q
and
C’g/ || %P |u|? da < / |x| =P |Vul|P dz,
Q Q

for all u € X.
Hence, by (Mj) and (2.4), for all u € X, we get

1~
Lo (u) = 277, (/ |x|—ap|vu|de> _ )\/ [~ Pz, u) da
p Q Q

1 C
— o [ el el do
pa,c Q

C,
> 20l = [ fal (€|u|P T €|u|q) de
p ’ Q p q

1

e
p;csa,g
mo € C. 1 p*
> —|lulle, = A—=-llulle p = A—=-llulld , — ——F—llulla’"-
P layp pC4 a,p qCs a,p ] szyc l[ap
pa,c a,c
For A > 0, let e = mgfl, we get
mo C 1 D
La(w) = 5 ullf, = A= llullg p — —— Ilullal”
2p qCs . o
D4 eSa,e
mo Ce _ 1 Po,c—P
— p 20y q—p _ ac
l[ulle,p w40, [ulld e l[ulla%p
pa,cS‘LC

=
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Since p < ¢ < min{ Np__p(N—bp) } < Np Np

N—p’ N—(a+1)p — N-—p < N—(14a—c)p
positive constants p and -y such that I, (u) > v > 0 for all uw € X with |ullep, = p. O

= pa.> there exist

Lemma 2.5. For all A > 0, there exists e € X with |le|x > p such that I, x(e) < 0.
Proof. From (F3), we have

t t
/stg/ 1@ 0o s 1o,
to S to F(z,s)

F(x,t) > Cst?, Yt > to,
where C3 > 0. Hence, by the continuity of f, there exists Cy > 0 such that
F(x,t) > Cst? —Cy, V(z,t) € A xR, (2.5)
Fix uy € C§°(Q) with up > 0 and |Jug|lqe,p, = 1. Using (2.2) and (2.5), for all ¢ > 0
large enough, we have
1~
I (tuo) = 217, (/ m|_“thu0|pda:> —)\/ [~ (2, tug) dar
p Q Q
1
Pac
< Ty —)\Cgtg/ \x|—bp|u0|9dx+m4/ |t da
p Q Q

so that

/ ||~ Pac [tug|Pa-e da:
Q

tPac . .
||~ Pase|ug|Pec da.
p:; c JQ
:

Since 6 > p and fQ |z| =% dz < +o0, there exists a positive constant t, > 0 large
enough such that I, »(t.ug) < 0. Thus, the result follows by considering e = t,ug. O

Using a version of the Mountain pass theorem due to Ambrosetti and Rabinowitz
without (PS) condition (see [3]), there exists a sequence {u,} C X such that

Ir,)\(un) — Cr. )\, II

ra(un) = 0asn — oo,
where ¢\ = inf,er max;e(o,1) Ir A (n(t)) and
I'={neC([0,1],X): n(0) =0, n(1) =e}.
Lemma 2.6. It holds that
li o = 0.
i era =0
Proof. Since the functional I, x has the Mountain pass geometry (see Lemma 2.4 and
Lemma 2.5), it follows that there exists ¢ty > 0 verifying I, x (txuo) = maxy>o I a(tuo),
where ug is the function given by Lemma 2.5.
From this, we infer that %IT,A(tAuo)(t,\uo) =0 or

0=M, (||two\|§,p)/ ||~ [Viruo|” dw — >\/ ||~ f (@, tauo ) trug da
Q Q

(el
BE
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ug|Pa-e da.

— e [ fafrie
Q

tZ;MT(|t)\|p) = )\/ |x|’bpf(x,t,\uo)mu0 d.’t-l-tf\a’c/ |£L’|70p‘y;vC
Q Q

From (2.2), (2.6) and (F5), we get

Hence,

up|Pae dz. (2.6)

a2 85 [ el e da,
Q

which implies that {¢,} is bounded. Thus, there exist a sequence A\, — +oo and
t; > 0 such that ¢y, — t; as n — oo. Consequently, there is C's > 0 such that

th M. (1} ) <C3, VneN,
and Vn € N,

An / || =% f (x, tx, uo)tx, uo dz —&—tpa “/ ||~ Pase [ug|Pare da < Cis. (2.7)
Q Q
If t; > 0, by (2.7) and the Dominated Convergence Theorem,

lim / || =% f (x, ta, uo)tx, uo da :/ 2| 7P f (0, tyug ) tr1up da > 0,
Q

n—oQ

and thus (2.7) leads to

O I ool
Q Q

n—oo

Uug|Pa-c dx) = +400,

which is an absurd. Thus, we conclude that ¢; = 0.
Now, let us consider the path 7, (¢) = te for t € [0, 1], which belongs to T, to get
the following estimate

1~
0< Cr,\ < max Ir,)\(n*(t)) = IR_’)\(t)\uO) < EM (tp)

t€[0,1]
In this way,
li M th) =
A—P—?oo ( )‘) 0
which helps us to get limy_, o ¢, x = 0. O

Lemma 2.7. Let {u,} C X be a sequence such that
Loa(un) = crx, I y\(un) =0 as n — oo, (2.8)
Then {uy} is bounded.

Proof. Assuming by contradiction that {u,} is not bounded in X, up to a subsequence
if it is necessary, we have ||uy||qp = +00 as n — oo. It follows from (2.8), (My) and
(F3) that for n large enough

Lt erx + [lun|

a,p

1
> Ira(un) — EI;A(un)(Un)
[c [m)
(0] ¢
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1~ 1 . .
= =My (||luallz ) — /\/ ||~ F (2, up) do — —— / |~ e up[Pee do
p / Q pa,c Q

1

i) / 2]~ |V P e + / 127 f (2, un Y d
0 S 0 Jo

1 . "
+7/ ||~ Pase|uy, [Pae dz
0 Ja

m r A _
> ("0 Dl = [ el ()~ 0o
p Q

1 1 « «
" <_ . )/'"T'_w“'“wnlpa’”dx
¢ pa,c Q
mo r
> (20 - 7l

Since r < %0 and 6 < pj, ., the sequence {u,} is bounded in X. O

Proof of Theorem 2.3. From Lemma 2.4, we have

lim ¢,y = 0. 2.9
i era @9)
Therefore, there exists A\g > 0 such that
1 1
cr o < (0 — p;;,c) (Smcmo) (1+i\£c)p, (2,10)

for all A > Ao, where S, is given by (2.4). Now, fix A > XA¢ and let us show that
problem (2.3) admits a nontrival solution. From Lemmas 2.4 and 2.5, there exists a
bounded sequence {u,} C X verifying

Loa(un) = crx, 1) 5 (un) = 0as n — oo, (2.11)

T

Hence, up to subsequences, we may assume that {u,} converges weakly to u € X.
Then {u,} converges strongly to u in L'(Q, |z|~%) for 1 <1 < NN—_";) and o < (1 +
a)l + N(l — %) and u, () — u(x) a.e. x € Q.

From the concentration-compactness principle stated in Proposition 1.2, there exist
non-negative measures p and v and a countable family {z; : j € J} C Q such that

2]~ Vun [P = gy 2] g |[Pre = v, (2.12)

where

v = [l ~“Jul [P + 3 16,

jeJ
> x|~ VullP + Y p6a;,
jeJ
Sacv]™ < pj, Vi€ (2.13)

We shall prove that {u,} converges strongly to u in L”Z=C(Q, |x|7“’p:~c) by showing

that J = (. Arguing by contradiction, assume that J # () and fix j € J. Consider
a0
EE
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¢; € C§°(9,[0,1]) such that ¢; = 1 on B1(0), ¢; = 0 on Q\By(0) and |V¢;| < 2.
Defining ¢; . = ¢;(*==), where € > 0, we have that {¢; cu,} is bounded in X. Thus
I;’A(un)(d)j,eun) — 0 as n — oo, that is,

Myl [ 1el 790,70, ¥ (600) da

—)\/ 2| 7% (2, up) ) ctin dz

Q
—/ |x|_Cp:vc|un|p:v0_2un¢j,eun dx — 0 as n — oo.
Q

Hence,

M) [ fal P Tl 25, V.o

= —Mr(l\un\lﬁ,p)/gIml‘“”\Vunl”qﬁj,e dw+/\/9I:vl‘bpf(af,un)un@,edx

[ ol i fun g do -+ o). (2.14)
Q

Since the support of ¢, is Bac(x;), using the Holder inequality and the Dominated
Convergence Theorem we obtain

/Q |x|_‘”’un|Vun|p_2Vun -Vj.dx

< / |~V [P un V| da
Bac(zy)

- / (2P~ DT [P (2]~ Vi c]) it
Bac(x;)

P

1
/ ]~ [V P dm) ( / |x|—ap|unv¢j,e|fvda:>
Bac(x5) Bae(zj)

1

P
< Cy / 2|~ P |un [PV je|” da
Bae(zj)

_1
Pa,c
<y / [P [y [Pove
Bae(z;)
(a—c)
([ el v
Bae(z;)

1
Pa,c
<Cu( [ el iefunpie ds
Bae(w;)

—0asn—0and e —> 0.

IN

l14+a—c
N

=
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Since {u,} is bounded, we may assume that |[u,||qp — t2 > 0 as n — co. Observing
that M(t) is continuous, we then have M(||un|% ) — M(t5) > mo > 0 as n — oo,
Hence,

M, ([lunllf ) /Q |2| =P |V, P2V, - Voj. dr — 0 as n — oo. (2.15)

Similarly, we have

/ 2| 7% f (2, up ) ) ctin dz — 0 as n — 0o and € — 0. (2.16)
Q

From (2.14)-(2.16), letting n — oo in (2.14) we get

[ stz 30.08) [ 6.+ 0.00),
Q Q
Now, letting € — 0 we deduce that

0;(0)v; = ¢;(0); M (t5)
and thus

vy Z M50 (217)
Combining (2.13) and (2.17) we obtain
vj > (Sacmo) TFo7 . (2.18)

Now we shall prove that (2.18) cannot occur, and therefore the set J = @. Indeed,
arguing by contradiction, let us suppose that v; > (Sa,cmo)ﬁ for some j € J.
Since {u,} is a (PS)e, , for the functional I, , from the conditions (F3) and (M),
and mo <71 < %mo we have

1
Crx = IT‘,)\(un) - al;,)\(un)(un) + On(l)

W, (unll,) — 5 M (lenl?,)

1
+(=- /x Pase |uy, [Pare di + op
(5-5) [ etielnd (1)

mo T 1 R .
> _ p - Pa.c|y. |Pac
= ( P 9) ||un||a,p+ (0 * )/ |IE| |un‘ d$+0n(1)
- (é Phc )/ 2]~ P un| e dv + 0a(1)
mog R 1 .
Z( ) Vol + (5= ) o elonlicdo b ontt)

/|$| P [ [P b e da + 0n (1).
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Letting n — oo and € — 0 we get

1 1 1 1 N
> (2 S (TFa—o)p
Cr.\ 2 <9 pz,c> vj =2 (9 p:;70) (Sa,cmo) s

which contradicts (2.10). Thus, J = 0 and u,, — u in LPa.c (€2, |z|~Pa.c) as n — co.
Now, we prove that u, — u in X as n — oo. From (2.1) and the boundedness of
[un — ullap we have I} \ (un)(un —u) — 0 as n — oo or

Meualz) [ Tel =V, (V1 = Vo) de
- )\/ 2| 7P f (2, wp) (U, — ) da
Q
- / 2|~ Pase [y, [Pae ™2y, (g, — u) daz — 0 as n — oo. (2.19)
Q

On the other hand, by Lemma 1.1 we have

’/Q || 7% f (2, wn) (uy, — u) dz:

< /Q 12~y )i — ] e

<C [ a1+ a7 =l d
Q

<C (/ || 0P dx) ’ </ || =P |y, — u|qdac) '
Q Q

+C (/ |x|_bp|unqu> ’ (/ || =P |uy, — u|qu) !
Q Q

—0asn— o

’/ |x|fcp2,,c
Q

Q

and

Uy [Pore ™20y, (U, — 1) dz

*

Pg.c
* * PZ,C *
< ([ wroiequpieas) = ([ i
Q Q

— 0 asn — oo.

=
Pa,c

.
Uy — u|Parc d:r)

Hence, by (2.19) we obtain
Mr(||un||§p)/ 2|~ |V, [P 2V, (Vu, — Vu)de — 0 as n — oo.
Q
(c]m)]
ga
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By the condition (Mj) we have
/ 2|~ |V [P 2V, (Vu, — Vu)dr — 0 as n — oo.
Q
On the other hand, since {u,,} converges weakly to u in X, we have

lim / 2|~ |V ulP =2V u(Vi,, — Vu)dz = 0.
Q

m—00
Hence,
W}E)noo/ 2| (| V[P 2V, — [VulP~2Vau) (Vu, — Vu)dz = 0.
or ?
lim i (Vo [P~2 Vo, — [VolP~2Vv) (Vo, — Vo) dz =0, (2.20)

where Vv, = |2|"*Vu,, and Vv = |z|"*Vu.
Let us recall that the following inequalities hold

(1€[P=2€ = nlP~2n) (& —n) = Cs(|&] + )P 2| —nl* if 1 <p < 2,
(1€[P=2€ = nlP~*n) (& —n) = Col€ —nl? if p > 2, (2:21)
for all £,m € RV, where C5 and Cg are positive constants.
If 1 < p < 2, using the Holder inequality, by (2.20), (2.21) we have
0 < llun — ullZ, = NIVvn — Vol [0

p(p—2) p(2—p)

< [ 1V = Vol (Vo 4 Vo) 55 (o |+ 7o) 5 da
Q

P
2
< (/ |V, — Vol?(|Vo,| + | Vo] P2 da:)
Q

D

« (/Q(W"' + |VU|)de) i

(/ (|Von P2V, — |Vv|P~2Vv)(Vo, — Vo) dx)
Q

(SIS

1
- C

<

%2 ke

2—-p

« (/Q(W"| + |Vv|)pdx) i

<Cs (/ (VP2 Vv, — |VoP~2V0)(Voy, — Vo) dx)
Q

(NS}

— 0 asn — oo,
where Cj is a positive constant. If p > 2, one has

0< Jun —ull, = [1V00 — Vol

1
< = / (Vo |P~2Vv, — |Vo|P~2V)(Vo, — V) dx
Cs Ja
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— 0 asn — oo,

Therefore, we conclude that {u,} converges strongly to v in X and u is a nontrival
solution of problem (2.3). O

Proof of Theorem 2.2. Let Ay be as in Theorem 2.3 and, for A > \g, let u) be the
nontrival solution of problem (1.1) found in Theorem 2.3. We claim that there exists
A* > Ao such that [luy|}h , < to for all A > A*. From this we have M., ([luxll} ) =
M([luxl% ,) and thus uy is a solution of problem (1.1).

If this claim does not hold, there exists a sequence {\,,} C R such that [[ux[% , > to.
Hence, we have

1~ 1
Crn 2 2;1\4(Il’unllﬁ,p) = g MlunllG p)llualc

mo r
(22 %) bz,

v

which is an absurd.
Finally, in order to show that limy_, 4 ||ualle,p = 0, it suffices to note that, from
(Mp) and (F3), we have

1~ 1
x> I;M(IIUAIIZP) = g Mlualle p)lluallz

1
= sMo) Al

mo r
= (p - 9) [[ullf, p-

From Lemma 2.6 again we have limy_, 1, ¢y = 0. Since my < r < gmo7 the proof of
Theorem 2.2 is now completed. O

m
> 2 uy|
p
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